
Chapter 4

Limited independence

4.1 Lecture 20 (16/Nov): Pairwise independence, Shannon coding
theorem again, second moment inequality

4.1.1 Improved proof of Shannon’s coding theorem using linear codes

Very commonly, in Algorithms, we have a tradeoff between how much randomness we use, and
efficiency.

But sometimes we can actually improve our efficiency by carefully eliminating some of the ran-
domness we’re using. Roughly, the intuition is that some of the randomness is going not toward
circumventing a barrier (especially, leaving the adversary in the dark about what we are going to
do), but just into noise.1

A case in point is the proof of Shannon’s Coding Theorem. In a previous lecture we proved the
theorem as follows: we first built an encoding map E : {0, 1}k → {0, 1}n by sampling a uniformly
random function; then, we had to delete up to half the codewords to eliminate all kinds of fluctua-
tions in which codewords fell too close to one another.

It turns out that this messy solution can be avoided. The key observation is that our analysis
depended only on pairwise data about the code—basically, pairwise distances between codewords.
“Higher level” structure (mutual distances among triples, etc.) didn’t feature in the analysis. So the
argument will still go through with a pairwise-independently constructed code. So we’ll do this
now, and in the process we’ll see how this helps.

Sample E from the following pairwise independent family of functions {0, 1}k → {0, 1}n. Select k
vectors v1, . . . , vk iid ∈U {0, 1}n. Now map the vector (x1, . . . , xk) to ∑k

1 xivi. This is, of course, a
linear map, consisting of multiplication by the generator matrix G whose rows are the vi:

(message x)


−−− v1 −−−
−−− v2 −−−
−−− . . . −−−
−−− vk −−−

 = (codeword)

The message 0̄ ∈ {0, 1}k is always mapped to the codeword 0̄ ∈ {0, 1}n, and every other codeword
is uniformly distributed in {0, 1}n. It is not hard to see that the images of messages are pairwise
independent. (Including even the image of the 0̄ message.)

1People who pack a tent, wind up spending the night on the mountain – a climbing instructor of mine
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Let’s see why: say the two messages are x 6= x′. W.l.o.g. x′ 6= 0. Now, we want to show that ∀y, y′,
Pr(x′G = y′|xG = y) = 2−n. Since x′ 6= x (and we are over GF2), this means that x′ /∈ span(x).
Consequently, there exists a G s.t. xG = y, x′G = y′. But since there exists such a G, call it G0 the
number of G’s satisfying this pair of equations does not depend upon y′; the set of such G’s is simply
equal to all G0 +G′ where x, x′ ∈ ker G′. The number of such G′ depends only upon dim span(x, x′).
(If you want a more concrete argument, you can change basis to where x, if nonzero, is a singleton
vector, and x′ − x is another singleton vector. Then the row of G corresponding to x is y, the row
corresponding to x′ − x is y′ − y, and the rest of the matrix can be anything.)

Now let’s remember some of the settings we used for this theorem in Section (3.3.1):

(1) The code rate is (3.3) n = k
D2(p‖1/2)−ε

;

(2) First upper bound on δ is (3.4): p + δ < 1/2;

(3) Second upper bound on δ is (3.5): D2(p + δ‖1/2) > D2(p‖1/2)− ε/2;

And finally we make δ as large as we can subject to these constraints, and set c = min{D2(p +
δ‖p), ε/2} > 0.

Looking back at the analysis of the error probability on message X in Section (3.3.1), it had two
parts, in each of which we bounded the probability of one of the following two sources of error:

Bad1: H(E(X) + R, E(X)) ≥ (p + δ)n. That is to say, the error vector R has weight (number of 1’s)
at least (p + δ)n. This analysis is of course unchanged, and doesn’t depend at all on choice of
the code. As before, the bound is

Pr
R
(Bad1) = Pr

R
(H(~0, R) ≥ (p + δ)n) ≤ 2−D2(p+δ‖p)n ≤ 2−cn.

Bad2: ∃X′ 6= X : H(E(X) + R, E(X′)) ≤ (p + δ)n. For this, pairwise independence is enough to
obtain an analysis similar to before. Specifically, for any pair X 6= X′ and any R, the rv (which
now depends only on the choice of code) R+ E(X)−E(X′) is uniformly distributed in {0, 1}n

(because X − X′ is not the zero string, so E(X − X′) is uniform) so, the choice of R does not
affect PrR(Bad2), and we can bound it as

Pr
R
(Bad2) ≤ 2k−nD2(p+δ‖1/2)

= 2n(D2(p‖1/2)−ε−D2(p+δ‖1/2)) from (3.3)

≤ 2−nε/2 from (3.5)

≤ 2−cn

So, we get the same as before: PrE ,R(Error on X) ≤ 21−cn for the same c > 0 that depends only on
p, ε. That is, for every X, with MX = PrR(Error on X|E), we have

EE (MX) ≤ 21−cn (4.1)

Next, just as before, we wish to remove E from the randomization in the analysis. In order to do
this it helps to consider the uniform distribution over messages X and derive from Eqn. 4.1 the
weaker

EX,E (MX) ≤ 21−cn (4.2)

The reason is that this weaker guarantee is maintained even if we now modify the decoding algo-
rithm so that it commutes with translation by codewords. Specifically, no matter what the decoder
did before, set it now so that D(Y) is uniformly sampled among “max-likelihood” decodings of Y,
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which is equivalent (thanks to the uniformity over X and to the noise R being independent of X) to
those X which minimize H(E(X), Y). For the uniform distribution, max-likelihood decoding min-
imizes the average probability of error, so this new decoder D also satisfies 4.2. The new decoder
has the commutation advantage that we promised: for any E ,

D(E(X) + R) = D(E(X)) +D(R)
{

commutes with
translation by code

= X +D(R)
{

decoding correct
on codewords

(4.3)

As a consequence,

For all E , X1, X2: Pr
R
(Error on X1|E) = Pr

R
(Error on X2|E).

So we can define a variable M which is a function of E ,

M = Pr
R
(Error on 0̄|E) = Pr

R
(Error on X|E) for all X

and we have
EE (M) ≤ 21−cn

Since M ≥ 0, PrE (M > 22−cn) < 1/2 and so if we just pick linear E at random, there is probability
≥ 1/2 that (using the already-described decoder D for it), for all X the decoding-error probability
is ≤ 22−cn.

What is much more elegant about this construction than about the preceding fully-random-E is that
no X’s with high error probabilities need to be thrown away. The set of codewords is always just a
linear subspace of {0, 1}n.

The code also has a very concise description, O(k2) bits (recall n ∈ Θ(k)); whereas the previous
full-independence approach gave a code with description size exponential in k.

One comment is that although picking a code at random is easy, checking whether it indeed satisfies
the desired condition is slow: one can either do this in time exponential in n, exactly, by exhaustively
considering R’s, or one can try to estimate the probability of error by sampling R, but even this will
require time inverse in the decoding-error-probability of R until we see error events and can get a
good estimate of the error probability of R; in particular we cannot certify a good code this way in
time less than 2cn.

4.1.2 Pairwise independence and the second-moment inequality

A common situation in which we use Chebyshev’s inequality, Lemma 13 is when we have many
variables which are not fully independent, but are pairwise independent (or nearly so).

Definition 64 (Pairwise and k-wise independence) A set of rvs are pairwise independent if every pair
of them are independent; this is a weaker requirement than that all be independent. Likewise, the variables are
k-wise independent if every subset of size k is independent.

Definition 65 (Covariance) The covariance of two real-valued rvs X, Y is (if well-defined) Cov(X, Y) =
E(XY)− E(X)E(Y).

Exercise: Show that if X and Y are independent then Cov(X, Y) = 0, but that the converse need not
be true.

Exercise: If X = ∑n
1 Xi, Var X = ∑i Var(Xi) + ∑i 6=j Cov(Xi, Xj).
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Corollary 66 If X1, . . . , Xn are pairwise independent real rvs with well-defined variances, then Var(∑ Xi) =
∑ Var(Xi). (We already mentioned this in (3.1).) If in addition they are identically distributed and X =
1
n ∑ Xi, then E(X) = E(X1) and Var(X) = 1

n Var(X1).

Exercise: Apply the Chebyshev inequality to obtain:

Lemma 67 (2nd moment inequality) If X1, . . . , Xn are identically distributed, pairwise-independent real

rvs with finite 1st and 2nd moments then P(|X− E(X)| > λ

√
Var(X1)

n ) < 1/λ2.

Corollary 68 (Weak Law) Pairwise independent rvs obey the weak law of large numbers. Specifically, if
X1, . . . , Xn are identically distributed, pairwise-independent real rvs with finite variance then for any ε,
limn→∞ P(|X− E(X)| > ε) = 0.

So we see that the weak law holds under a much weaker condition than full independence. When
we talk about the cardinality of sample spaces, we’ll see why pairwise (or small k-wise) indepen-
dence has a huge advantage over full independence, so that it is often desirable in computational
settings to make do with limited independence.
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