
Schulman: CS150 2018 CHAPTER 1. SOME BASIC PROBABILITY THEORY

1.6 Lecture 6 (15/Oct): More probabilistic method

1.6.1 Markov inequality (the simplest tail bound)

Lemma 12 Let A be a non-negative random variable with finite4 expectation µ. Then for any λ ≥ 1,
Pr(A > λµ) < 1/λ. In particular, for µ = 0, Pr(A > µ) = 0.

(Of course the lemma holds trivially also for 0 < λ < 1.)

Proof:

If Pr(A ≥ λµ) > 1/λ then E(A) > µ, a contradiction. So Pr(A ≥ λµ) ≤ 1/λ and therefore, if the
lemma fails, it must be that Pr(A > λµ) = 1/λ. In particular for some ε > 0 there is a δ > 0 s.t.
Pr(A ≥ λµ + ε) ≥ δ. Then E(A) ≥ δ · (λµ + ε) + (1/λ− δ) · λµ = µ + δε > µ, a contradiction. 2

1.6.2 Variance and the Chebyshev inequality: a second tail bound

Let X be a real-valued rv. If E(X) and E(X2) are both well-defined and finite, let Var(X) = E(X2)−
E(X)2. We can also see that E((X− E(X))2) = Var(X) by expanding the LHS and applying linearity
of expectation. In particular, the variance is nonnegative.

Note that If c ∈ R then since the variance is homogenous and quadratic, Var(cX) = c2 Var(X).

Lemma 13 (Chebyshev) If E(X) = θ, then Pr(|X− θ| > λ
√

Var(X)) < 1/λ2.

Proof:

Pr
(
|X− θ| > λ

√
Var(X)

)
= Pr

(
(X− θ)2 > λ2 Var(X)

)
< 1/λ2

by the Markov inequality (Lemma 12). 2

The Chebyshev inequality is the most elementary and weakest kind of concentration bound. We will
talk about this more in the context of sums of random variables.

A frequently useful corollary of the Chebyshev inequality (Lemma 13) is:

Corollary 14 Suppose X is a nonnegative rv. Then Pr(X = 0) ≤ Var(X)
(E(X))2 .

1.6.3 Power mean inequality

Nonnegativity of the variance is merely a special case of monotonicity of the power means. (In
this context, though, we will assume the random variable X is positive-valued. For the variance we
don’t need this constraint.)

Lemma 15 (Power means inequality) For a positive-real-valued rv X, and for reals s < t,

(E(Xs))1/s ≤
(
E(Xt)

)1/t .
4For a nonnegative rv there can be no problems with absolute convergence of the expectation; however, it may be infinite.
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Proof: Let µ be the probability measure. Recall that for r ≥ 1, the function xr is convex (“cup”) in x.
For a convex function,

∫
f (x) dµ(x) ≤ f (

∫
x dµ(x)). (This is sometimes called Jensen’s inequality.)

Applying this with r = t/s, we have

∫
Xs dµ ≤

(∫
Xt dµ

)s/t
.

2

Using the concave function f (x) = log(x) gives us

exp
∫

log x dµ ≤
∫

xdµ (1.17)

which is the arithmetic-geometric mean inequality: in the case of a uniform distribution on n
positive values of X, it reads (∏ Xi)

1/n ≤ 1
n ∑ Xi. That (1.17) is a special case of the power means

inequality can be seen by fixing t = 1 and taking the limit s→ 0 (approximating xs by 1 + s log x).

1.6.4 Large girth and large chromatic number; the deletion method

Earlier we saw our first example of the probabilistic method, the proof of the existence of graphs with
no small clique or independent set. In that case, just picking an element of a set at random was
already enough in order to produce an object that is hard to construct “explicitly”.

However, the probabilistic method in that form can construct only an object with properties that
are shared by a large fraction of objects. Now we will see an example that enables the probabilistic
method to construct something that is quite rare—indeed, it is maybe a bit surprising that this kind
of object even exists.

We consider graphs here to be undirected and without loops or multiple edges.

The chromatic number χ of a graph is the least number of colors with which the vertices can be
colored, so that no two neighbors share a color. Clearly, as you add edges to a graph, its chromatic
number goes up.

The girth γ of a graph is the length of a shortest simple cycle. (“Simple” = no edges repeat.) Clearly,
as you add edges to a graph, its girth goes down.

These numbers are both monotone in the inclusion partial order on graphs. Chromatic number is
monotone increasing, while girth is monotone decreasing. An important theorem we hope to reach
later in the course is the FKG Inequality, which implies in this setting that for any k, g > 0, if you
pick a graph u.a.r., and condition on the event that its chromatic number is above k, that reduces
the probability that its girth will be above g. In symbols, for the G(n, p) ensemble,

Pr((χ(G) > k) ∩ (γ(G) > g)) < Pr(χ(G) > k)Pr(γ(G) > g).

So in this precise sense, chromatic number and girth are anticorrelated. Indeed, having large girth
means that the graph is a tree in large neighborhoods around each vertex. A tree has chromatic
number 2. If you just allow yourself 3 colors, you gain huge flexibility in how to color a tree. Surely,
with large girth, you might be able to color the local trees so that when they finally meet up in
cycles, you can meet the coloring requirement?

No!

Here is a remarkable theorem.

Theorem 16 (Erdös [25]) For any k, g there is a graph with chromatic number χ ≥ k and girth γ ≥ g.
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Proof: Pick a graph G from G(n, p), where p = n−1+1/g. This is likely to be a fairly sparse graph,
the expected degree is n1/g (minus 1).

Let the rv X be the number of cycles in G of length < g. E(X) = ∑
g−1
m=3 pmn · (n− 1) · · · (n− m +

1)/(2m). (Pick the cycle sequentially and forget the starting point and orientation.) Then

E(X) <
g−1

∑
m=3

pmnm/(2m) =
g−1

∑
m=3

nm/g/(2m) ≤
g−1

∑
m=3

nm/g/6.

For sufficiently large n, specifically n > 2g, the successive terms in this sum at least double, so
E(X) ≤ n1−1/g/3. By Markov’s inequality, Pr(X > n1−1/g) < 1/3.

For the chromatic number we use a simple lower bound. Let I be the size of a largest independent
set in G. Since every color class of a coloring must be an independent set,

I · χ ≥ n. (1.18)

Now Pr(I ≥ i) ≤ (n
i )(1 − p)(

i
2), and recalling (1.16), the simple inequality for the exponential

function, we have Pr(I ≥ i) ≤ (n
i )e
−p( i

2) = (n
i )e
−( i

2)n
−1+1/g

. Using the wasteful bound (n
i ) ≤ ni we

have Pr(I ≥ i) ≤ ei log n−( i
2)n
−1+1/g

= ei log n+(i/2−i2/2)n−1+1/g
.

Finally we apply this at i = 3n1−1/g log n.

Pr(I ≥ i) ≤ e3n1−1/g log2 n+ 1
2 (3n1−1/g log n)n−1+1/g− 1

2 (3n1−1/g log n)2n−1+1/g

= e
3
2 (log n−n1−1/g log2 n)

which for sufficiently large n is < 1/3.

Thus, for sufficiently large n, there is probability at least 1/3 that G has both I < 3n1−1/g log n and
at most n1−1/g ≤ n/2 cycles of length strictly less than g.

Removing vertices from G can only reduce I, because any set that is independent after the removal,
was also independent before. (By contrast, removing edges can only increase I.) So, by removing
one vertex from each cycle, we obtain a graph with ≥ n/2 vertices, girth ≥ g, and I ≤ 3n1−1/g log n.
Applying (1.18) (to the graph now of size n/2), we have χ ≥ n1/g/(6 log n) which for sufficiently
large n is ≥ k. 2
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