CS/Ph120 Homework 3 Solutions

November 3, 2016

Problem 1: Superdense Coding
Solution: (Due to Bolton Bailey)

(a) The most general way in which Bob can try to ascertain Alice’s classical bits is by creating
a POVM with four operators, each corresponding to a single guess for Alice’s pair of qubits.
Thus, we want a POVM

{Mo, My, M, M_}

Which maximizes the value

P(0[0) + P(1]1) + P(+|+) + P(—|—)

4
_ tr(Mo|0)(O0]) + tr(My|1) (1)) + tr(My[+) (+]) + tr(M_[=)(=])
4
(01Mo0) + (LM [1) + (+[My |+) + (= |M_|-)

B 1
And we want to know this maximal value. Observe that
(0[Mo|0) + (L[M;[1) < (0[Mo|0) + (1|Mo[1) 4 (O[M1]0 + (1[M:[1 = tr(Mo + M)
From the positive definiteness of these matrices, and similarly

(HIMy|+) + (M| =) < (HIMy|+) + (=M | =) + (HIM| + +(= M| = = tr(My + M)

And we therefore have

(0[Mo|0) + (L[M:[1) + (+|My[+) + (—=[M_|—) < tr(Mo+ M) +tr(My + M)
=tr(My+ My + M, + M_)
= tr(l)
=2

And so



P(0]0) + P(1|1) + P(+|+) + P(—]-)

4
_ tr(Mo|0)0]) + tr(M; 1) (1]) + tr(My [+) (+]) + tr(M_| =) (=)
4
_ (0[M|0) + (L[M[1) + (+[ My |+) + (—=[M_|—)
) 4

< Z

4

1

T2

And so % is an upper bound on the probability of success. We can attain this upper bound
with
Moy = 10){0]

My = [1)(1
M+:0
M_ =0

Which measures in the standard basis. Thus, % is the maximum value with which Bob can

correctly guess both of Alices two classical bits.
Initially the Alice-Bob Qubit pair is maximally entangled
1

\/5(|0>A|0>B +[1)all)s)

Suppose Alice applies one of the four unitary transformations
{LX,Z,ZX}

To her bit and then sends it to Bob. Now, Bob has the qubit pair state

(25 X(0)0) @ [0) 5 + (25 X2 [1)2) ©[1) )

>

1 k1 vka k1 y k2
E«Z X™2|0)4) @ |0)p + (2 X" 1) 4) @ |1)B)

Now, consider the possible values for this pair

)72 (10)10)5 + [1)412)5)

S

|w>01%<|1>A|0>B L (0)a]1)5)
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1
|¢>10E(|O>A|O>B —1all)s)

1
|¢>11E(_‘1>A‘O>B +10)al1)5)

This quadruple constitutes a basis. We can see this since all the states are normalized,
and the two pairs of states which share components in the standard basis, their inner prod-
ucts evaluate to 0. Thus, all Bob has to do is to measure his state in this basis, thereby
ascertaining which of the four states

(¢) No, Eve cannot recover any information about the classical bits Alice is sharing with Bob.
To see this, we trace out Bob’s bit from the two qubit state, leaving only the intercepted
qubit. Letting U4 be the unitary applied by Alice, the density matrix for Alice and Bob’s
state is

%<UA\0>A><<0|AU*> © [0)5(0l5+
1
2
%<UA\1>A><<0|AU*> @ [1)5(0l5+
1
2

And so if we trace out the second bit, we get

(Ual0)a)({LaUY) @ [0) 5 (1] 5+
(Ual1))((LaUY) @ [1)5(1]5

%[(UA!@A)((O!AUT) + (Ual1) ) (1] aU")]

1
= Ua(5(10)(0] + 1) AN)UL
I
2
Now, neither the application of X or Z change the value of the maximally mixed state %, SO
whatever Alice’s bits are, Eve’s state is maximally mixed, and so she learns nothing.

= U,=U},

Problem 2: Semidefinite Programming

Solution: (Due to De Huang)

(a) We first prove a Lemma: If X, Y € My(C), X >0,Y > 0, then tr(XY) > 0.

Proof: Consider the eigenvalue decomposition of X,

X =QAQ",

where () is unitary, and A is a diagonal matrix with diagonal elements \; > Ay > ... > Ay >
0. Then
tr(XY) = tr(QAQY) = tr(AQ'Y Q).
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Let s1, So,...,5q be the diagonal elements of Q'Y Q. Since Y > 0, we have QTY'Q > 0, and
thus s; >0, + =1,2,...,d. Therefore

tr(XY) = tr(AQ'Y Q) = Z Ais; > 0.

Let Q = {X € My(C) : X >0,®(X) = B}, @y ={Y € Mg(C) : d*(Y) > A)Y =Y.
Now given any X € (21,Y € (s, we have

tr(BY) = tr(®(X)Y)

k
=tr()_KXK[Y)

k
= tr()_XKJYK;)
i=1

= tr(XP*(Y)).
Since ®*(Y) > A, i.e. ®*(Y) — A > 0, using the Lemma we have
tr(X(D*(Y) — A)) > 0,
= tr(BY) = tr(X®*(Y)) > tr(XA) = tr(AX).

Since X, Y are arbitrary in {24, {2y, we immediately have

f = min tr(BY) > max tr(AX) =

YeQo Xe
Consider the eigenvalue decomposition of M,
M = UAUT,

where U is unitary, and and A is a diagonal matrix with diagonal elements A\; > Ay >

Ag. We have

v

ANI>M = M-M>0 = UQX-MU>0 = M-—A>0.

Notice that A — A is a diagonal matrix. Thus we have A\ — X\; > 0, ¢ = 1,2,...,d, which
means all eigenvalues of M are less than or equal to A.

We can choose that A = M € My(C),B =1 € C, and each K;;i = 1,2,...,disalxd
vector such that the iy, element is 1 and the other elements are 0. Then for any X € M;(C)
and any y € C, we have

ZKXKT ZX,,_tr

d
O (y) = > KlyKi =yl

=1
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Now we have tr(By) =y, and y = y' = y € R. Then the dual problem is just

B = I;lelﬁgy
st. yl> M.

Using the result of (b), it’s easy to see that 5 = A;(M). The primal problem is

a= m)?xtT(MX)

st. tr(X)=1,
X >0.

Given X > 0, we can always find the root decomposition of X,
X = PP,

Let p; denote the iy, column of P, then we have
tr(MX) = tr(MPP" = tr(PtMP) = }:dm@“

and

1=tr(X)=tr(PP") =tr(P'P) = E:mw2_1

Thus the primal problem is equivalent to

= max Z pj.MpZ

pii=1,2,.

d
> llpillz = 1.
i=1

Since given that M is Hermitian, for any feasible p;,2 = 1,2,...,d, we have

d d
ZPTMPZ <D M(M)plp = (M) Y Ipills = M (M).
=1 =1

Thus o < A (M). In particular, if we choose p; to be the normalized eigenvector of M
associated with A{(M), and p; = 0,7 =2,3,...,d, then

d d
D lpilla=1, D pIMp: = plMpy = \(M).
=1 =1

Therefore we have o = A\ (M) = p.



(d) Recall that in class we have shown that
|lp— o|ltr = max tr(pEy) +tr(cEs) — 1
E1,E
s.t. E1 > 0, E2 > 0,

E,+ FE, =1,

given that p, o are density matrices. Let
A= ( P O ) € Myy(C), B=1T€ MyC),

K, = ( I 0 ) < degd((j), Ky = ( 0 I ) c degd((C).

Consider the two sets Q; = {(F1, Ey) € (My(C), My(C)) : E; > 0,Ey > 0, Ey + Ey = I},
Oy ={X € My(C) : X >0,0(X) =1}. For any matrix

(X X,
= (X i) em

let £y = X1, B, = X5, then we have

tr(AX) =tr(pEy) + tr(cE2),
and (E1, E) € 1, because

X>0 = FE >0, E; >0,

O(X)=B=1 = KXK +FKXK =E +E =1L
Conversely, for any (E1, Es) € 1, let

([ E 0
x=(% &)

tr(AX) = tr(pEy) + tr(cE»),

then we have

and X € (), because
E1207E220 = X207

Ei+E,=1 = &X)=KXK +KXK|=1=B8.

Therefore if we consider the primal problem
= max tr(AX) —1
st. ®(X) =B,

X >0,

it’s easy to see that a = ||p — ol|s = || M]|4- Notice that this primal problem with a ‘—1" in
the objective function is a little different from the original form above, but we can fix this
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by simply adding one more dimension to the problem, which would have more complicated
expressions for A, B, K, K5. For convenience, we just stick to this modified primal problem.

Now the modified dual problem
B = myin tr(BY) —1
st. YY) > A,

Yy =YT,

is equivalent to
B = myin tr(Y)—1

st. ' Y>p, Y 2>o0,
Yy =Y

which can be easily verified by substuting the explict expressions of A, B, Ky, Ky into the
modified dual problem.

Next we need to prove in this case f = a = ||p — o||s. Since in (a) we already showed that
a < 3, we only need to show that there exists a feasible Y such that tr(Y)—1 = o = ||[p—c |-
Consider the eigenvalue decomposition of p — o,

p—o=QAQ",
where () is unitary, and and A is a diagonal matrix with diagonal elements
M. .. 2N 20> 00022 M\
Since p, o are density matrices, we have
r 1 1 T
lp—ollw =Y N\ = §Z’>\z’| = 52)\1'— 3 >
i=1 i=1 i=1 i=r+1
Let g; denote the 7, column of (). Now define
S; :quqi, 1=1,2,...,d,

ti=qlog, i=1,2....d

We have
sl—tlij(p—a)qlz)\zzo, 7;:1,2,...,7',
t;— s = —qg(p—a)qi:—)\i >0, i=r+1,r+2,...,d
Let S,T,% be three diagonal matrices such that their diagonal vectors are (si, s, ..., Sq),
(t1,to,...,tq) and (S1, S92, .., Sr, tri1, tryo, ..., tq) respectively. Then

E—S:diag(070,...,0,tr+1—Sr+1,...,td—8d) ZO,
Y —T =diag(s; —t1,80 —to, ..., 8 — t:,0,...,0) >0,
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where diag(v) denotes the diagonal matrix with diagonal vactor v. Notice that S and T are
the diagonal parts of QTpQ and QToQ respectively. We should also notice that
al(p—0)g; =0, i#j

which means the non-diagonal part of QTpQ and QTo(Q are the same, i.c.

Q'rQ-5=Q'0Q-T=2L
Now we have
QpQ=S+L, QoQ=T+L.
Let
Y =Q(X+ L)Q'.
Obviously Y = YT, and we have

QY —p)Q=2+L-S—-L=%-8S>0 = Y >p,

QY —0)Q=2+L-T—-L=2-T>0 = Y>o,
thus Y is a feasible solution to the dual problem. Moreover, notice that we have

d

d
ZSZ tr(QTpQ) = tr(p) =1, Zti =tr(Q'oQ) = tr(o) =1,

i=1 i=1
therefore

T

T d r d
r(V)=tr(S)=> si+ Y ti=> (si—t)+ > ti=> N+1=|p—olu+1,
=1 =1 =1

i=r+1 i=1
that is 8 <tr(Y) —1=||p — o||tr = . In all we have = a = ||p — 0|4

The success probability of distinguishing with a POVM {M,} is

ZPiPr(Mi}pi) = ZpitT(MiPi)-

=1

Define
P1p1

A= e € Mu(C), B=1T¢€ My(C),

PrPk
Ki = (0,...,0,]1,0,...,0) € dekd(c), 7 = 1’2’_”7]{‘
14, block

then using the similar argument in (d), we can see that solving the optimization problem

o = max Zpitr(]\/[ipi)

i=1



is equivalent to solving the primal problem

a = max tr(AX)
X

st. ®(X)=B,
X >0,

and given an optimal solution X* for the primal problem, we can recover a optimal solution
{M} }1>;> for the first problem by taking {M;}1>;> to be the diagonal blocks of X*.

Indeed, let €2 and €2, be the feasible sets of the two problems above respectively. For any
{M;}15i>k € 2, let

My,

then we have
k
— . > . T ar. .
tr(AX) = pir(Mp;), KXKl =M, i=12, .k
=1
and X € )y because
k
> M;=1 = ®X)=B=I,
=1

M;>0,i=12,....k = X2>0.
Conversely, for any X € €y, let My, M, ..., My be the diagonal blocks of X, then we have

k
> pitr(Mip;) = tr(AX), KXK=M; i=12,...Fk

i=1

and {M,;}1>i>k € 1 because

X>0 = M>0i=12... k



Problem 3: Maximally entangled properties

Solution: (Due to Bolton Bailey)

(i) We have a maximally entangled pair of qubits
1
2T = Y Fla®lis
0<i<d-1 Vi

To find the reduced state on A we trace out the B system

Trp(|®T) (7)) = Trs < > é(\m ® [1)B)({j]a ® <ij)>

0<i,j<d—1

= Y (e )Gl e Gls))

0<i,j<d—1

— Z —Trp (i) a(ila @ |i)B(ilB))

So we get the maximally mixed state on the A system.

(i) M @ T and T® MT are both d* x d* matrices, and |®T) is a vector of length d?, so M @ I|®T)
and T® MT|®T) are vectors of length d?. To see these are equal, we must show their components
are equal. That is, for each 0 < k,] < d — 1, we must show

(k@ ()M @1|o") = (k| @ ()l @ MT|®T)
Now see

((kl @ (M @1|®7) = (k| @ (INM ST < > %\ZM ® \%)

0<i<d—1

= S (e UM &1 e li)s)

0<i<d—-1

= 2 gk e i

= > M )

- 5
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And

(<k|®<l|)ﬂ®MT|<1>+>=(<k‘|®<ll)ﬂ®MT( > %l|i>A®|i>B>

0<i<d—-1

= (K@ e MT (fi)a® |i)s)

0<i<d—-1

-y ﬁ(k\]llz) ® ([|M7]i)

0<i<d—1

S %iucm ® (1| M)

0<i<d—1

- 5

1
=

= ﬁMkl

So these two are indeed equal.

Problem 4: Choi’s Theorem

Solution: (Due to De Huang)

(a) Assume that (2) is true, i.e.
T(X)=> KXKI, VX e MyC).
For any d” > 0 and any X ® Y € M,(C) ® My (C) such that X ® Y > 0, we have

TRidgy(XRY)=T(X)oY =) KXKI®Y.

Then for any joint state

@)= > > ayli) @1j) € span{C* @ C"'},

0<i<d—10<j<d"’—1
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we have

(DT ® idgr (X @ Y)|®) = Z((I)](K XK!@Y)|®)

ZZZ(LUCLM iI| KX KR GIY |

_ Z(Zau 1K) ® ) (X @ V) (Zam (K[i)) @ 1))
I ( ¢|KS®H)(X®Y)(KJ®H|<P>)
> 0.

Since |®) is arbitrary, we have T ® tdg» (X ®Y) > 0. And since d” and X ® Y are arbitrary,
we can conclude that T is completely positive.

(b) (3)=(1) is trival. If T is completely positive, then by definition, in the case d” = d, T ® idg4
is positive. Since @ = |®1)(PT| is positive semidefinite, we immediately have that

J(T) =T @1idg(®")
is positive semidefinite.

(c) We may always assume that
Xlj) = Z xij\i%
0<j<d—1

then we can write X as

X= > il

0<i,j<d—1

and we have

On the other hand, we have

(idg @ ta(J(T)) AR X) = (> T(i){]) @ ta(li) (i) T X)
= > @utheninusx)
SO Tt e
_ T(i) () @ (1761 Y zalk){l)

0<i,j<d—1 0<k,I<d—1

_ T(iyGhe (Y wali)l))

0<i,j<d—1 0<i<d—1

= zaT([2)(5]) @ 1) (1],

0<4,5,l<d—1



and thus

tra( (ide © ta(JT)) T © X)) = tra( Y 2uT(i)(i)s © i) {1]a)

0<4,5,1<d—-1

= > TG

0<i,j<d—1

= T(X).

Now we can define a bidirectional map between linear map T from My(C) to My (C) and
their operator representation J(T') in My (C) @ My(C). One direction is

T — J(T),
and the other direction is
J(T) — trA<(iddr @ ta(J(T))) (I ® ( - )A) —T(.).

These two directions are inverse to each other, so this is a one-to-one map. Let’s define
JYHJ(T)) = T for future use. Also we can see that both J and J~! are linear.

For an arbitrary Z € My «q,
Z= 3 > ali)il,
0<i<d'—10<j<d—1

we have

vec(Z) = Z Z avec(|i){j|)

0<i<d'—1 0<5<d—-1

= DD alyel)

0<i<d'—1 0<5<d—-1

= > (X awl)el)

0<j<d—-1 0<i<d'—-1

= > Zli)eli),

0<j<d-1

where we have used the fact that

Zlj)y= > agli), 0<j<d-1

0<i<d -1
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Therefore we have
J(T) = T @ ida(d")
= ) T3 @ i)l

= :ji:i(Z@(jZT) ® [i) (]

_ 0;:§d1 ((Zli)) @ 1) (G121 @ ()

_ (_]_Z (Z|z’))®]z'>>( Z <<j\ZT>®<J’\)
_ 0

with |¢) = vec(Z).

(e) If (1) is true, J(T') is positive semidefinite, we should be able to write J(T') in form of its
eigenvalue decomposition
= A,

where \, > 0 for each s, and each
ICs) = Z Z ) @ |j) € span{C? @ C*}
0<i<d'—10<j<d—1
is an normalized eigenstate of J(T"). Let’s define
Z Z eyl T, = JH([¢) (G,
0<i<d’—10<j<d—1

where the notation J~! has been defined in (c). Then it’s easy to check that

vec(Z,) = |¢s),  J(T:) = GGl
and using the result of (¢) and (d) we have

T, (X)=Z,XZ!, VX € MyC).

Now we have

then by linearity we have
T=J'(J(T) =Y \NJ'(J(T) =D \T..

Further, since Ay > 0 for each s, we can define

Ks = \/)\_SZS7

then we have

=Y AT(X Z)\ ZXZ! = ZKXK VX € My(C),
which means (2) is true.
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Problem 5: A limit on quantum attacks on Wiesner’s scheme

Solution: (Due to De Huang)

(a) The success probability is

Pr(success) = i Z tr(T(|z)(z|o)(|2)(x]|o @ |x)(x]p)).

z,0€{0,1}

(b) Notice that for any matrices N € My(C) and M € M,(C), we have

tr(JD(N@ M) = Y r((T(i)(]) @ i) ()N @ M))

4,j7€{0,1}

= > tr(T(i) (N @ [i)(j|M)
1,j€{0,1}

= D (TGN er(|0)(1M)
1,j€{0,1}

= tr(T(|1)(5])N)m;
i,7€{0,1}

=tr(T( ) myli)(j])N)

i,j€{0,1}
:tr(T(M)N),
where we have use that
M=% myli)jl,
,j€{0,1}

mij = (i|M|j) = tr(|e)(j|M), 1,5 € {0,1}.
Then using this result by taking N = |z)(z|g ® |x){x|g, M = |x){x|s for each pair of (z,6),

we have
r(J(T)Q) = > tr(J(T)(|lz)(zle @ |2){xly @ ) (o))
z,0€{0,1}
= Y tr(T(a){ale) (o) (zl @ |2)(zls))
z,0€{0,1}
= 4Pr(success),
that is

Pr(success) = itr(J(T)Q).
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(c)

If T is trace-preserving, then we have

o (J(T) = D (T D)) (]

0<i,j<d—1

= > Sl

0<i,j<d-1

= > I

0<i<d—-1

= I

Conversely, if we have

S (T GD) G = L,

0<i,j<d—1

then

5y = Gl = G Y0 e @RI G) = (T GD), Y0 <ij<d—1.

0<k,I<d—1

Therefore for any

X= 3 ayli)il € Mu(C),

0<i,j<d—1

we have

tr(T(X)) =tr( Y zT(i){j])

0<i,j<d—1

= Y wer@nuD)

0<i,j<d—1

= tr(X).
Since X is arbitrary, we may conclude that T is trace-preserving.

Recall in (b) we have shown that

Pr(success(T)) = ;ltr (QJ(T)),

so we may take A = 1@, and the variable X = J(T'). After obtaining the optimal X*, we
may recover the optimal T* as T* = J~}(X*), where J~! is defined in problem 4 (c) as

T ) = tra((ida @ 6a(X)) (I @ (- )a ).

Define
K = (i|(j| ® I, i,j€{0,1},
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O(X)= Y KyXK],
i,j€{0,1}

then for any matrices N € My(C) and M € M5(C) we have
OQN®M)= Y  KyNoMK]

1,5€{0,1}
= > (GlGINI)) @ M
i,j€{0,1}
=tr(N)M.
Then
(J(T)) = Z O(T([5) (5] @ |3 (j]) = Z tr(T(|a) (1)) 10) (3| = tri(J(T)).

Now if we take B = I, then the condition
O(J(T)) = B(X) = B=1,
ensures that T is trace-preserving, by the result of (¢). Moreover, the condition
JT)=X>0

ensures that T is completely positive, by the resulte of problem 4. Then finally, we can
obtain the optimal success probability of attack based on CPTP map by solving the primal
problem

1
« = max tT(ZQX)
st. P(X) =1,
X >0,
with the optimal success probability equal to a and the optimal CPTP map T* = J~1(X*).
The dual problem is
B = min tr(Y)
. 1
Yy =Yt
Notice that

(V)= ) K[YKy;= ) (0)iliheYy =LY,

i,j€{0,1} i,j€{0,1}

the dual problem can have a more explicit form

B = n%in tr(Y)

1
s.t. ]I4 QY > ZQ,
y =YT,
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(e) Let’s solve the primal problem in (d):
a =max tr(AX)
X

st B(X) =1,
X >0.

For Wiesner’s scheme, we have

A EQ _ %(|¢1><¢1| + [2) (Wa| + [03) (W3] + W) (¥a]),
where

[¥1) = 10)[0)[0),  [2) = D), [s) = [H)[H)+),  [¥2)[=)=) =)

With help of matlab, we can easily find the eigenvalue decomposition of @),

Q =UAUT,
where U is unitary, and
3311
A =diag(=,-,=,-=,0,0,0,0).
1ag<87878787 Y ) 7 )
That is, all eigenvalues of A are
3 1
>\1=)\2:§, )\3:)\425, As =X = A7 = Ag =

Then we can immediately obtain a upperbound for our objective function given that X is a
feasible solution,

3

e
Therefore if we can achieve this upperbound with some feasible X, then the problem is
solved. Indeed, to make the inequality to become equality in the formula above, i.e.

tr(AUTXU) = \(A)tr(UTXU),

tr(AX) = tr(UAUTX) = tr(AUTXU) < M\ (A)tr(UTXU) = M (A)tr(X) = 2)\(A) =

we need the diagonal entries of UT XU to focus on the first two entries which are associated

with A\;(A), \2(A). Recall that tr(UTXU) = tr(X) = 2, a narutal guess would be
UTX*U = diag(1,1,0,0,0,0,0,0),

and we have

3/4 0 0 1/4 0 1/4 1/4 0
0 1/12 1/12 0 1/12 0 0 1/12
0o 1/12 1/12 0 1/12 0 0 1/12
1/4 0 0 1/12 0 1/12 1/12 0
0 1/12 1/12 0 1/12 0 0 1/12
/4 0 0 1/12 0 1/12 1/12 0
/4 0 0 1/12 0 1/12 1/12 0
0 1/4 1/4 0 1/4 0 0 3/4

X* = Udiag(1,1,0,0,0,0,0,0)U" =

= [¢) (] + [¢2){Cal,
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where |(1), |(2) are the eigenstates of A corresponding to eigenvalues A1, \s,

1
|¢1) = ——=(3,0,0,1,0,1,1,0)" =

/12 (30)]0)]0) + [0)[1)[1) + [1)]0)[1) + [1)[1)]0)),

(]

1 1
= ——(0,1,1,0,1,0,0,3)" = ——(|0)|0)|1) + |0)[1)]0) + [1)]0)|0) + 3|1)[1)[1)).
G2) = 5 ) ~12(| )[0)[1) + 10)[1)[0) + [1)[0)[0) + 3[1)[1)[1))
It’s easy chech that X* is a feasible solution, i.e.

(X)) =1, X*>0,

thus we have a = %, the optimal success probability is %.

Our next mission is to recover T™ from X*. Now we can make use of the useful results in

problem 4. Let

1

Z = ﬁ(3|0>|0><0| + [0} [1)(L] + [1)[0) (L] + [1)[1)0]),
1

Zy = ﬁ(l0>|0><1| +[0)[1)0] + [1)[0)¢0] + 3[1)[1){1]),

then we have
vec(Zy) = |(1), wvec(Zs) = |(a).

Define
Ti(p) = Z1pZ], Vp € M(C),

Ty(p) = ZopZs, Vp e My(C).
By the result of problem 4(d), we have
TG =T, T H(GR)G]) = T

Finally we have

T = JH(X") = T (G)HGD + T (IG)(G]) = Ti + T,

that is we have
T*(p) = Z1pZ} + ZopZ}  Vp € My(C).

Consider a linear map U such that

U 00l — = ((E00)+ 1) © 10)+ (011 +110) @ |1).

U 100 — (1911 + 1DI0) ©10) + (010) +31)11) @ 1),

By direct calculation, we can check that

|U10)[0)]0)| = [U]1)]0)[0)] =1, (U]0)[0}]0))"(U]1)[0}]0)) = 0,
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therefore we can extend U to be a unitary operator for all three-qubits (use a similar argu-
ment for HW2 problem 6(b)). We still denote this extended unitary operator as U. Notice
that

Zm=7%@WWHMM,%M=j%WMHMWM
%sz%WWHMW» mnzﬁgmm+mm»

thus we have
U(10)[0)[0)) = (Z:(0)) @ [0) + (£2]0)) ® [1),

U(|1)10)[0)) = (Z1[1)) @ [0) + (Z:|1)) & |1).
Then for any single qubit |¢), by linearity, we always have

U([#10)]0)) = (Z1]6)) ©[0) + (Z2¢)) ® [1).

Notice that we have
trs(U]6)[0)[0) (81(01(0]U) = trs (Z116)(612] @ [0) (0] + ZJ0) (612] @ 1) (1

+ 216Nl 7 © 10) (1] + Zalo)(12] @ 1)(0])

= Z|0) (0| Z] + Z)6)(¢] Z]
= T"(|¢) (o).

Now we can clarify our optimal attack found in (e). Given a money qubit |¢), the attack
steps are

(i) Operation: Append |0)|0) to |¢). Outcome: |¢)|0)|0).
(ii) Operation: Apply U to |$)|0)|0). Outcome: (Z;]¢)) @ |0) + (Z2|¢)) @ |1).
(iii) Operation: Trace out the third qubit. Outcome: T™(|¢)(¢|).
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