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Muirhead-Rado inequality for compact groups

Leonard J. Schulman

Abstract. Muirhead’s majorization inequality was extended by Rado to the
case of arbitrary permutation groups. We further generalize this inequality
to compact groups and their linear representations over the reals. We char-
acterize saturation of the inequality, and describe the saturation condition in
detail for the case of actions on Hermitian operators.
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1. Introduction

The purpose of this paper is to give a natural extension of a classic majorization
inequality due in its initial form to Muirhead, and in more general form to Rado;
and to describe the cases in which the inequality is satisfied with equality. We
begin by recalling some definitions.

1. Definition: For vectors a, b ∈ R
n, say that b � a (“b majorizes a”) if there exists a

probability distribution t on the symmetric group Sn such that
∑

π∈Sn
t(π)πb = a.

(Here (πb)i = bπ(i).)

Equivalently: b � a if
∑

i ai =
∑

i bi, and if, after sorting the entries of each
vector into nonincreasing order, the sum of the entries in every prefix of b is no
less than the corresponding sum in a.

A monomial symmetric function on n variables is specified by an “exponent
vector” a = (a1, . . . , an). We allow the {ai} to be real numbers. (For the extensive
algebraic theory of the case of nonnegative integer {ai}, see [15].) The nonnegative
reals are denoted R+, and the positive reals R++. The monomial symmetric
function µa(x) is defined for vectors x ∈ R

n
++ by

µa(x) =
1
n!

∑

π∈Sn

n∏

i=1

xai

π(i).

Supported in part by the National Science Foundation and the Center for the Mathematics of
Information.



560 L. J. Schulman Positivity

Muirhead’s inequality

2. Theorem: [Muirhead] b � a if and only if µb(x) ≥ µa(x) for all x ∈ R
n
++.

Muirhead demonstrated his inequality for the case of integer vectors [9]. Its
full statement is given in the classic monograph of Hardy, Littlewood and Polya [5]
(§2.18-2.20, pp. 44-49). Among its implications are the power-mean inequality and
Newton’s inequality for elementary symmetric functions.

Rado’s inequality

Rado gave an elegant extension of Muirhead’s inequality [10]. To describe it we
need to define G-majorization. Let G be a finite group acting on {1, . . . , n}.

3. Definition: Let a, b ∈ R
n. Say that b G-majorizes a, written b �G a, if there

exists a probability distribution t on G such that a =
∑

t(g)(b ◦ g), or in other
words for all i ∈ {1, . . . , n}, a(i) =

∑
g t(g)b(g(i)).

Next we need the “(G, a)-mean” defined by a vector a ∈ R
n:

µG,a(x) =
1

|G|
∑

g∈G

n∏

i=1

xai

g(i). (1)

Rado’s inequality is:

4. Theorem: [Rado] b �G a if, and only if, µG,b(x) ≥ µG,a(x) for all x ∈ R
n
++.

It is more natural to write Rado’s theorem and proof in terms of the loga-
rithms wi = log xi, and a pairing among vectors in R

n:

5. Definition: For w, a ∈ R
n let 〈w, a〉G = 1

|G|
∑

g exp
∑

i ag(i)wi.

Comments: (i) This definition is symmetric: 〈w, a〉G = 〈a,w〉G. (ii) log〈a,w〉Sn

> a†w, with equality if and only if one of w or a is constant.
In terms of this definition Rado’s inequality is that b �G a if and only if

〈w, b〉G ≥ 〈w, a〉G for all w ∈ R
n.

Literature. The volume by Marshall and Olkin gives a wealth of material about
majorization and majorization inequalities [8]. An extension of the Muirhead
inequality to function spaces can be found in [6,12]; it may be of interest to pursue
a common generalization of that and the present work. For an extension of the
Muirhead-Rado inequality in a direction different from ours, see [2]. For recent
majorization-related results on symmetric functions see [4].
Outline. In Section 2 we extend the Muirhead-Rado inequality from finite permu-
tation groups to unitary actions of compact groups (we should add that there is
little difficulty in this); and perhaps more interestingly, characterize saturation of
the inequality. In Section 3 we consider the case of group actions on Hermitian
operators and give a representation-theoretic characterization of the saturation
condition for this case. But first, a couple of examples.
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Examples

6. Example: Let n ≥ 4 and let G be the cyclic group Cn. The action of G on
{1, . . . , n} by addition modulo n yields the following inequality for x ∈ R

n
++:

n∑

i=1

x3
i x

6
i+1 ≥

n∑

i=1

x1
i x

2
i+1x

2
i+2x

4
i+3.

7. Example: We show how to obtain Hölder’s inequality from Rado’s. Write µt(x)
for µt,0,...,0(x) (with n − 1 0’s). Hölder’s inequality states that for x, y ∈ R

n
+ and

0 < α < 1, and with z representing the vector (x1y1, . . . , xnyn),

(µ 1
α
(x))α(µ 1

1−α
(y))1−α ≥ µ1(z). (2)

Proof. By continuity it suffices to show this for x, y ∈ R
n
++ and α rational, α =

c/(c+d) for positive integer c, d. In other words we are to show (µ c+d
c

(x))c(µ c+d
d

(y))d

≥ (µ1(z))c+d. Let T be the 2 × n matrix

T =
(

log x1 . . . log xn

log y1 . . . log yn

)

.

Let Sn act on the columns of T . Then

µ c+d
c

(x) =
〈(

c+d
c 0 . . . 0
0 0 . . . 0

)

, T

〉

Sn

µ c+d
d

(y) =
〈(

0 0 . . . 0
c+d

d 0 . . . 0

)

, T

〉

Sn

µ1(z) =
〈(

1 0 . . . 0
1 0 . . . 0

)

, T

〉

Sn

If C is a multiset of {1, . . . , n} of size c, in other words a nonnegative integer
function with

∑n
1 C(i) = c, let p(C) = n−c

(
c

C(1),...,C(n)

)
. If E is a multiset of size

c + d then it can be written as the sum of multisets C of size c, and D of size d,
in several ways; p(E) =

∑
C+D=E p(C)p(D).

For a multiset C, TC will represent the 2×c matrix consisting of the columns
of T indexed by C, with repetition (in any order). Then

(µ c+d
c

(x))c =

(〈(
c+d

c 0 . . . 0
0 0 . . . 0

)

, T

〉

Sn

)c

=
∑

C

p(C)
〈(

c+d
c . . . c+d

c
0 . . . 0

)

, TC

〉

Sc

.
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Likewise for multisets D of size d and E of size c + d,

(µ c+d)
d

(y))d =
∑

D

p(D)
〈(

0 . . . 0
c+d

d . . . c+d
d

)

, TD

〉

Sd

(µ1(z))c+d =
∑

E

p(E)
〈(

1 . . . 1
1 . . . 1

)

, TE

〉

Sc+d

.

Finally, (µ c+d
c

(x))c(µ c+d
d

(y))d − (µ1(z))c+d

=
∑

E

p(E)

[〈(
c+d

c . . . c+d
c 0 . . . 0

0 . . . 0 c+d
d . . . c+d

d

)

, TE

〉

Sc+d

−
〈(

1 . . . 1
1 . . . 1

)

, TE

〉

Sc+d

]

≥ 0

because by Rado’s inequality each term in the summation is nonnegative. �

2. Extension to compact groups

2.1. Preliminaries

Here we extend Rado’s inequality in two ways. The more straightforward is that
G, which in Rado’s work is confined to permuting the axes in R

n, will be permitted
to be any finite linear group acting on R

n. The second is that G will be allowed
to be a compact, rather than finite, group, with a unitary action on R

n. Both
directions of the Muirhead-Rado theorem will survive these extensions. Later we
will consider the special case that R

n = R
d2

is the space of Hermitian operators
on C

d, on which G acts by conjugation.
The nondegenerate inner product on R

n between vectors a,w (with respect
to which G has a unitary action) will be written a†w.

Let η be the left invariant Haar measure on G, normalized so that the measure
of G is 1.

8. Definition: For a, b ∈ R
n, and G a compact group acting on R

n, say that b
G-majorizes a, written b �G a, if there is a probability measure t on G such that
a =

∫
t(g)gb dη(g).

9. Definition: For a,w ∈ R
n, 〈a,w〉G =

∫
G

ea†gwdη(g).

10. Comment: Uniqueness of the left invariant measure η, up to a multiplicative
constant, is implied by local compactness of G. For locally compact groups the left
and right invariant measures may, however, be different. Observing that the right
invariant measure is η′(g) = η(g−1), we can write 〈a,w〉G =

∫
G

ea†gw dη(g) =
∫

G
ea†g−1w dη′(g) =

∫
G

ew†g−1†a dη′(g) =
∫

G
ew†ga dη′(g).
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Therefore if η = η′, the pairing is symmetric: 〈a,w〉G = 〈w, a〉G. Groups for
which the left and right invariant measures are equal are called unimodular; every
compact group is unimodular [11]. Since we are concerned here only with compact
groups, our pairing is indeed symmetric. (In integrals we’ll now write dg for dη(g).)

2.2. Inequality

11. Theorem: Let G be a compact group acting unitarily on R
n and let a, b ∈ R

n.
Then b �G a if, and only if, 〈b, w〉G ≥ 〈a,w〉G for all w ∈ R

n.

Proof. There are two directions; in both we can follow the outline of the proof of
the finite case.

Direction I: Assume b �G a.
In this direction the proof is unchanged from the finite case (replacing only

summations by integrals) and is included only for completeness.
Let t be a probability measure on G such that

a =
∫

G

t(h)hb dh. (3)

Then:

〈w, a〉G =
∫

G

ew†ga dg

=
∫

G

e
∫
G

t(h)w†ghb dh dg

≤
∫

G

∫

G

t(h)ew†ghb dh dg Arithmetic-geometric mean inequality (AGM)

=
∫

G

t(h)
∫

G

ew†kb dk dh The integration is w.r.t. left-invariant measure

=
∫

G

ew†kb dk

= 〈w, b〉G

Direction II: Assume b ��G a.
In this direction, although our proof still follows the outline of the finite

case, we have to handle a small complication: in the finite case a single “outlying”
element of the group already has positive Haar measure, but this is not so for
infinite groups. So, first we use the hyperplane separation lemma to obtain positive
“separated” measure in the space the group is acting upon; then with an averaging
argument we “lift” this bound to the group, and show that in a compact group
there is a positive amount of “separated” Haar measure.

Let S be the unit sphere in R
n. Let f(v) = suph∈G v†hb. By the hyperplane

separation lemma, there exist v ∈ S and δ0 > 0 such that v†a > f(v) + δ0.
For u ∈ S, let

Nu,δ = {w ∈ S : cos δ < u†w}.
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For v and δ0 as above, let

Mv,δ0 = {w ∈ S : w†a > f(v) + δ0}.

There is a δ1 > 0 such that Nv,δ1 ⊆ Mv,δ0 . Let Aδ1 = {h ∈ G : hv ∈ Nv,δ1}.
Let ν denote the uniform measure on S, with the normalization ν(S) = 1; let
ν̂(δ) = ν(Nv,δ) and note that ν̂(0) = 0 and that ν̂ is strictly increasing. The proof
now relies on the following bound.

12. Lemma: η(Aδ1) ≥ ν̂(δ1/2) > 0.

Proof. For a vector u ∈ S and r > 0 let t(u, r) = η({h ∈ G : hv ∈ Nu,r}). The
average of t(u, r) over u chosen uniformly in S is ν̂(r). We argue that there is a
vector u ∈ Nv,δ1/2 for which t(u, δ1/2) ≥ ν̂(δ1/2). Otherwise, by G-invariance of
t, no u for which t(u, δ1/2) ≥ ν̂(δ1/2) would have any point of the form hv (for
h ∈ G) within its neighborhood Nu,δ1/2, contradicting the positivity of ν̂(δ1/2).

Now, Nu,δ1/2 ⊆ Nv,δ1 , hence η(Aδ1) ≥ ν̂(δ1/2). �

To prove the theorem write, for any c > 0:

〈a, vc〉G =
∫

G

ea†gvc dg

≥
∫

Aδ1

ea†gvc dg

≥
∫

Aδ1

e(f(v)+δ0)c dg

= e(f(v)+δ0)cη(Aδ1)

≥ ecδ0η(Aδ1)〈b, vc〉G

The theorem follows by choosing w = vc for c sufficiently large that ecδ0η(Aδ1)> 1.
�

Remark: Deviation bounds for G-symmetric random walks. Define the “(G, b)
random walk” in R

n to be a walk which takes independent steps each selected
from the set {gb}g∈G according to the Haar measure on g.

The Chernoff bound on the displacement of this walk from the origin in the
direction of a vector w ∈ R

n, is governed by the quantity E(ew†gb) = 〈w, b〉G.
Specifically the bound is (for any real β)

P (
1
m

w†
m∑

1

gib ≥ t) ≤
( 〈βw, b〉G

eβt

)m

(4)

(this can be converted to an explicit bound after optimizing over β). Theorem 11
is therefore equivalent to stating that b �G a if and only if the Chernoff bound (4)
for the (G, a) walk is at least as strict, in every direction w, as the corresponding
deviation bound for the (G, b) walk.
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2.3. Saturation of the inequality

For b �G a we wish to characterize

W (b, a) = {w : 〈a,w〉G = 〈b, w〉G},

the set of w for which equality is attained in Theorem 11.
Let b �G a. Fix t as in Equation 3, and pick an h0 ∈ G such that for every

open neighborhood N of h0, t(N) > 0. There is such an h0 because otherwise each
h has an open neighborhood N(h) for which t(N(h)) = 0; these neighborhoods
have a finite subcover J , so 1 = t(G) ≤ ∑

h∈J t(N(h)) = 0. (For this argument
we don’t need G to be compact; the Lindelöf condition guaranteeing that J is
countable would suffice.)

Let ∆ = h0b − a =
∫

G
t(h)(h0b − hb) dh.

13. Theorem: Let b �G a. Then 〈a,w〉G = 〈b, w〉G if and only if w†g∆ = 0 for
all g ∈ G. In other words, W (b, a) = {w : w†g∆ = 0 for all g ∈ G}.

Rado didn’t fully address saturation of the inequality in his work, but he
examined the regular representation of an abelian group, and showed that in that
case the above characterization holds.

Proof. First assume that w†g∆ = 0 for all g ∈ G. Rewrite the beginning of the
proof in Theorem 11:

〈a,w〉G =
∫

G

ew†ga dg

=
∫

G

ew†g(h0b−∆) dg

=
∫

G

ew†gh0b dg

=
∫

G

ew†gb dg

= 〈b, w〉G.

For the reverse implication, observe that the only inequality in Theorem 11
is in the use of the AGM:

〈a,w〉G = . . . =
∫

G

e
∫
G

t(h)w†ghb dh dg

≤
∫

G

∫

G

t(h)ew†ghb dh dg

If the inequality is tight then the AGM must be tight for all g except a set
of measure 0; this in turn means that for such g, w†ghb is a constant function
on sets of positive probability in t, or to be more precise, for any measurable sets
A,B ⊆ G,

t(A)
∫

B

t(h)w†ghb dh = t(B)
∫

A

t(h)w†ghb dh. (5)



566 L. J. Schulman Positivity

Each side of Equation 5 is continuous in g, so it in fact holds for all g.
Allowing A to range over a nested sequence of open neighborhoods of h0, and
using continuity of w†ghb in h as well as the fact that t(A) > 0 for all A, we find
that for all g and all measurable B,

∫

B

t(h)w†ghb dh = t(B)w†gh0b

w†g
∫

B

t(h)(hb − h0b) dh = 0

Letting B = G,

w†g
∫

G

t(h)(hb − h0b) dh = 0

w†g∆ = 0.

�

3. Conjugation actions on Hermitian operators

3.1. Preliminaries

In this section we specialize to the interesting case that n = d2 and R
n is the real

vector space Hd of d × d Hermitian matrices, acted upon by conjugation.
We focus on this case because (besides that it supplies interesting examples,

see Section 3.4), we can improve the characterization of the saturation condition
(Theorem 13) to a more useful form (Theorem 20), in which the characterization
does not depend upon checking a universal quantification over elements of the
group.

There is a nondegenerate inner product on Hd defined by Tr (a†w), or what
is the same, Tr (aw), for a,w ∈ Hd. (The restriction of the standard inner product
Tr (a†w) from End(Cd).) The inner product gives rise to a norm in the usual way.
If G is a compact linear group acting on C

d, then conjugation by elements of G
is a unitary action on Hd (because Tr (g−1a†gg−1bg) = Tr (a†b)). Majorization
specializes to:

14. Definition: For a, b ∈ Hd, and G a compact group acting on C
d, say that b

G-majorizes a, written b �G a, if there is a probability measure t on G such that
a =

∫
t(g)g−1bg dη(g).

15. Definition: For a,w ∈ Hd, 〈a,w〉G =
∫

G
eTr (g−1agw)dη(g).

Applying Theorem 11 gives

16. Corollary: Let G be a compact group acting on C
d and let a, b ∈ Hd. Then

b �G a if, and only if, 〈b, w〉G ≥ 〈a,w〉G for all w ∈ Hd. �
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A natural example of this is:

17. Corollary: Let compact G act irreducibly on C
d. Let b ∈ Hd. Then b �G

(Tr b/d)I, and 〈b, w〉G ≥ 〈(Tr b/d)I, w〉G for all w ∈ Hd.

Proof.
∫

G
g−1bg dg is a G-invariant inner product on C

d. Since G is irreducible,
Schur’s lemma [13] indicates that

∫
G

g−1bg dg = (Tr b/d)I. �

18. Example: (Hölder inequality in the Hermitian case.) Let G be a compact group
acting on C

d and let a, b, w ∈ Hd, 0 < α < 1. Then (〈a, w
α 〉G)α(〈b, w

1−α 〉G)(1−α) ≥
〈a + b, w〉G.

Useful references for the representation theory employed in this section in-
clude [3], [14], [7] and [1].

3.2. Restatement of Theorem 13 for Hermitian operators

W (b, a) is a subspace of the real vector space Hd, and is described by

W (b, a) = {w : w ⊥ g−1∆g for all g ∈ G}.

(Naturally w ⊥ g−1∆g means that Tr (wg−1∆g) = 0.) Here ∆ is obtained as in
Section 2.3.

Now, instead of considering G as a subgroup of GL(d, C) (as we have to this
point), we view G as an abstract group and let (ρ, V ) be the representation of G
that we have implicitly discussed until now; here V � C

d, and ρ is a homomorphism
G → GL(V ), or rather, without loss of generality, a homomorphism of G into the
unitary group U(V ). Consider the vector space of d× d complex matrices V † ⊗V .
We are interested in the representation (ρ∗ ⊗ρ, V † ⊗V ) in which ρ acts on V † ⊗V
by conjugation (here ρ∗ is the complex conjugate representation of ρ; recall that
ρ is unitary). In other words for a d × d complex matrix m,

((ρ∗ ⊗ ρ)(g))(m) = ρ−1(g)mρ(g).

The order �G must be interpreted with respect to this group action: b �G a
if there is a probability measure t on G such that a =

∫
t(g)ρ(g−1)bρ(g) dη(g).

We can now restate Theorem 13 as:

W (b, a) = {w : w ⊥ ρ(g−1)∆ρ(g) ∀g ∈ G}. (6)

The representation (ρ∗ ⊗ ρ,Hd) is a real subrepresentation of (ρ∗ ⊗ ρ, V † ⊗ V ),
meaning that Hd is a real subspace of the complex space V † ⊗V , and is preserved
under the group action. We refer to (ρ∗ ⊗ ρ,Hd) and its subrepresentations as
Hermitian representations of G.

3.3. Effective form of the saturation condition for Hermitian operators

The main thing we need to understand, in order to arrive at the effective form of
Theorem 13 (i.e., Theorem 20), is the decomposition of the Hermitian representa-
tion (ρ∗ ⊗ ρ,Hd) into real irreps. Fortunately, this can be approached through the
plethysm of (ρ∗ ⊗ ρ, V † ⊗ V ).
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Corresponding to a complex vector space U there is a real vector space UR

with dimR(UR) = 2 dimC(U), obtained by converting each complex coordinate
a + bi to the pair (a, b); this also converts a unitary representation (α,U) to an
orthogonal representation (αR, UR).

We need to distinguish among the three types of complex irreps (α,U). Let
(α∗, U) be the complex conjugate of α, the irrep of G obtained by entry-wise
conjugation: α∗

i,j(g) = (αi,j(g))∗. Every complex irrep is of one of the following
types; moreover, the process below in which a real irrep α̃ is constructed from a
complex irrep α, accounts for all real irreps. (See for example [14] III.5A.4.)

1. α is of real type, also called integer, if there is a basis in which α = α∗ (in
other words all matrix entries are real).

In this case αR is a direct sum of two copies of a real irrep α̃ of dimension
dimR(α̃) = dimC(α), and character χα̃ = χα. (In a basis in which α = α∗,
the real subspaces of U of fixed phase, such as the purely real and purely
imaginary subspaces, are invariant for α.)

2. α is of quaternionic type, also called pseudo real or half integer, if it is not
real, yet is equivalent to α∗.

In this case α̃ = αR is a real irrep with dimension dimR(α̃) = 2 dimC(α),
and character χα̃ = 2χα.

3. α is of complex type if it is inequivalent to α∗.
In this case we can construct a real irrep α̃ with dimension dimR(α̃) =

2 dimC(α) and character χα̃ = χα + χ∗
α by letting (U∗, U) be the “diago-

nal” real vector space (U∗, U) = {(u∗, u) : u ∈ U}, and setting (α̃, Ũ) =
((α∗, α), (U∗, U)).

(To see that this is irreducible, note that its real dimension is the same
as that of α, so an invariant subspace would yield an invariant subspace of
αR. Since αR is orthogonal, this would mean there are u, v ∈ UR such that
u ⊥ αg(v) ∀g. However, the inner product in U is preserved in UR, so this
would imply the same statement for that pair u, v, taken as elements of U ;
and this would contradict the irreducibility of U .)

Let (ρ∗ ⊗ ρ, V † ⊗ V ) decompose into equivalence classes of complex irreps τi

(of dimensions di) as follows: If τi occurs with multiplicity mi, then space W i is
the complex space of dimension midi containing all irreps equivalent to τi. We’ll
use (τi,Wi) or (ρ∗ ⊗ ρ,Wi) to refer to any irrep within W i. Since (ρ∗ ⊗ ρ, V † ⊗ V )
is a unitary representation, W i ⊥ W j for i �= j.

Observe that for any i, the irrep W †
i is the complex conjugate of the irrep Wi

(in other words (ρ∗ ⊗ ρ,W †
i ) is equivalent to τ∗

i ). If Wi is of real or quaternionic
type, then since it is equivalent to its complex conjugate, W i = W

†
i .

Now there are two cases. (1) If W i = W
†
i then there is a nonzero Hermitian

matrix h in W i. (Take any element of W i. If it is skew-Hermitian multiply it by i,
otherwise add it to its conjugate transpose.) The images of h span (over C) some
copy of Wi; this space is carried to itself by complex conjugation. By the previous
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paragraph, this irrep and its complex conjugate are both equal to the action of
ρ∗ ⊗ ρ on this copy of Wi, and so they are identical. Hence Wi is of real type. It
follows that (ρ∗ ⊗ ρ, V † ⊗ V ) can contain no irreps of quaternionic type.

Specifically, for any Wi in W i, τi restricted to Wi ∩ Hd is a real irrep, and
W i ∩Hd contains this real irrep with multiplicity mi. Note that dimR(W i ∩Hd) =
dimC(W i).

(2) If W i �= W
†
i then W i ⊥ W

†
i . In this case W i does not contain any

Hermitian matrices (else the above logic would show that Wi is of real type, so that
W i = W

†
i ). Instead apply the generic construction described earlier, to produce

the “diagonal” real irrep τ ′
i = (ρ∗ ⊗ ρ, (W

†
i ,W i)). Note that (W

†
i ,W i) ⊆ Hd and

that dimR(τ ′
i) = dimC(W

†
i ⊕ W i).

These two cases construct all Hermitian irreps of ρ∗ ⊗ ρ: count dimensions.
Summarizing:

19. Lemma: Let (ρ, V ) be a unitary representation of a compact group G. For
some k, 
, and {mi}, there are inequivalent (complex) irreps α1, . . . , αk of real
type, and αk+1, . . . , αk+� of complex type, such that (ρ∗ ⊗ ρ, V † ⊗ V ) is the direct
sum of k + 
 invariant subspaces, of the equivalence classes of the respective αi,
with multiplicities mi; and such that (ρ∗⊗ρ,Hd) is the direct sum of k+
 invariant
subspaces, of the respective equivalence classes α̃i (as constructed from αi above),
with multiplicities mi.

Theorem 13 (in the form given in Equation 6) and Lemma 19 together give a
useful approach to determining W (b, a) from a and b. Obtain an explicit majoriza-
tion of a by b, or at least, a guarantee that b �G a, along with a suitable h0; then
compute ∆. Determine the list of Hermitian irreps (σ, Vσ); because of the lemma
we can start by computing characters of ρ∗ ⊗ ρ. Finally, W (b, a) is the span of the
Vσ for which ∆ ⊥ Vσ.

In conclusion, the saturation condition for Hermitian representations has the
following description:

20. Theorem: Let (ρ, V ) be a d-dimensional representation of a compact group G,
let a, b ∈ Hd, and let b �G a. Then w ∈ W (b, a) if and only if for every real irrep
(α̃i,W ) of ρ∗ ⊗ ρ described in Lemma 19, the projection of either w or ∆ into W
is zero.

3.4. Examples

21. Example: As in Corollary 17, consider the special case of averaging uniformly
over the group: a =

∫
G

ρ(g−1)bρ(g) dg. Here W (b, a) is spanned by those Hermitian
irreducibles σ of ρ∗ ⊗ ρ on which b|σ = (Tr b/d)I|σ.

22. Example: Example 6 is given in terms of real functions, rather than Hermitian
matrices. It can be written in the latter notation with G = Cn, with b the n × n
diagonal matrix with (3, 6, 0, . . . , 0) on the diagonal, and with a the diagonal matrix
with (1, 2, 2, 4, 0, . . . , 0) on the diagonal. (If we only care to examine real functions,
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then w is also a diagonal matrix.) Here ρ is the regular representation. Now ∆ is
the diagonal matrix (−1,−2, 1, 2, 0, . . . , 0), and ρ∗ ⊗ ρ decomposes into d copies
of ρ; each irrep of Cn appears d times in ρ∗ ⊗ ρ. Each irrep is supported on
the diagonal exactly once. If n is odd, the only complex irrep of real type is
the trivial representation; if n is even the complex irreps of real type are the
trivial and sign representations. The real irreps corresponding to these are one-
dimensional, while those corresponding to the complex irreps of complex type are
two-dimensional (coming in (cos, sin) pairs). Examining ∆ we see that the span of
the cases of equality includes all real irreps supported off the diagonal, together
with the identity, and, if n is even, the sign representation; but it includes none of
the other real irreps supported on the diagonal. In terms of the original inequality
for real functions, the only nontrivial case of equality (i.e., the only case other than
a multiple of the identity) is (x, x−1, . . . , x, x−1), for even n.

23. Example: The special unitary group SUn in its “standard representation”
(action on C

n).
This is a particularly simple example. A theorem of Schur [8] states that

b �SUn
a if and only if there is eigenvalue majorization (λi(b))n

i=1 �Sn
(λi(a))n

i=1.
To describe the cases of equality we note, first, that the identity matrix spans a
one-dimensional, trivial, Hermitian irrep; and second, that by the spectral theo-
rem, the orbit of any Hermitian matrix under conjugation by SUn includes every
Hermitian matrix with the same eigenvalues. It follows that, given any pair of
nonzero traceless Hermitian matrices, one can be conjugated by some element of
SUn, so that the two have nonzero inner product. Thus the perp space in Hn to
the trivial representation (i.e., trace 0 Hermitians) is itself irreducible. There are
no nontrivial cases of saturation of the inequality.

24. Example: Representations of SU2.

SU2 has a single irrep ρd in every dimension d ≥ 1, with character χd =
∑d−1

j=0 eiα(d−1−2j) on matrices in SU2 having the pair of eigenvalues e±iα. The
plethysm is

ρ∗
d ⊗ ρd =

d−1⊕

j=0

ρ2j+1

The odd-dimensional irreps are of real type. (In physics this decomposition arises
in the addition of the angular momenta of two spin-d particles.) Each irreducible
complex subspace (ρ2j+1,W ) of V † ⊗ V satisfies W = W †, so W is the direct
sum, over R, of its Hermitian and skew-Hermitian restrictions (each of which is
invariant under ρ∗

d ⊗ ρd). Thus (ρ∗
d ⊗ ρd,Hd) is the direct sum of the real irreps

ρ̃2j+1 for 0 ≤ j ≤ d − 1:

(ρ∗
d ⊗ ρd,Hd) =

d−1⊕

j=0

(ρ̃2j+1,Hd)
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Because of this rich structure, the cases of equality depend substantially on ∆. To
illustrate, we spell out the first nontrivial instance, d = 3. The three-dimensional
representation of the Lie algebra su2 is generated by the angular momentum
operators

Jx =

⎛

⎝
0 0 0
0 0 −i
0 i 0

⎞

⎠ Jy =

⎛

⎝
0 0 i
0 0 0

−i 0 0

⎞

⎠ Jz =

⎛

⎝
0 −i 0
i 0 0
0 0 0

⎞

⎠

These satisfy the commutation relations [Jx, Jy] = iJz, [Jy, Jz] = iJx, [Jz, Jx] =
iJy. The space spanned by Jx, Jy, Jz is the three-dimensional real space of Her-
mitian matrices

xJx + yJy + zJz =

⎛

⎝
0 −iz iy

iz 0 −ix
−iy ix 0

⎞

⎠

This space is invariant under the action of ρ∗⊗ρ. It is also irreducible (conjugating
by eiJx rotates the JyJz plane, etc.); therefore it is the irrep ρ̃3. It’s now easy to
choose ∆ and w to yield a nontrivial case of equality: let ∆, for example, be
supported by ρ̃3, and w by ρ̃5. (One suitable choice for w is diagonal, with entries
(1,−1, 0).)

3.5. Converse to Theorem 20

We conclude this section by showing that every case of equality allowed by
Theorem 20 can occur.

25. Theorem: Let (ρ, V ) be a unitary representation of a compact group G; let ρ
contain k equivalence classes of irreps, with multiplicities m1, . . . ,mk. Let {α̃i}i∈T

be a maximal set of mutually perpendicular Hermitian irreps of (ρ∗ ⊗ ρ,Hd), and
let T ′ ⊆ T . Then there exist b and a such that the support of ∆ in T equals T ′ if,
and only if, {α̃i}i∈T ′ does not contain any of the

∑k
1 m2

i copies of the trivial irrep
that are in (ρ∗ ⊗ρ,Hd). Equivalently, any set of Hermitian irreps that includes all
of the

∑k
1 m2

i trivial irreps, can occur as the span of the cases of equality for some
b and a.

Proof. Enumeration of the trivial irreps of (ρ∗ ⊗ρ, V † ⊗V ) is standard: they are a
basis for the center of the group algebra generated by {ρ(g)}g∈G. Let ρ =

⊕
ρj be

a decomposition of ρ into irreps. Schur’s lemma states that there is a copy of the
trivial representation in ρ∗

i ⊗ρj if and only if ρi is equivalent to ρj , which explains
the contribution m2

i . For our application it remains to note that α̃ (as constructed
in Section 3.3) is a trivial irrep if and only if α is.

The projection of any b into a trivial irrep is unchanged by averaging over
the group, hence ∆ can have no support in a trivial irrep.

Take any set T ′ of mutually perpendicular nontrivial Hermitian irreps of (ρ∗⊗
ρ,Hd). We show how to choose b and a so that ∆ is supported precisely on T ′. For
each i ∈ T ′ pick a nonzero Hermitian bi supported on α̃i; set b =

∑
i∈T ′ bi. For each

bi fix a gi ∈ G such that ρ(g−1
i )biρ(gi) �= bi. Take any positive coefficients {tj}j∈T ′
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such that 1 − ∑
j∈T ′ tj > 0. Set a = (1 − ∑

j∈T ′ tj)b +
∑

j∈T ′ tjρ(g−1
j )bρ(gj),

and note that a =
∑

i∈T ′ ai, where ai is the projection of a on α̃i, and ai =
(1 − ∑

j∈T ′ tj)bi +
∑

j∈T ′ tjρ(g−1
j )biρ(gj). If i ∈ T − T ′ then bi = ai = 0 so

the projection of ∆ on α̃i is 0. On the other hand if i ∈ T ′ then the points
{bi, {ρ(g−1

j )biρ(gj)}j∈T ′} are all of equal, nonzero norm (in the trace norm, see
Section 3.1), hence each lies at a vertex of their convex hull. Since bi is unequal to
at least one of the other points, ai does not lie at a vertex of this convex hull. So
ai �= bi, and ∆ has nonzero projection on α̃i. �

4. Partition functions

We conclude with an application of this class of inequalities to statistical physics.
Our description is brief and intended only to illustrate the connection. As is well
known, a quantum mechanical system in a “pure” or perfectly known state is mod-
eled by a vector in a Hilbert space. In many cases this vector space is effectively
finite-dimensional (for example when considering transitions among a few energy
levels of an atom); we restrict ourselves to this finite-dimensional case. Typically,
a group of symmetries G acts naturally on this Hilbert space C

d. For example, the
state of a spin-2 particle is a unit vector in C

5; physical rotation of the particle man-
ifests in the Hilbert space through the irreducible representation of SO(3) in C

5.
A quantum mechanical system that is in a “mixed” or imperfectly known

state cannot be modeled as a vector in the Hilbert space. Instead, it is described
by a more general object: a density matrix with respect to the Hilbert space. This
(continuing to assume the space is C

d) is a d × d positive semi-definite Hermitian
operator with trace 1. (A pure state v ∈ C

d is described by the outer product
v ⊗ v†.) The action of G on vectors in C

d is carried over to density matrices via
the conjugation action.

The energy, or Hamiltonian, operator which determines the dynamics of the
physical system, is a d × d Hermitian matrix H. The energy of a system with
density matrix D is Tr (DH).

We turn to the statistical aspect. Suppose that a partial measurement of
the system has been performed, so that its current state (or more precisely, the
observer’s knowledge of its state) is a density matrix D; subsequently, the system
mixes under the dynamics of a group of symmetries G. Some time after the mea-
surement, then, the system is in statistical equilibrium with respect to G. This
does not mean that all memory of D is gone, but as much is gone as G allows:
the probability density for the system to be in state g−1Dg is proportional to
e−Tr (g−1DgβH). Here β is inversely proportional to temperature.

The function which rescales these quantities into a probability distribution
(the Gibbs distribution) is the partition function, which plays a central role in
statistical physics:

Z =
∫

e−Tr (g−1DgβH)dg.
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This is none other than 〈D,−βH〉G. Theorem 11 shows how the partition function
changes if one of the arguments (H or D) is kept fixed while the other is changed.
For example, suppose that the experimenter may choose whether the system is
subjected to Hamiltonians H1 or H2. Let Z1 and Z2 denote the respective parti-
tion functions. If H1 � H2, then the experimenter may conclude that Z1 ≥ Z2, no
matter what D is. Or, suppose that the Hamiltonian of the system is fixed but that
the experimenter wishes to make a prediction based on the results of the partial
measurement. If D1 and D2 correspond to two possible measurement outcomes,
and Z1 and Z2 are the respective partition functions, then if D1 � D2, it follows
that Z1 ≥ Z2, for any Hamiltonian.
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