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If you have not yet turned in this problem set, you should not consult these solutions.

1. (a) The expected payoff is

= Eu∈UEz1,...,zk
Ev1,...,vk∈N(u)[P (fv(πu,v1(z1)), . . . , fv(πu,vk

(zk)))]
= Eu∈UEz1,...,zk

[P (Ev1∈N(u)[fv(πu,v1(z1))], . . . ,Evk∈N(u)[fv(πu,v(zk))])]
= Eu∈UEz1,...,zk

[P (fu(z1), . . . , fu(zk))]
= Eu∈U [V (fu)]

where the second equality used the fact that P is multilinear and that the vi are inde-
pendently chosen neighbors, to move the expectation inside.

(b) In the proof associated with such an assignment, we have, for “good” u ∈ U (i.e., one
for which all incident edges are satisfied by A):

fu(z) = Ev∈N(u)[fv(πu,v(z)] = Ev∈N(u)[(πu,v(z))A(v)] = Ev∈N(u)[zπ−1
u,v(A(v))] = zA(u)

where the last equality used the fact that all edges incident to u are satisfied by as-
signment A. By the previous part, the expected payoff of the verifier is Eu∈U [V (fu)].
Since at least (1 − δ) fraction of u ∈ U are “good” (resulting in payoff at least c by
the completeness of the dictatorship test), and V (fu) is never smaller than −1 (by the
boundedness of the payoff function P ), we get that Eu∈U [V (fu)] ≥ (1 − δ)c − δ, as
required.

(c) By the first part, the expected payoff returned by the verifier is Eu∈U [V (fu)]. If this
is larger than s + η, then by an averaging argument, it must be that for at least an η
fraction of u ∈ U (which we will call “good”), V (fu) > s. Then by the soundness of the
dictatorship test, there exists an i for which Ii(fu) > τ , and thus L(u) is non-empty for
“good” u ∈ U .
Consider some u and i for which Ii(fu) ≥ τ . If we define gv(z) = fv(πu,v(z)), we get (by
replacing fu with its definition)

Ii(Ev∈N(u)[gv]) ≥ τ.

By convexity of Ii, we find that

Ev∈N(u)[Ii(gv)] ≥ τ.

Since
∑

i Ii(gv) ≤ t we have in particular that for every i, Ii(gv) ≤ t. Thus, by an
averaging argument, at least a τ/(t + 1) fraction of v ∈ N(u) satisfy Ii(gv) ≥ τ/(t + 1).
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Call the associated edges (u, v) “good”. Since Ii(gv) = Iπu,v(i)(fv), we see that for good
edges (u, v), the label πu,v(i) is a member of L(v).
Thus when choosing a random labeling from the candidate label sets (choose an arbitrary
label if a set is empty), we see that for “good” edges (u, v), the probability they are
satisfied is |L(u)|−1|L(v)|−1 (because as we’ve just argued, i ∈ L(u) and πu,v(i) ∈ L(v)).
How large can the candidate label sets be? By the bounded sum property of Ii, we have
that |L(u)| ≤ t/τ and |L(v)| ≤ t/(τ/(t + 1)) = t(t + 1)/τ . We conclude that the fraction
of edges satisfied, in expectation, is at least

η · τ

t + 1
· τ

t
· τ

t(t + 1)
,

and thus some assignment achieves at least this fraction of edges satisfied.

(d) Our instance of GCSP has one variable for each coordinate in the intended proof de-
scribed above (so there are 2R · |V | variables). Each possible k-tuple S queried by the
verifier corresponds to a k-tuple of variables. We set the associated weight wS to be the
weight of S under distribution µ. Then is is easy to see that every assignment to the
variables of this GCSP corresponds to a possible proof supplied to the verifier. Part (b)
shows that in the YES case, there is an assignment with payoff at least (1 − δ)c − δ;
part (c) shows that in the NO case, there is no assignment with payoff more than s + η,
provided

δ < η · τ

t + 1
· τ

t
· τ

t(t + 1)
.

Thus by taking η > 0 and δ > 0 sufficiently small, we can make the ratio of soundness to
completeness approach s/c. Then any approximation algorithm that does better than
this ratio can be used in the standard way to distinguish between the YES and NO cases
of the original Label Cover instance.

2. (a) A linear function f satisfies f(x)f(y) = f(xy) for all x, y, and so in this case the accep-
tance probability is 1. For the soundness direction, as suggested, we begin by observing
that Pr[accept] = Ex,y[1/2 + (1/2)f(x)f(y)f(xy)]. We have Ex,y[f(x)f(y)f(xy)]

= Ex,y

[(∑

S

f̂(S)χS(x)

)
·
(∑

T

f̂(T )χS(y)

)
·
(∑

U

f̂(U)χU (x)χU (y)

)]

=
∑

S,T,U

f̂(S)f̂(T )f̂(U) [Ex[χS(x)χU (x)] ·Ey[χT (y)χU (y)]]

The first expectation above is 1 if S = U and 0 otherwise; the second expectation above
is 1 if T = U and 0 otherwise. So the above expression simplifies to

∑

S

[
f̂(S)

]3
≤ ε ·

∑

S

[
f̂(S)

]2
,

where we have used the assumption that maxS f̂(S) ≤ ε. Finally, by Parseval, the above
expression is at most ε. Plugging back into the original expectation, we conclude that
the acceptance probability is at most 1/2 + ε/2.
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(b) Let us proceed as in the previous part. We begin by observing that Pr[accept] =
Ex,y[1/2 + (1/2)g(x)h(y)f(xy)]. We have Ex,y[g(x)h(y)f(xy)]

= Ex,y

[(∑

S

ĝ(S)χS(x)

)
·
(∑

T

ĥ(T )χS(y)

)
·
(∑

U

f̂(U)χU (x)χU (y)

)]

=
∑

S,T,U

ĝ(S)ĥ(T )f̂(U) [Ex[χS(x)χU (x)] ·E[χT (y)χU (y)]]

The first expectation above is 1 if S = U and 0 otherwise; the second expectation above
is 1 if T = U and 0 otherwise. So the above expression simplifies to

∑

S

ĝ(S)ĥ(S)f̂(S) ≤ ε ·
∑

S

ĝ(S)ĥ(S),

where we have used the assumption that maxS f̂(S) ≤ ε. By Cauchy-Schwarz,

∑

S

ĝ(S)ĥ(S) ≤
[(∑

S

ĝ(S)2
)
·
(∑

S

ĥ(S)2
)]1/2

Finally, by Parseval, the last expression above equals 1 (using the fact that g and h are
Boolean). Plugging back into the original expectation, we conclude that the acceptance
probability is at most 1/2 + ε/2.

(c) As suggested, we analyze the terms

Ex1,x2,...,xk


 ∏

(i,j)∈P

f(xi)f(xj)f(xixj)




one by one, for non-empty sets P . Choose some i∗, j∗ such that (i∗, j∗) ∈ P . Fix each
x` for ` 6∈ {i∗, j∗} to the value c` ∈ {−1, +1}n that maximizes the expectation (one can
imagine fixing the variables in this fashion one by one). After this fixing, the product in
the expectation, ∏

(i,j)∈P

f(xi)f(xj)f(xixj),

simplifies considerably. For example, for pairs {i, j} ∈ P that don’t intersect {i∗, j∗},
f(xi)f(xj)f(xixj) = f(ci)f(cj)f(cicj), which is a constant in {−1,+1}. Let C be the
product (over pairs {i, j} ∈ P that don’t intersect {i∗, j∗}) of these constants. The
remaining pairs {i, j} have intersection with {i∗, j∗} of size 1 or 2. Consider the pairs
with intersection size 1. The contribution of f(xi)f(xj)f(xixj) from such pairs depends
only on xi∗ , or only on xj∗ , so we can capture it in the definition of g and h as follows
(this is not our final definition):

g′(x) =
∏

(i,j)∈P :i=i∗,j 6=j∗
f(x)f(cj)f(xcj)

h′(x) =
∏

(i,j)∈P :i6=i∗,j=j∗
f(ci)f(x)f(cix).
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For the single pair (i∗, j∗) ∈ P , we need g to capture the f(xi∗) term and h to capture
the f(xj∗) term, and we need to capture the constant C. So our final definition of g, h is

g(x) = f(x) · g′(x)
h(x) = C · f(x) · h′(x).

We now have that, after the fixing, the product in the expectation equals g(xi∗)h(xj∗)f(xi∗xj∗).
Thus, by our choice of the c`, we have

Ex1,x2,...,xk


 ∏

(i,j)∈P

f(xi)f(xj)f(xixj)


 ≤ Exi∗ ,xj∗ [g(xi∗)h(xj∗)f(xi∗xj∗)].

Applying the analysis in part (b), we know that each such term is bounded above by ε.
When P = ∅, the term equals 1 (this is not an arbitrary convention but rather the correct
answer when one considers how the original expectation was expanded). Altogether we
get:

∑

P⊆([k]
2 )

Ex1,x2,...,xk


 ∏

(i,j)∈P

f(xi)f(xj)f(xixj)


 ≤ 1 + (2(k

2) − 1) · ε < 1 + 2(
k
2) · ε

from which we get the desired bound by plugging back into the original expression.

(d) The linearity test described in the previous part makes q = k+
(
k
2

)
queries, and it achieves

soundness error 2−(k
2) + ε = s + ε. Thus the amortized query complexity q/ log2(1/s)

approaches 1 as k approaches infinity.


