CS38
Introduction to Algorithms

Lecture 10
May 1, 2014

Outline

» Dynamic programming design paradigm
—longest common subsequence
— edit distance/string alignment

— shortest paths revisited: Bellman-Ford
— detecting negative cycles in a graph
— all-pairs-shortest paths

* some slides from Kevin Wayne
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Dynamic programming

“programming” = “planning”
“dynamic” = “over time”
* basic idea:
— identify subproblems

— express solution to subproblem in terms of
other “smaller” subproblems

— build solution bottom-up by filling in a table
« defining subproblem is the hardest part
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Dynamic programming summary

* identify subproblems:
— present in recursive formulation, or

—reason about what residual problem needs to
be solved after a simple choice

« find order to fill in table

* running time (size of table)-(time for 1 cell)
» optimize space by keeping partial table

« store extra info to reconstruct solution
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Longest common subsequence

* Two strings:
—X= X1 Xp on Xy
—Y=Y1Y2---Yn

» Goal: find longest string z that occurs as
subsequence of both.

e.g. X = gctatcgatctagcttata
y = catgcaagcttgcactgatctcaaa
Z = tattctcta
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Longest common subsequence

» Two strings:
— X=Xy Xp oo Xy
“Y=Y1Y2--Yn

» Goal: find longest string z that occurs as
subsequence of both.

e.g. X = gctatcgatctagcttata
y = catgcaagcttgcactgatctcaaa
Z = tattctcta
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Longest common subsequence

» Two strings:
—X=Xg Xy on Xy
—Y=Y1Y2---Yn

« structure of LCS: let z; z, ... z, be LCS of

Xp Xp oo X and y; Y, ... Y,
—ifx,=y,thenz, =x,=y,and z; z, ... z,4is
LCS of Xy X5 ... X @and yq Yo ... Yo
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Longest common subsequence

» Two strings:
— X=Xy Xp oo X
“Y=Y1Y2---¥n

« structure of LCS: let z; z, ... z, be LCS of
X1 Xp oo X and Yy ¥ .. Yy
—if X, # y, then
* Z # Xy = 2iSLCSof Xy X, ... X and y, Y, ... Y,
* 2 #Y, = ZISLCSof Xy X, ... Xpandy; Yo ... Yo
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Longest common subsequence

» Two strings:
—X=Xq Xp or Xy
“Y=Y1Y2---Yn
» Subproblems: prefix of x, prefix of y
OPT(i,j) = length of LCS forx; X, ... x; and y; y, ... y;
* using structure of LCS: OPT(i,j) =

0 ifi=0orj=0
OPT(i-1,-1) + 1 if X =y,
max{OPT(i,j-1),OPT(i-1, )} if X, =y,
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Longest common subsequence

« what order to fill in the table?

LCS-length(x, y: strings)

1. OPT(i,0) =Oforalli

2. OPT(0,j) =Oforallj

3. fori=1tom

4. forj=1ton

5. ifx =y, then OPT(ij) = OPT(i-1, j-1) + 1

6. elseif OPT(i-1, j) > OPT(i,j-1) then OPT(i,) = OPT(-1, j)
7. else OPT(ij) = OPT(i,j-1)

8. return(OPT(n,m))
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Longest common subsequence

LCS-length(x, y: strings)
1. OPT(i, 0) =0 foralli
2. OPT(0,j) =0forallj

3. fori=1tom

4. forj=1ton

5. if x; = y; then OPT(i,j) = OPT(i-1, j-1) + 1

6 elseif OPT(i-1, j) > OPT(i,j-1) then OPT(i,j) = OPT(i-1, j)
7. else OPT(i,j) = OPT(i-1)

8. return(OPT(n,m))

* running time?
— O(mn)
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Longest common subsequence

LCS-length(x, y: strings)

1. OPT(i,0) =Oforalli

2. OPT(0,j) =0forallj

3. fori=1tom

4. forj=1ton

5. if x; = y; then OPT(i,j) = OPT(i-1, j-1) + 1

6. elseif OPT(i-1, j) > OPT(i,j-1) then OPT(i,j) = OPT(i-1, j)
7. else OPT(ij) = OPT(i,j-1)

8. return(OPT(n,m))

» space O(nm)
— can be improved to O(min{n,m})
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Longest common subsequence

LCS-length(x, y: strings)

1. OPT(i, 0) =0foralli

2. OPT(0,j) =0forallj

3. fori=1tom

4. forj=1ton

5. ifx =y then OPT(ij) = OPT(i-L, j-1) + 1

6. elseif OPT(i-1, j) > OPT(i,-1) then OPT(i,j) = OPT(i-1, j)
7. else OPT(i,j) = OPT(i,j-1)

8. return(OPT(n,m))

* reconstruct LCS?
— store which of 3 cases was taken in each cell
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Edit distance

* How similar are two strings?

6 mismatches, 1 gap

- H-
|- -

0 mismatches, 3 gaps

1mismatch, 1 gap

o

c

e.g. ocurrance
<|e and occurrence

rnn
r_n
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Edit distance

« Edit distance between two strings:
— gap penalty &
— mismatch penalty o,
— distance = sum of gap + mismatch penalties
c|r e |c EHEM A< o
C‘T G G‘A‘CA‘C‘G

cost =5+ ace + am

— many variations, many applications
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String alignment

+ Given two strings: . ‘f ‘f ‘2 ‘fj -: e,
TXEX1 X o K B | | |o 60050
_y:ylyZ---yn Yioyz o ya ya o ys e

+ alignment = sequence of pairs (x;, Y,
—each symbol in at most one pair

—no crossings: (x; ¥;), (X, y;) with i <7, j > ]’

—cost(M)= X @my+ >, B+ 33
(wou;)EM iz, unmatched siyunmatched
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String alignment

Given two strings:

—X= X1 Xp on Xy

—Y=Y1Y2---Yn

alignment = sequence of pairs (x;, y;)
—cost(M)= > g+ > i+ >0

(5,55 )EM e unmatched Jayunmatched

* Goal: find minimum cost alignment
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String alignment

 subproblem: OPT(i, j) = minimum cost of
aligning prefixes x; X, ... x; and y; y, ... Y
—case 1: x; matched with y;
* cost=ay,, + OPT(i-1,}-1)
—case 2: x; unmatched
« cost =& + OPT(i-1, })
—case 3: y; unmatched
« cost =& + OPT(i, j-1)
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String alignment

* subproblem: OPT(i, j) = minimum cost of
aligning prefixes x; X, ... x; and y; y, ... Y
» conclude:

8 ifi-0
a,,, +OPTG-1,j-1)
OPT(, j)={ min { 8+OPTG-1, ) otherwise
8+0PTG, j-1)
i3 if j=0
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String alignment

STRING-ALIGNMENT (M, N, X4, ..., Xm, Y1, ..., Yn, 8, &)

For i=0TOM

M[i, 0] —id
For j=0TON
M[0,j] —js
Fori=1TOm
For j=1TO N
MIi, j] < min { a[xi, yi] + M[i-1,j-1],
d+MI[i-1,jl,
S+MIi, j-113.
RETURN M [m, n].
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String alignment

STRING-ALIGNMENT (M, N, X1, ..., Xm, Y1, ..., Yn, 3, @) * running time?
For i=0TOmM O(nm)
MIi, 0] —id
For j=0Ton * space?
M.j] —j5 O(nm)
ForRi=1TOmM
Forj=1Ton « can improve to
M, j] — min { a[x,yi] + M[i-1,j-13, | O(n + m) (how?)
S+ MI[i-1,jl,
5+ M[i,j—113. « can recover
RETURN M [m, n]. alignment (how?)
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Shortest paths (again)

» Given a directed graph G = (V, E) with (possibly
negative) edge weights
» Find shortest path from node s to node t

5 @ 3 @ cost of path =

4 1 9-3+1+11=
source s 2 5 18
8
®\ 9

| ST
s o "
@1)/—3» 10 : O)
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Shortest paths

» Didn’t we do that with Dijkstra?
— can fail if negative weights @—2—©
1 3
* |dea: add a constant to every ©@«~—-s—®
edge?
— comparable paths may have5 @
different # of edges 2

6 7
3 0 3
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Shortest paths

* negative cycle = directed cycle such that
the sum of its edge weights is negative

N
N

-3

J)<—4—O<—;1—O

anegativecycle W: (W) = ¥ e <0
W
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Shortest paths

Lemma: If some path from v to t contains
a negative cycle, then there does not
exist a shortest path from v to t

Proof: go around the cycle repeatedly to
make path length arbitrarily small.

o

Shortest paths

Lemma If G has no negative cycles, then
there exists a shortest path from v to t that
is simple (has = n -1 edges)

Proof:
— consider a cheapest vt path P

—if P contains a cycle W, can remove portion of
P corresponding to W without increasing the

cost
®
c(W)<0 c(W)20
Shortest paths Shortest paths

Shortest path problem. Given a digraph with edge
weights c,,, and no negative cycles, find cheapest
v~=t path for each node v.

Negative cycle problem. Given a digraph with edge
weights c,,,, find a negative cycle (if one exists).

IO TN

2

* subproblem: OPT(i, v) = cost of shortest
v~st path that uses < i edges
—case 1: shortest vast path uses < i— 1 edges
« OPT(i,v) = OPT(i— 1, v)
—case 2: shortest v+t path uses i edges
+ edge (v, w) + shortest w~t path using <i -1 edges

= if i=0
I (ID I OPTG.Y) ’! min{OPT(‘ Lv). min {OPTG-1, w)+e therwi
a > =0 l i-1,v), legb{ (-1, wy+e, }} otherwise
O shortest-paths tree negative cycle o
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Shortest paths Shortest paths

 subproblem: OPT(i, v) = cost of shortest
vat path that uses < i edges

J 5 if i-0
OPTG,v) = l min{OPT(i—l. W. min {OPTG-1, W)+cm}} otherwise
(v.wIEE

* OPT(n-1, v) = cost of shortest vt path
overall, if no negative cycles. Why?
— can assume path is simple
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SHORTEST-PATHS (V, E, ¢, t)

FOREACH node v € V
M0, V] « .
MO, t] « 0.
Fori=1tOn-1
FOREACH node v € V
MIi, v] <« M[i-1,v].
FOREACH edge (v, w) € E
MIi, v] < min { M[i,v], M[i-1,w]

+Cw }.
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Shortest paths

SHORTEST-PATHS (V, E, ¢, t)

FOREACH node v € V
M0, V] « oo
M0, t] « 0.
Fori=1ton-1
FOREACH node v € V
MIi,v] —M[i-1,v].
FOREACH edge (v, W) € E
M[i, v] < min { M[i,v], M[i-1,w]

* running time?
O(nm)

 space?
0O(n?)

« can improve to
O(n) (how?)

« can recover path

Shortest paths

* Space optimization: two n-element arrays
—d(v) = cost of shortest vt path so far
— successor(v) = next node on current vt path

» Performance optimization:
—if d(w) was not updated in iteration i — 1,

+Cw}. > then no reason to consider edges entering w
(ren7s) in iteration i
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Bellman-Ford Bellman-Ford

BeLLMAN-FORD (V, E, ¢, t)

FOREACH node v € V

d(v) « co.

successor(v) < null.
d(t) — 0.
Fori=1ton-1

FOREACH node w € V

IF (d(w) was updated in previous iteration)
FOREACH edge (v, w) € E

1pass

IF (d(v) > d(w) + cw)
d(v) « d(w) + cw.
successor(v) «— w.

early

IF no d(w) value changed in iteration i, STOP. — stopping rule

* notice that algorithm is well-suited to
distributed, “local” implementation
— n iterations/passes

—each time, node v updates M(v) based on
M(w) values of its neighbors

* important property exploited in routing
protocols

* Dijkstra is “global” (e.g., must maintain set S)
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Bellman-Ford

« |Is this correct?

 Attempt: after the i pass, d(v) = cost of
shortest vt path using at most i edges

— counterexample:

dwv)=3 dw) =2 d)=0

1 ——>W—2

4

if nodes w considered before node v,
then d(v) = 3 after 1 pass
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Bellman-Ford

Lemma: Throughout algorithm, d(v) is the cost of some vt path; after the i"" pass,
d(v) is no larger than the cost of the shortest vt path using <i edges.
Proof (induction on i)
— Assume true after i" pass.
— Let P be any vt path with i + 1 edges.
— Let (v, w) be first edge on path and let P' be subpath fromw to t.
— By inductive hypothesis, d(w) < c(P') since P' is a wat path with i edges.
— After considering v in pass i+1: dv) £ cw+d(w)

S cw+c(P)

G

Theorem: Given digraph with no negative cycles, algorithm
computes cost of shortest vt paths in O(mn) time and O(n) space.
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Bellman-Ford: analysis

Claim. Fhroughout-theBell Ford-algorithm—follow: r(v)

P g P

Counterexample. Claim is false!
* Cost of successor v~t path may have strictly lower cost than d(v).

consider nodes in order: t,

Bellman-Ford: analysis

Claim. FhroughouttheBel Fore-algorithm —following r(v)

P g di d-path-fi to-t-of £d(v).

Counterexample. Claim is false!
* Cost of successor vast path may have strictly lower cost than d(v).

consider nodes in order: t, 1
2,3

L2 s2)=1 s()=t
d@2) =20 d(1) =10 d@®) =0 =
@10 . 10
! 1
s@)=t (/
d@3)=1
37 38
Bellman-Ford: analysis Bellman-Ford: analysis
Claim. Fhrougheutthe-Belt Ford-atgerithm,folowing yr(v) Claim. Fhroughout-the-Bel Fore-algorithm,following r(v)
pei gi i d-path-f to-t-ofcostd(V). poi gi i d-path-f to-tof-costd(V).
Counterexample. Claim is false! Counterexample. Claim is false!
* Successor graph may have cycles. * Successor graph may have cycles.
consider nodes in order: t, consider nodes in order: t, 1,
123, d@3)=10 d@) =8 2,34 d3)=10 d@)=8
Q) 2 — ) —
f 9 dp =0 9 d(®) =0
1 3 /<D 1 3 ®
I ‘ 5 5
@ s~ o)
d@4) =11 d(1) =5 d@)=11 d(1)=3
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Bellman-Ford

Lemma: If successor graph contains directed cycle W, then W is a negative cycle.
Proof:
— ifsuccessor(v) =w, we must have d(v) = d(w) + cw.
(LHS and RHS are equal when successor(v) is set; d(w) can only decrease;
d(v) decreases only when successor(v) is reset)
— Letvi—v2— ... > vk be the nodes along the cycle W.
— Assume that (v, v1) is the last edge added to the successor graph.
— Justpriortothat: gy;) > dvz)  + c(vi,va)

d(v2) = d(vs) + c(v2, va)

d(vk-) 2 d(vk) + ¢(Vi-1, Vk)
A > ) ey

— add inequalities: c(v1, v2) + c(vz, va) + ... + c(Vie1, Vi) + C(Vk, V1) < O
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Bellman-Ford

Theorem: Given a digraph with no negative cycles, algorithm finds the shortest s~t
paths in O(mn) time and O(n) space.
Proof:
— The successor graph cannot have a cycle (previous lemma).
— Thus, following the successor pointers from s yields a directed path to t.
— Lets=vi—w2— .. —v=t be the nodes along this path P.
— Upon termination, if successor(v) = w, we must have d(v) = d(w) + cw.
(LHS and RHS are equal when successor(v) is set; d(-) did not change)

- TS gw) = d)  + o) N
since algorithm
diva) = d(vs) + c(vz,v3) terminated
divk1) = dv)  + c(Vier, i)

Adding equations yields d(s) = d(t) + c(v1, v2) + c(vz2, va) + ... + C(Vk-1, Vk)

min costof any s~ path costof path P




