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3.6 Lecture 18 (12/Nov): cont. JL embedding; Bourgain embedding

3.6.1 cont. JL

Recall that our projection of (any particular) unit vector in the original space, is a vector whose
coordinates w11, . . . , wk1 are iid normally distributed with E(w2

i1) = 1. So E(∑ w2
i1) = k. We want a

deviation bound on ∑ w2
i1.

There is a name for these rvs: each w2
i1is a “χ2” rv with parameter 1, and their sum is a χ2 rv with

parameter k.
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Figure 3.6: Probability density of 1
k ∑ w2

i1

Set random variables yi = w2
i1 − 1 so that E(yi) = 0. With this change of variables we now want a

bound on the deviation from 0 of the rv y = 1
k ∑k

i=1 yi.

To get a Chernoff bound, we need the mgf, g(β), for yi, in order to use Eqn. 3.7 to write:

P(y/ε > 1) < [ inf
β>0

e−εβg(β)]k for ε 6= 0. (3.13)

So what is g(β)?

g(β) = E(eβy) = E(eβ(w2−1))

= e−β
∫ ∞

−∞

1√
2π

ew2(β−1/2)dw

=
e−β√
1− 2β

∫ ∞

−∞

√
1− 2β√

2π
e−

1
2 w2(1−2β)dw

=
e−β√
1− 2β

The last equality follows as the integrand is the density of a normal random variable with standard
deviation 1√

1−2β
.

Thus, g(β) is well defined and differentiable in (−∞, 1
2 ), with (necessarily) g(0) = 1 (which recall

from (3.6) holds for the mgf of any probability measure), and g′(0) = 0 (because g′(0) = the
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first moment of the probability measure, that’s why it’s called the moment generating function,
recall (3.10); and we have centered the distribution at 0).

For a given ε what β should be used in the Chernoff bound (Eqn. 3.13)? After some calculus, we
find that β = ε

2(1+ε)
is the best value (for both signs of ε). Figure (3.7) shows the dependence of β

on ε.
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Figure 3.7: Best choice of β as a function of ε for the χ2 distribution: β = ε
2(1+ε)

Plugging this value of β above into the bound, we get

P(y/ε > 1) < ((1 + ε)
1
2 e−

ε
2 )k (3.14)

which we incidentally note is (1− 1
2 ε2 + O(ε3))k. The function (1 + ε)

1
2 e−

ε
2 is shown in Fig. 3.8.

2 4 6 8
ϵ

0.2

0.4

0.6

0.8

1.0

cϵ

Figure 3.8: Base of the Chernoff bound for the χ2 distribution: cε = (1 + ε)
1
2 e−
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Now let’s apply this bound to the modified JL construction. We will ensure distortion (Defn. 58)
eδ (with positive probability) by showing that for each of our (n

2) vectors v, with probability >
1− 1/(n

2),

‖v‖e−δ/2 ≤ 1√
k
‖Wv‖ ≤ ‖v‖eδ/2.
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We already argued, by the invariance of our construction under the orthogonal group, that for any
v this has the same probability as the event

e−δ/2 ≤
√

1
k ∑ w2

i1 ≤ eδ/2

e−δ ≤ 1
k ∑ w2

i1 ≤ eδ

or equivalently
e−δ − 1 ≤ ȳ ≤ eδ − 1. (3.15)

Applying the Chernoff bound (3.14) first on the right of (3.15), we have

Pr(ȳ > eδ − 1) < ek(δ/2−(eδ−1)/2) = e(k/2)(1+δ−eδ) < e−kδ2/4

Next applying the Chernoff bound (3.14) on the left of (3.15), we have

Pr(ȳ < e−δ − 1) < ek(−δ/2−(e−δ−1)/2) = e(k/2)(1−δ−e−δ) < e−k(δ2/4+O(δ3))

In all, taking k = 8(1 + O(δ))δ−2 log n suffices so that Pr( 1
k ∑ w2

i1 /∈ [e−δ, eδ]) < 1/n2 and therefore
so the mapping with probability at least 1/2 has distortion bounded by eδ.

Finally, for the computational aspect: to get a randomized “Las Vegas” algorithm simply try matri-
ces W at random and examine each to test whether the distortion is satisfactory.

Note: About another embedding question: Finite l2 metric spaces can be embedded in l1 isomet-
rically. There’s also an algorithm—deterministic, in fact—to find such an embedding, but it takes
exponential time in the number of points in the space.

Comment: There are deterministic poly-time algorithms producing an embedding up to the stan-
dards of the Johnson-Lindenstrauss theorem, see Engebretsen, Indyk and O’Donnell [30], Sivaku-
mar [94].

3.6.2 Bourgain embedding X → Lp, p ≥ 1

In the previous result, we saw how an already “rigid” metric, namely an L2 metric, could be
embedded in reduced dimension. Now we will see how a relatively “loose” object, just a metric
space, can be embedded in a more rigid object, namely a vector space with an Lp norm. There will
be a price in distortion to pay for this.

Theorem 60 (Bourgain [20]) Any metric (X, d) with n = |X| can be embedded in LO(log2 n)
p , p ≥ 1, with

distortion O(log n). There is a randomized poly-time algorithm to find such an embedding.

Some comments are in order.

Dimension: The dimension bound here is actually due not to Bourgain but to Linial, London and
Rabinovich [71]. Also, Bourgain showed embedding into L2; after we prove the L1 result we’ll show
how it also implies all p ≥ 1. A later variation of the Bourgain proof that achieves dimension
O(log n) is due to Abraham, Bartal and Neiman [1].

Derandomization: It will follow from ideas we see soon, that there is a deterministic algorithm to
construct a Bourgain embedding into dimension poly(n). This will be on a problem set. It is
also possible, by the method of conditional probabilities, to reduce the dimension to O(log2 n); we
probably won’t have time to discuss this.
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Distortion: The distortion in the theorem is best possible: expander graphs require it. However,
there are open questions for restricted classes of metrics: for example whether the distortion can be
improved, possibly to a constant, for shortest path metrics in planar graphs. See [55] for a survey
on metric embeddings from 2004.

Method: Weighted Fréchet embeddings.

3.6.3 Embedding into L1

Proof: Since the domain of our mapping is merely a metric space rather than a normed space, we
cannot apply anything like the JL technique, and something quite different is called for.

Bourgain’s proof employs a type of embedding introduced much earlier by Fréchet [38]. Effectively,
the idea was that any finite metric space can be embedded without distortion in an L∞ space.

The one-dimensional Fréchet embedding imposed by a set T ⊂ X is the mapping

τ : X → R+

τ(x) = d(x, T) := min
t∈T

d(x, t)

Observe that by the triangle inequality for d, |τ(x)− τ(y)| ≤ d(x, y). So τ is a contraction.

We can also combine several such Ti’s in separate coordinates. If we label the respective mappings
τi and give each a nonnegative weight wi, with the weights summing to 1—that is to say, the weights
form a probability distribution:

τ(x) = (w1τ1(x), . . . , wkτk(x))

then we can consider the composite mapping τ as an embedding into Lk
1 and it too is contractive,

namely,
‖τ(x)− τ(y)‖1 ≤ d(x, y).

So the key part of the proof is the lower bound.

Let s = dlg ne. For 1 ≤ t ≤ s and 1 ≤ j ≤ s′ ∈ Θ(s), choose set Ttj by selecting each point of
X independently with probability 2−t. Let all the weights be uniform, i.e., 1/ss′. This defines an
embedding τ = (. . . , τtj, . . .)/ss′ of the desired dimension.

We need to show that with positive probability

∀x, y ∈ X : ‖τ(x)− τ(y)‖1 ≥ Ω(d(x, y)/s).

Just as in JL, the proof proceeds by considering just a single pair x 6= y and showing that with prob-
ability greater than 1− 1/n2 (enabling a union bound) it is embedded with the desired distortion
(in this case O(log n) = O(s)).

66


