Page 11Geometric ModelingGoalsnModel geometry of real world objectsncar bodiesncellsnturbulent flownModel geometry of abstract objectsnapproximation theorynsmoothness spaces2Geometric ModelingModel buildingnInteractive modelingnbuild shapesnData matchingnbuild shapes from measurementninterpolation/approximationCompute with itnFinite element solversnEvolving geometry

Page 23ExamplesCurves and Surfacesn1D and 2D parameter domainsnhigher-D as well, but more unwieldyTasksninterpolate datanpiecewise linearnpolylinenpolygon4ExamplesPiecewise linear not good enoughnHigher order polynomials?nill-conditionednkeep order boundednHow to get smoothness?npiecewise polynomialSplinesnStitch together piecewise polynomial piecesSubdivisionnLimit of simple steps

Page 35Linear InterpolationAveragingnInsert new point as average of neighbors6Averaging AgainChaikin�s Algorithm

Page 47AnalysisIn the limit?nSimple averaging: piecewise linearnDouble averaging: piecewise quadraticnwhy?8Double Averaging

Page 59Bezier PolynomialsDefinitionEvaluationUse

Bi_n x( ) = ni x_i 1− x( )_{n− i}

B^i_n x( ) = xB^{i− 1}_{n− 1} x( )+(1− x)B^i_{n− 1} x( )

x ∈ 0,1[ ]

f x( ) = Bi_n x( )bi i=0 n∑10Βεζιερ ΠολψνομιαλσΠροπερτιεσνΠαρτιτιον οϕ υνιτψνΣταβλε εϖαλυατιον (χονϖεξ χομβινατιονσ ονλψ)νΕνδποιντ ιντερπολατιοννΧονϖεξ ηυλλ προπερτψνΑϕϕινελψ ινϖαριαντΧοντρολ ΠολψγοννΓεομετριχαλλψ σιγνιϕιχαντ

Bin x( ) i=0n∑ = ni xi(1− x)n− i i=0n∑ = (x +1− x)n

Page 611Affine SpacesAffine CombinationAffine Mapnexactly the linear maps and translationAffine Spacensubset of vector space closed under affine combinationsnexactly the linear subspace and translation

uk ∈ Rn α kuk ∑

α k∑ = 1

f:Rn → Rm

f α kvk ∑( ) = α kf uk( ) ∑12Πολαρ ΦορμσΒλοσσομνΦορ εϖερψ πολψνομιαλ Φ(υ) οϕ δεγρεε ν τηερε εξιστσ α υνιθυε σψμμετριχ μυλτιαϕϕινε μαπ ϕ(υ1,...,υν) ϕορ ωηιχη Φ(υ)=ϕ(υ,...,υ). Τηισ μαπ ισ χαλλεδ τηε πολαρ ϕορμ ορ βλοσσομ οϕ Φ.

F u( ) = aiui i=0n∑

f u1,...,un ( ) = ai ni − 1 ujj∈S∏ S⊆ 1,...,n { } S =i∑ i=0n∑ Παγε 713Πολαρ ΦορμΔιϕϕερεντιατιον

F u( ) = aiui i=0n∑

f u1,...,un ( ) = ai ni − 1 ujj∈S∏ S⊆ 1,...,n { } S =i∑ i=0n∑

aq = F q( ) 0( )q! = nq f 0,...,0,^1,...,^1 ( )

n − q

q

F q( ) u( ) = n!(n − q)!f u,...,u,^1,...,^1 ( )14Εξαμπλε

F u( ) = a0 +a1u +a2u2 +a3u3

f u1,u2,u3

( ) = a0+a13 u1 +u2 +u3 ( ) +a23 u1u2 +u2u3 +u3u1

+a3u1u2u3

Page 815ContinuityTwo PolynomialsnLet F and G be two polynomials of degree n and let u be a point on the real line. Then F and G are Cq continuous at u iff

u1,...,uq ∈ R

f un− qu1,...,uq

( ) = g un− qu1,...,uq ( )16Βεζιερ ΠοιντσΦινδινγ Χοντρολ ΠοιντσνΤηε Βεζιερ χοντρολ ποιντσ οϕ Φ ω.ρ.τ [σ,τ] αρε γιϖεν βψΠροοϕ

u = t − ut − s s + u − st − s t

F u( ) = f un( ) = t − ut − s f sun− 1( )+ u − st − s f un− 1t( )

=...= BiΔ,n u( )f sn− iti( ) i=0n∑

bi = f sn− iti

( ) i = 0,...,n Page 917de Casteljau AlgorithmEvaluate Bezier formnVery stable, uses convex combinations only

bi0 u( ):= bi i = 0,...,n bil u( ):= t − ut − s bil− 1 u( )+ u − st − s bi+1l− 1 u( ) l = 1,...,n i = 0,...,n − l18de Casteljau AlgorithmObservationsnEvaluation and subdivisionnDifferentiationnAffine invariancenCq conditions

′F r( ) = ns − r f rn− 1s( )− f rn( ) ( )

F u( ) = BiΔ,n u( )bi i=0n∑

G u( ) = BiΔ,n u( )ci i=0n∑

r,s[ ]

s,t[ ]

ci = f sn− iti ( ) = bn− ii t( )