CS/Ph120 Homework 2 Solutions

October 25, 2016

Problem 1: Classical one-time pad

Solution: (Due to Daniel Gu)

1. Let X be the random variable which is the number of bits that Alice uses in total, and X;
be the number of bits that Alice uses at step ¢ in the protocol. Then X = > X, and so
by linearity of expectation

E[X] = E[Y_ X =Y E[X]=3

2. The scheme is certainly not correct: since Alice doesn’t send her random choices (random
bits) to Bob but only the ciphertext ¢, Bob has no idea which bits got XOR’d with the
key and which got XOR’d with a random bit. No deterministic algorithm can decrypt the
ciphertext accurately, since once we fix the ciphertext, key, and DEC(k, ¢), we can choose
our random bits such that our message does not match our decryption algorithm’s answer.

However, the scheme is secure. The probability that the ith bit of the message is 0 (over the
random choices made by Alice and a uniformly random key distribution) given that the ith
bit of the ciphertext is b is 1/2, since with probability 1/2 we XOR b with the ith bit of the
key, which without knowledge of the key is equally likely to be 0 or 1, so it has a 1/2 chance
of being b and producing 0, and with probability 1/2 we XOR it with a uniformly random
bit, which is also has a 1/2 chance of being b. So given the ciphertext, the distribution of
possible messages is the uniform distribution over all n bit messages, so the scheme is secure.

Problem 2: Superpositions and mixtures
Solution: (Due to Alex Meiburg)

(a)

1 1 1/2 0
3+ g al= 10

(b) Note that py = 1I. The probability for any given state is given by

1 1 1 1
(imlotolae) = (olTelul 0 ) = 3 wlutvls) = 5
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So that each measurement of a state gives a 50% probability of that occuring.

(c)
1/2 1/2
1

<0|P0|0|0|P0|0> =3 <1|Po|1|1|,00|1> = 5

(Hlpol+[+lpol+) = (HF[+[+) (H[+H+) =1, (=lpol=I=lpol =) = (=[+]=|+) (+|=[+]-) = 0

N | —

So that in the standard basis it is completely random, while in the Hadamard basis it is guaranteed
+)-

Problem 3: Quantum one-time pad

Solution: (Due to Anish Thilagar)

1. This protocol is correct. Bob will receive the state H* |¢)). He can then apply H* again, to
get the qubit H?*[¢) = |¢) because H** = (H?*)* = I* = I. Therefore, he can correctly
extract the message from Alice.

2. This protocol is not secure. Take the state [¢) = \/LE(|0> + |+)). Under the action of H, this
is an eigenvector with eigenvalue 1, so it will remain unchanged. Therefore, the ciphertext ¢
will be equal to the message m = [¢), so p(|1) |¢) = 1 # p(|1p)) < 1. Therefore, this protocol
is not secure.

Problem 4: Unambiguous quantum state discrimination
Solution: (Due to Mandy Huo)

(a) If Alice measures in the standard basis then given that the state is |0) she will always get
|0) so she will never misidentify it and given that the state is |[+) she will get |0) half the
time so she will misidentify it probability 1/2.

(b) If Alice measures in the Hadamard basis then given that the state is |[+) she will always get
|+) so she will never misidentify it. Given that the state is |0) she will get |+) half the time
so she will misidentify it probability 1/2.

(c) Assuming both states are equally likely a priori, Alice can do better overall if she measures
in the basis {|b1), [b2)} where |by) = sin 37 |0) — cos 3Z|1) and [by) = cos 27|0) +sin 2Z|1), and
identifies |0) when she gets the outcome |b;) and |+) when she gets the outcome |by). Then



the total probability of misidentifying is

%|(b2|0>|2+%|<b1|+>|2 = %(20323%—1—%% (sin2 3 + co 2%—2sin3§ﬂ0083§)
:1C0823i+11 (1—81n3—7r)
2 8§ 22 4
1 ,3r 11 3m
= 5 008 §+§§ (1+cosz>

3T
2
f— — 0‘15
coS g

which is less than 31 = 1 in parts (a) and (b).

(d) If the state is |+) then Alice will get outcomes 2 and 3 with probabilities

V2
tr{Es|+)(+[} ZtI"{ <1+\/§|—><—I> \+><+!} =0,
1 1

tr{ Es|+) (+]} = 1 — tr{ Eq|+) (+[} — tr{ B |-+)(+]} = 1 — NI

So given that the state is |[+), Alice will never misidentify the state and will fail to make an
identification with probability 1/ V2.

If the state is |0) then Alice will get outcomes 1 and 3 with probabilities

tr{£1]0)(0[} =0,

TR . I .
tr{Ba[0) (0} = 1 = tr{Eaf0) 01} — t{ B0} 0]} = 1 = 5 = 5

So given that the state is |+), Alice will never misidentify the state and will fail to make an
identification with probability 1/v/2.

(e) There is no POVM that increases the chances of making a correct identification without
increasing the chance of making an incorrect identification.

First we will show that any POVM such that the probability of mis-identification is zero
must have the form F; = «|1)(1] and Ey = B|-)(—|, o, 8 > 0. Since we must have
tr{ £1|0)(0|} = (0|E1]|0) = 0 for zero chance of mis-identification in the |0) case, we have
that either |0) is in the nullspace of E; or E) projects |0) onto |1). In the second case, we
would have £} = «|1)(0], which is not Hermitian and thus not positive so £y must map |0) to
the zero vector. Then E) has rank 1 so it has the form E; = «|b)(1|. Then since E; must be
positive (and thus Hermitian) we have £y = a|1)(1|, a > 0 (note if £y = 0 then Alice will al-
ways fail to make an identification in the |+) case.) Similarly, tr{ Es|+)(+|} = (+|Ea|+) =0
implies that |+) is either in the nullspace of Ey or is projected onto |—), but the second case



results in Fy not positive semidefinite so we must have Ey = S|—)(—|, 5 > 0.

Then Es = I — Ey — E, as before so that ), F; = I. What is left to check is whether Ej is
positive semidefinite. Since Fj5 is given by

(1—X) — B/2 B/2 e oy (g )
/9 (1_”_&_5/2’_)\ + (a+ 5 —=2)A <+B ) 1)_0

so the eigenvalues are

2 2

—(a+5-2) j:\/a+ﬁ—2) +4(a+p—2 - )_—(a—i—ﬁ—Z)j: o2 1 32

Since we want a POVM that fails to make an identiﬁcation with smaller probability, we need
tr{E50)(0]} =1 -2 < L 5 and tr{Es|+)(+[} =1 - f’ that is,

V2 -1 V2 -1
a>2< NG ), B>2< 73 )
Then we have

_(a—l—ﬁ—Q)<2—4%:—2+%:2(\/_—2:2(\/§—1>

Ve + 5> 2(2ﬂ_1> :2(\/5—2:2(\/5—1) >0

V2

so Va2 +0? > —(a + f —2) and so E5 will have one negative eigenvalue and thus is not
positive. Hence there is no POVM that gives Alice a better chance of making a correct
identification without increasing the change of making an incorrect identification.

Problem 5: Robustness of GHZ and W states
Solution: (Due to Mandy Huo)

(a) (i) Since Tr(|7)(j]) = (jli) is 0 for ¢ # j and 1 for i = j, we have Tr3(|GHZ3)(GHZ3|) =
$(100)(00] 4 [11)(11]), and so
Tr(|GHZy)(GH 2| Trs(|GH Z3)(GH Z3])) = S Tx[(]00) + [11))({00] + (11])(]00){00[ + [11) (11})]

Tr[([00) + [11))((00] + (11])]

le»lkl»—w-lklr—‘



(if) Note that Trs(|Ws)(Ws|) = £(|10)(10[ 4 ]01){01| + |00) (00| 4 |10){01| + |01)(10[) so we
have

Tr([Wa) (Wa| Trs(|Ws) (Ws|)) = ZTr[([10) + [01))(2(10] + 2(01])]

WD —

(b) (i) We have Try(|GHZy)(GHZy|) = §(0)*N 0]V~ 4 [1)=N1(1]#V1) so

1
and thus

Tr(|GHZN_1><GHZN_1|Tr3

—~

|GHZN)(GHZN]))

Tr(j0)> "+ 1)L (0] 4 (1)

DN | — | —

(11) We have <WN_1|T1"N(|WN><WN|) = %(WN—H SO
Tr(|Wx—1)(Wy—1|Trs (W) (W)

1
1

N —

N

0...0)+1]010...0) +---+10...01))((10...0] + (010...0| +--- + (0...01|)

1
> 3 for N > 2 the overlap between the N-qubit W states is greater

than between the N-qubit GH Z states so we can conclude that the W states are more
“robust” to tracing out a qubit.

Since

Problem 6: Universal Cloning

Solution: (Due to De Huang)



(a) (i) We can see p and Tj(p) as matrices in C?*? and C***. Then we have

I

T, (P) =pR 5
pui 0 pi2 0
_ 1 0 pu 0 pi2
2 p21 0 p2 0

0 pa 0 p2
P11 P12 10 00
P21 P22 0 0 10
P11 P12 01 00
P21 P22 00 01

DN | —

CoOoORHRHO o~ oo

where

10 00

1 0o 1 10
&_E 0 1 ’&_E 00
00 0 1

It’s easy to check that
AlA + AlA, =T

Therefore 17 is CPTP.
Indeed we can check that for any single qubit |),

) = 20 910, Al = ) @ )
i _ L ! _ b
AL) @ 10) = —lv). - 43() © 1) = =),
therefore
Auks) Q1AL+ Aol (6145 = S1) (] @ [0)0] + wwl ©1)(1
= 1)1 © 5(0)(0] +1){1)
S CEE
= Tu(lu) (),
e i i Lo 1
(AlAl + A2A2>|¢> = EA1<|¢> ® |0>> + EA2(|¢> ® |1>> = |¢>7



(i)

which again verifies our proof of CPTP.

The cloned qubit has density matrix = 5, which actually carries no information. No
matter what basis we use to measure the cloned qubit, we always get fair probability %
on both results. In the meanwhile, the first qubit is still in state [¢).

Since T (|¢){(¢]) > 0, we have

|1 Ty () () ) )| = <w|<¢|T1<|w><¢|>|¢>|w>
= (W] (l¥) (¥ © )ww)

llé) el <w\§w>

I
—

N —

Since |0)|0)|0) and |1)]|0)|0) are orthogonal, we only need to verify that U|0)|0)|0) and
U|1)|0)|0) are orthogonal.

Indeed, note that [0)[0)|0), [0)|0)[1), [0)[1)]0), [0)[1)[1), [1)]0)]0), [1)[0)[1), [1)[1)[0), [1)[1)|1)

are orthogonal to each other, since

Ul1)[0)[0) = \/§I1>|1>I1> + \/%I1>|0>|0> + \[é|0>|1>|0>,

(0[{01{0]U[1)[070) = (O[{1[(1|U[1)[0[0) = (L[{O[{1|U]1)]0)[0) = O.

U10)|0)]0) = \[yomo \[!0\1I1 \ﬂuou

we immediately have that U]0)]0)|0) and U|1)|0)|0) are orthogonal.
Now we may extend {]|0)[0)|0), |1)|0)|0)} to

{10)[0)10), [1)[0}|0), @3, ba, - -, Ps}
as an orthogonal basis of all three-qubits, and also extend {U]0)|0)|0), U|1)|0)|0)} to
{U10)10)]0), U[1)]0)[0), 3, a - -, s}

as another orthogonal basis of all three-qubits. Then one example of extending U to a
valid three-qubit unitary U would be

we have

And since

U+ 10)]0)]0) — U[0)]0)[0), T : [1)]0)]0) — U|1)]0)]0),

U:¢i— by, =34, 8.

It’s easy to check that U is a valid three-qubit unitary because it linearly transforms
an orthogonal basis to another orthogonal basis.



(ii) Let’s define
1
U,)=—(0)[1) +1]1)(0)).
W) \/i(HH 1)10))
For an arbitrary state [¢)) = «|0) + 8|1, |a|* 4+ |3]*> = 1, we have

Ul4)|0)]0) = aU|0)[0)[0) + BU[1)|0)[0

)
= oy 200000+ y/ S + 10)m)
w0 Zmmm + /X + omyo)
= a(y/ 201010 + S + 56 Zmmm + o)
= (/20100 + 8y S1e)i0) + 3y 200 + oy Frw)m,

Ul |0)[0) (00w |UT = \ﬂo 0 +6\[|\If+ \[<0|<0|+B\/g<w+|)®|0><0|
+ B\/;l ) +a\/;|\lf+ 6\/g<1|<1|+a\/§<\h|)®|1><1|
+ (a\/§\0>10> + 6\/;%) (6\/g<1\<1| + @@m ® |0)(1
+ (6\/§|1>11> +a\/§r%>)(@\/§<0|<0| + 5\/;%\) ® [1)(0
To([)]) = tra(U18)0)10) (040w |U)
\ﬁo )10) +B\[|‘I’+ \[<0|<0|+ﬂ\/§<\11+|)
+( 5\/;1 ) +a\/;|\lf+ 6\/§<11<1\+a\/§<\hl>-



Then the success probability is

GBI = |l 2010 + 5/ 319.0) @y 200101+ By 2wl
Ay 210 + o S0y By 2t + g )
— [witel(ay 21010 + oy w)
+ }<w\<w|(ﬁ\/§u>|1> + a\/;\m)!?
= \IaP@\/g+ !6!2@\/?2 + !Wﬁ\/g+ \oe\zﬁ\/gf

2
= SJaf*+ 2|8

(c) (i) Note that
PL=T"— ([0_)(U_|)T =1 [U_NV_| = P,,

PiPy= (I =W (U )T~ [T_}(¥_|)
=T =200 (W |+ [T ) (W |[T_)(¥_|
=T— [T )|
~ P,

Then using the result of (a)(i), we have

2
Ts(p) = §P+(P ® )Py

4
= §P+T2(P)P+

4
= §P+(A1,0AI + AgpAl) Pl
2 2 2 2
= (=P AN)p(—=Py A + (=P As)p(—=
(\/§+1)p<\/§+1) (\/§+2)p(\/§
= VipVi + Vaply,
where A;, Ay are defined in (a)(i), and

2 2
Vi=——P.A, Vi=-—
V- S Y

If we see P, =1 — |W_)(¥_| as a matrix in C***, then

1 0 0 0
0 1/2 1/2 0
0 1/2 1/2 0
0 0 0 1

Py Ay)f

P, As.

P+:

9



By direct calculation, we can check that
4 4
4 4
= §A§P+A1 + gA§P+,42
=1L

Therefore T3 is CPTP.

(ii) For any single-state [¢)), we have
1
WIlv-) = E((¢|0><¢|1> — ([1)(¥[0)) =

(WI(1Ps = (] = (@[T ) (V-] = ([ (],
P ) = i) |ib) — [V ) (W[} ) = |)|h),
thus the success probability of T3 is

WP (19) (W] @ T Pelgh)])]
W)yl e H))I@b)lw)‘
(@[[0) @l0)) (LIT]))

[T ([0) (DI ) | =

—_—

OOI[\DCOll\')QDll\DCOl[\D

(iii) We can see that for any single-state |¢),

QI D) )] = [ ITs([) @D | = %

that is, the map 75 and T3 have the same success probability. The essential reason for
this result is that we actually have

Ta([)(W]) = Ts([v) ()

for any single-state [¢)). To see this, we first rewrite Ul)]0)]0) as

Ul1)|0)|0) = aU0)[0[0) + SU[1)|0)|0

)
= a(y/200010) + /2001 + 1 0ym)
v o2 + \fu )10) +10)11))[0))

= %@H(QIOHBIU) \/—Iq’ )(a]0) = B[1)) + \/—|‘1’+>(04|1>+ﬁ|0>)
1 1
= ﬁ|<1>+>|¢> + ﬁlq’—ﬂzliﬁ)) + EI‘I’Q(XIW)'

10



Here |®,), |®_), |V, ) together with |[¥_) are the Bell basis, i.e.

|[®4) = (|0>|0> +ID), @)= (|0>|0> DI,

%I
SI

W) =

Then we have

To(|)(w]) = trs(U14)]0)]0)(0(0([UT)
= %(tr<|w><w|>|<1>+><<1>+! + tr(Z[) (9] 2)| @)@ | + tr(X[4) (0] X) [ ) (W |
+tr([0) (Y] 2)| @ (D[ + tr([9) (] X)[ @) (W | + tr(Z]40) (1)) | D) (D |
+tr(Z[) (D] X)) (W | + tr(X[) ()[04 ) (D | + tr(X]¢><z/;|Z)|\If+><<I>,|>

= 2 (W2 )(@, ]+ (1)@ )@ | + (I, ),
F{DIZI ) (@ (X (0] 4+ (2100 )
X ZIB )|+ (DIX I 4+ IZX ) (@)

(!0>\1> +DI0), V) = (!0>\1> [1)10))-

%I
%I

On the other hand, since

D) (@ 4 () (O] + [ ) (W + W) (| =T,
we have

L= (W )0 = [0 )0 | + |0 )|+ [0.) (W],
Thus

Ts(l¥) (¥

= ;(H—N’ YN ()@l @ DI - [} (W_|)

(|<1>+><<1>+| QNP+ [T (W) (190 (] @ T) (|4 ) (D | + | ) (D] + [T ) (W)

<I¢+><@+I(\w><w! QD[P ) (| + |24 ) (D1 [([9) (Y] @ D)D) (D]

|2 ) (P |([0) (W[ @ DT ) (T + 2N P_[([90) (V] @ )| D) (|
+ 10 ) (@ |(j) (¢ @ DS N D] + [SND_[([9) (Y] @ D)W ) (V|
F )W) (] @ DS D[ + [T ) (T [([9) (P @ D)@ )(P|
H () (] @ D[P )Py !)

3
2
3

Note that

(@] (0] © D124 = SI0)0] + [L{)[) = S (i),



(|3l @ DID_) = £ (610301 + L) = £ (e,
(W 1(1) (0] © D) = 2 (10101 + [1(1)Re) = 5 (),

(@[([0) (W@ T)|P-) %(@/)I(IOXOI — DDy = %WIZW),

(®.1(14) (6] @ DIWL) = 10N ]+ 1) 0DI) = 5(wIX1o)

(®_|([0) (@l ®DILL) = 2 @I(10] ~ [0}{1D]) = 3wl XZJu).
Therefore
Ty} ) = 5 (1. (4] + () ) (@ |+ ()2 ) (.

+ (QIZ[P) D)@ | + (DX )P ) (V| + (] Z2]10)| D) (|
+ (X ZI) @ WY | + (W X[0) V1) (D] + (¢|ZX|¢>|‘P+><<1>—|>

= Ta(|¥) ()

It’s done.
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