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1.3 Lecture 3 (8/Oct): Linearity of expectation, union bound, exis-
tence theorems

Let’s return to one of our appetizers, the coins-on-dots problem (3): I don’t want to give this away
entirely, but here’s a hint: what is the fraction of the plane covered by unit disks packed in a
hexagonal pattern?

Back to the theory.

If we have two real-valued rvs X, Y on the same sample space, we can form their sum rv X +Y. No
matter the joint distribution of X and Y, we have, providing their expectations are well defined:

E(X + Y) = E(X) + E(Y) linearity of expectation

for the simple reason that expectation is a first moment. You have only to verify:

Exercise: Absolute convergence of
∫

X dµ and
∫

Y dµ implies absolute convergence of
∫
(X +Y) dµ.

Because
∫
|X + Y| dµ ≤

∫
|X|+ |Y| dµ < ∞.

In the nonnegative case we have also countable additivity:

Exercise: Let X1, . . . be nonnegative real-valued with expectations E(Xi). Then

E(∑ Xi) = ∑ E(Xi).

Coupon collector problem: there are n distinct types of coupons and you want to own the whole set.
Each draw is uniformly distributed, no matter what has happened earlier. What is the expected
time to elapse until you own the set?

Think of the coupons being sampled at times 1, 2, . . .. Let Yi = the first time at which we are in state
Si, which is when we have seen exactly i different kinds of coupons (i = 0, . . . , n). So Y0 = 0, Y1 = 1.
Let Xi = Yi − Yi−1. In state Si−1, in each round there is probability (n − i + 1)/n that we see a
new kind of coupon, until that finally happens. That is to say, Xi is geometrically distributed with
parameter pi = (n− i + 1)/n. We can work out E(Xi) from the geometric sum, but there’s a slicker
way.

If we’re in state Si−1, then with probability (n − i + 1)/n we’re in Si in one more time step, else
we’re back in the same situation.
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1 // S1

1/n
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// S2
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// · · · 2/n
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(1.9)

So

E(Xi) = 1 +
n− i + 1

n
· 0 + i− 1

n
· E(Xi) (1.10)

n− i + 1
n

E(Xi) = 1 (1.11)

E(Xi) =
n

n− i + 1
(1.12)
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Now we have:

E(Yn) =
n

∑
1

E(Xi)

=
n

∑
1

n
n− i + 1

= n
n

∑
1

1
i

= nHn

= n(log n + O(1))

1.3.1 Application: the probabilistic method

A tournament of size n is a directed complete graph. We may think of a tournament T equivalently
as a skew-symmetric mapping T : [n]× [n]→ {1, 0,−1} that is 0 only on the diagonal.3

A Hamilton path in a tournament (or a digraph more generally) is a directed simple path through
all the vertices.

Lemma 1 There exists a tournament with at least n!2−n+1 Hamilton paths.

This certainly isn’t true for all tournaments—as an extreme case, the totally ordered tournament
has only one H-path.

Proof: This is an opportunity to consider a nice random variable: the random tournament. You
simply fix n vertices, and direct each edge between them uniformly iid.

Any particular permutation of the vertices has probability 2−n+1 of being a H-path, so the expec-
tation of the indicator rv for this event is 2−n+1. The indicator rvs are far from independent, but
anyway, by linearity of expectation, the expected number of H-paths is n!2−n+1. So some tourna-
ment has at least this many H-paths. 2

Exercise: explicit construction.
Describe a specific tournament with n!(2 + o(1))−n Hamilton paths.

1.3.2 Union bound

Pr(A ∪ B) = Pr(A) + Pr(B)− Pr(A ∩ B) ≤ Pr(A) + Pr(B)

The bound applies also to countable unions:

Lemma 2 Pr(
⋃∞

1 Ai) ≤ ∑∞
1 Pr(Ai).

Proof: First note that by induction the bound applies to any finite union. Now, if the right-hand
side is at least 1, the result is immediate. If not, consider any counterexample; since the sequences
Pr(

⋃k
1 Ai) and ∑k

1 Pr(Ai) each monotonically converge to their respective limit, then there is a finite
k for which Pr(

⋃k
1 Ai) > ∑k

1 Pr(Ai). Contradiction. 2

Later in the lecture we’ll use the following which, while trivial, has the whiff of assigning a value
to ∞/∞:

3We frequently use the notation [n] = {1, . . . , n}.
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Corollary 3 If a countable list of events A1, . . . all satisfy Pr(Ai) = 0, then Pr(
⋃

Ai) = 0. Likewise if for
all i, Pr(Ai) = 1, then Pr(

⋂
Ai) = 1.

Now let’s revisit the birthday paradox (4). For a year of n days and a class of r students, let the rv
B = the number of pairs of students who share a birthday.

E(B) =
(

r
2

)
1
n

which suggests that the probability of some joint birthday may be a constant once r is large enough
that r ∼

√
n. We can easily verify the correctness of one side of this claim. The event of there

being some common birthday is [B > 0]. With Bij being the event students i, j share a birthday,
[B > 0] =

⋃
i<j Bij, so by the union bound,

Pr(B > 0) ≤
(

r
2

)
1
n

.

This shows that r ∈ o(
√

n)⇒ Pr(B > 0) ∈ o(1).

The converse holds, too; fundamentally this is because there is not much overlap in the sample
space between the (r

2) different events. We postpone this for now but will show below how to carry
out this argument.

1.3.3 Using the union bound in the probabilistic method: Ramsey theory

Theorem 4 (Ramsey [61]) Fix any nonnegative integers k, `. There is a finite “Ramsey number” R(k, `)
such that every graph on R(k, `) vertices contains either a clique of size k or an independent set of size `.
Specifically, R(k, `) ≤ (k+`−2

`−1 ).

(The finiteness is due to Ramsey [61] and the bound to Erdös and Szekeres [26].)

Numerous generalizations of Ramsey’s argument have since been developed—see the book [37].

Proof: (of Theorem (4)) This is outside our main line of development but we include it for com-
pleteness. First, R(k, 1) = R(1, k) = 1 = (k−1

0 ). Now if k, ` > 1, consider a graph with R(k, `− 1) +
R(k− 1, `) + 1 vertices and pick any vertex v. Let VY denote the vertices connected to v by an edge,
and let VN denote the remaining vertices. Either |VN | ≥ R(k, `− 1) or |VY| ≥ R(k− 1, `).

If |VN | ≥ R(k, `− 1) then either the graph spanned by VN contains a k-clique or the graph spanned
by VN ∪ {v} contains an independent set of size `.

On the other hand if |VY| ≥ R(k − 1, `) then either the graph spanned by VY ∪ {v} contains a
k-clique or the graph spanned by VY contains an independent set of size `.

Applying this argument and induction on k + `, we have: R(k, `) ≤ R(k, ` − 1) + R(k − 1, `) ≤
(k+`−3

`−2 ) + (k+`−3
`−1 ) = (k+`−2

`−1 ). (The final equality counts subsets of [k + `− 2] of size `− 1 according
to whether the first item is selected.)

If you apply Stirling’s approximation, this gives the bound R(k, k) ≤ (2k−2
k−1 ) ∈ O(4k/

√
k).

In the intervening nearly-a-century there have been some improvements on this bound, first by

Rödl [36], then by Thomason [70], and most recently by Conlon [16] to R(k, k) ≤ 4kk−Ω(
log k

log log k ).

What we use the union bound for is to show a converse:

Theorem 5 (Erdös [23]) If (n
k) < 2(

k
2)−1 then R(k, k) > n. Thus R(k, k) ≥ (1− o(1)) k

e
√

2
2k/2.
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This leaves an exponential gap. Actually this gap is small by the standards of Ramsey theory. The
gap has been slightly tightened since Erdös’s work, as we will show later in the course, but remains
exponential, and is a major open problem in combinatorics.

Proof: (of Theorem (5)) This is an opportunity to introduce one of the most-studied random vari-
ables in combinatorics, the random graph G(n, p), in which each edge is present, independently,
with probability p. Among other things, people use this model to study threshold phenomena for
many properties such as connectivity, appearance of a Hamilton cycle, etc.

For the lower bound on R(k, k) we use G(n, 1/2). Any particular subset of k vertices has probability
21−(k

2) of forming either a clique or an independent set. Take a union bound over all subgraphs. 2
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