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Abstract—This paper studies window flow control focusing on ~ Can we bridge the gap mentioned above by reconciling
bridging the gap between microscopic factors such as burstiness these two types of work? Can we analytically capture sub-RTT
in sub-RTT timescales, and observable macroscopic properties phenomena, especially sustainable burstiness patteithsaw

such as steady state bandwidth sharing and flow level stability. S . e
Using new m()Jldels, we analytically ce?pture notable effects zf closed loop model? Will this study provide useful new insigh

microscopic behavior on macroscopic quantities. For loss-based and solve previously unsolved problems? This paper is delvot

protocols, we calculate the loss synchronization rate for differen to these questions and answers “yes” to all of them.

f|0W$ and use it to quantitatively explain the unfair bandwidth It turns out that some microscopic factors are very impor-

sharing between paced and unpaced TCP flows. For delay-basediyt and can affect macroscopic properties including stead

protocols, we show that the ratios of round trip delays are . : o

critical to the stability of the system. These results deepen the state bapdmdth allocat_lon and flow level Stab',l'ty' ,lr_‘ Wde

fundamental understanding of congestion control systems. Riet 0 explain these analytically, we solve two main difficustie

level simulations are used to verify our theoretical claims. sidestepped by existing work in this area. One is modeling
window flow control with sub-RTT factors and the other is to

. INTRODUCTION properly capture the closed loop effects.

Flow control has been studied since at least the 1970sThe paper is organized as follows. Section Il describes the
see [7] and the references therein. Since the rapid explosinathematical model, which captures sub-RTT behaviors. We
of the Internet, Internet congestion control algorithméjali  then show its impact by applying it to analysis of both loss-
are implemented in TCP (Transmission Control Protocol) afhsed and delay-based protocols. In Section Ill, we focus on
currently control the majority of Internet traffic, have beesteady state analysis. By using a simple solution to our fode
extensively studied for two decades. Roughly speaking, Wwe analytically predict unfair bandwidth allocation beeme
the first ten years (1988-1997) starting with [8], researgiaced and unpaced TCP Reno when they share a link. In
focused more on packet-level “microscopic” properties fdection 1V, we shift our attention to dynamics. Using our
simple topology networks, and researchers usually relied new model, we show that the stability of FAST TCP [30]
qualitative reasoning and simulations [4], [6], [10], [28] the is dependent on the heterogeneity of the RTTs of the flows.
last ten years (1998-2007), following the seminal papet,[12This leads to the first discovery of unstable patterns of FAST
the focus shifted to fluid models and tools from optimizatioMCP and also stability conditions that are usually satisiied
and control theories, seeking “macroscopic” understagglinpractice. Section V discusses some possible extensions.
with more quantitative calculations for general networkthw

potentially arbitrary topology [14], [18], [20], [25], [36 Il. MoDEL
However, there is a significant gap between these twoConsider a single bottleneck link with capacitghared by
types of studies; although the microscopic studies arellysuanultiple TCP flows, which are indexed hy=1,..., N.

more qualitative, they are much closer to the actual prdtoco The following variables are used throughout the paper. All
implementations while in order to carry out general analysiare functions of timet; when written without explicit time
the recent macroscopic quantitative work generally igaoréependence, they denote equilibrium values.

many (sometimes important) details of real protocols. Oneg,: queuing delay at the link.

major issue that most existing work misses is the traffig, . \window sizé of flow i.

burStineSS W|th|n a round trlp t|me (RTT) Current TCPs US%Z.: arriva| rate Of ﬂOWZ"S data at the queue_

window control, and rapid changes in the window induce;: propagation delay for flow.

burstiness, like slow-start causing bursts of almost back t.: round trip delay (RTT) for flowi, 7; = d; + p.

back packets. There are also other sources of burstinebks suc,

. . X A model for a congestion control system must specify two
as cross fraffic [29]. Most importantly, once such bursmef'hings: (a) the TCP window control algorithm (e.g., TCP Reno
is generated, it is self-perpetuating becaus@©GK-clocking '

. . in Section Il and FAST TCP in Section IV) which determines
Because a new packet is transmitted only when an acknowl-

q . ved. the burst tt f acknowled w the congestion signal affects the window and (b) how
edgment is received, the bursty pattern of acknowledgmeyta congestion signal, based on the queue length, evolves in
caused by bursty transmission will cause the transmissions
the ne)ft RTT also to be bursty. This has been verified with lwe assume this is also the number of packets in the networlqualth
simulations and real Internet tests [11]. a sudden reduction im; (¢) will not instantly withdraw packets.




response to the window sizes. For (b), it is well acceptetl tha [2] and further in [16], [17], [23]. It was demonstrated
the length of a FIFO queue integrates the difference between[16] that flows with lower synchronization rates observe

incoming traffic and the link capacity, higher throughput, even if they have the same RTT.
N Early models [2], [16], [23], take the synchronization rate
() = 1 in(t) _e). 1) as a given parameter. In this section, we instead calculate i
S e based on the instantaneous rates. This closed loop analysis

] ] ] ) . shows the effect of microscopic burstiness on steady state
It remains to find an equation to relate the window (Wh'cthroughputs. In particular, it is shown that flows with the

sources control) with the rate (which affects the queue)s Thsame macroscopic fluid equation but different microscopic
is traditionally done by approximating the rate by the ratigystiness patterns (TCP Reno and Paced?JQ®ceive not

between the corresponding window and RTT, i.e., only different instantaneous rates but also differentcstestate
w; (t) rates. This is in stark contrast to the prediction from standard
z;(t) = macroscopic analysis, where these flows should have the same

e
) m(®) ) equilibrium rates. Similar analysis can be used to helparpl
Although (2) applies to the average over an RTT and is go@ge unfairness between TCP Reno and TFRC [22], [27]. To

for equilibrium analysis, it does not apply to the instami@us  simplify the presentation, we study the case where all flows
quantities and so is not suitable for accurate analysis oty nhayve the same RTT.

ics and microscopic rate patterns. It has several fatall@nadh _ _

First, there is ambiguity over whether to usg(t — 7) and/or A. Basic Setting

7(t — 7) for w;(t) and 7(t). Second, it completely ignores Consider a single-bottleneck network shared by alget

ACK-clocking by letting rate directly follow the window's of N, unpaced TCP Reno flows and a getof N, paced

change. Third, it implicitly assumes the rate is aimostamf TCP Reno flows, with identical propagation delays Let

within one RTT while in reality, persistent sub-RTT bursss N = N, + N, be the cardinality ofA = U U P. Let

is prevalent. _ O OXu(t) = Depwilt), Bpt) = Ycpwi(t) and Xo(t) =
The solution is to capture ACK-clocking. The followingy:, (¢)+ 5, (¢). Assume the buffer is large enough that it never

equation, mentioned in passing in [19], expresses wind@nptied. The total RTT7(t) = X, (t)/c varies with changes

flow control's goal of equating the packets in flight with then window sizes.

window. More precisely, the window at time+ d + p(t) is At any time, the instantaneous rate of paced fiow P is

the integral of all the data rates frofto ¢ + d + p(t). This is

because for the data that is sent out,avhich experiences a zi(t) = wi(t)/7(t) = cw;(t)/Za. 4)

queuing delayp(?), its acknowledgment arrives at the source nnaced flows € U transmit in bursts. During the portion
att+d + p(t), assuming without loss of generality that theAi(t) of the RTT that flowi sends, it sends at ra§ (t) —
delay from the source to the link is 0. Formally, ¢ — 3o p (1), giving instantaneous rates

t+d+p(t)
/t xi(s)ds = w;(t + d + p(t)). 3 x;(t) = { ())((t) = el = By (t)/%a) éteheAr\;\/(Qe ()

Note that (3) holds for every and hence it defines a rate T4 total time during which flow has non-zero rate is
function z(¢t) based on the window function.

Equations (1), (3) combined with the equation that dessribe w;(t)/ X (t) = (wi(t)/c)(Ba(t)/u(t)). (6)

the window control (e.g. equation (19) for FAST TCP) for his i it of | i bursts. At
our model. Extensive packet level simulations in a compani IS ime may consist of several non-contiguous bursts.

paper [9] show the accuracy of the model and its superiori%?Ch point in time, exactly one non-paced flow is transngttin

o xistng model. I his paper, we apply L i how somg, 112> Jusaed I igure & wen e iadow saes o
microscopic factors affect certain macroscopic propgrtie ' .
! P ! PIC PTORSILE 1) "(3), see [9] for details.

1. APPLICATION TOLOSSBASED PROTOCOLS Loss occurs in the round trip during which the sum of the
BURSTINESSAFFECTSSTEADY STATE windows reaches the bandwidth-delay product plus the buffe

A basic assumption of optimization flow control [18] isSize. The exact time of the loss is uniformly.chosen within
that all flows sharing a link see the same congestion sigrfgft round trip, andD packets are dropped simultaneously.
at that link. However, this may not be the case, especialj!iS models a brief burst of cross traffic which the almost-
for loss-based protocols using droptail routers. When a Io&d! buffer is unable to handle. The probability that eacksio
event occurs (several packet losses within one RTT due to fdncurred by flowi is independent, and proportional to the
overflow of the buffer), some flows may escape losing packef@Stantaneous rate of flowwhen the loss occurs.
and will not detect the event. Current TCP Reno halves IS 2p,ceq Tcp was proposed in late 90s; see e.g., [13]. It reducstness
window once in any RTT in which packets are lost, and thug sending packets smoothly over an RTT, at a rate given by (2).
the window is determined by the frequency of detecting loss *This has already been observed and intuitively explaingd Qur

events, rather than the expected number of packets lost, ontribution is to provide a closed loop analytical explioma
! 4Paced TCP seeks to improve throughput by avoiding burstsatge For

The probability th_at a flow W”! detect a given loss _evem(he buffers. However, for moderate to large buffers, PaceB fl@vs actually
called the synchronization rate, is used to analyze thisceff gets smaller throughput than unpaced flows
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Fig. 1. Flow rates vs. time for the model of loss. Paced flowsstranat

constant rate for the entire RTF, while unpaced flows transmit in bursts. AA[k] = diag(bi[k])—F*

single unpaced flow may have several bursts, as the diagostadiged flow.
The set of times in RTE during which flow: is sending isA; ().

Using the fact thad _, . , wi[k] = X4 [K],
7 = Zieall = bl (10
whence (8) becomes
wlk + 1] = Alk]w[k] (11)

wherew[k] is a vector of windows at timé, and

1

1 ( )(1—b1[k],1—b2[k]v"'71_bN[kD

1

N

12)
is a random matrix whose distribution dependsugt].

The rationale for modeling them as simultaneous is that Iogs Steady State Analysis

occurs when the buffer is too full to absorb bursty crosditraf
A brief peak in cross traffic, such as a flow in slow-start, Wi|!)

cause a number of losses nearly simultaneously.

The case where there are no unpaced flows correspond
the model of [2], [23] in which the rate is assumed to b
w;(t)/7(t). Conversely, the case where there are no pacg

flows corresponds to the totally unsynchronized model

which a flow’s probability of experiencing loss is directlyS

proportional to its rate [12], [18].

This is clearly an extreme model of burstiness for unpac
flows, and can exaggerate the difference between paced
unpaced flows. However, it suffices to demonstrate the nee

As in [17], the loss indicatob;[k] in this model depends
n z;[k], but now the relationship between[k] and w;[k]
dg ends on whether or nétis paced, withz;[k] not pro-
ional tow;[k] for unpaced flows. We assume the Markov
ain (11) admits a unique and globally attractive invarian
tribution and is ergodic. The following generalizes sufe
[17], which says the expectation of the window and the
ynchronization rate is an invariant. Its intuitive conseace

%vﬁgich will be proved later is that flows with higher synchro-

gtion rates will have smaller windows and therefore ate

(?ﬁ) average.

model certain microscopic factors in order to determinenevdheorem 1. Under (11), for alli, j € A,

the most basic macroscopic properties, such as the stestdy st

B. Synchronization Rates

The numberL; of losses experienced by floixe P during
one loss event is binomially distributed with parameterand
x;(t)/c. The numberL; of losses experienced by floive U
will be binomially distributed with parameteid and X (¢)/c
if its rate is X (¢) # 0, and O otherwise. Let; =0 if L, =0
anda;, =1 if L; > 0, and letq; = Pr[a; = 1]. Then

() )5
1-— (1

—@)D> 1€ P.

1eU

qi (7)

When no loss is occurring, each flow increases its window
by 1, and each time a flow loses one or more packq;F
enceE

simultaneously, it reduces its window by a factor 1/2.

We measure time in units of round trip time, which is equ

for all flows, but not constant. Let the times of consecutoss|
events be indexed bl; denote byv[k] andv[kT] the value of
any variablev respectively before and after th¢h loss event,

and T'[k] be the number of RTTs between congestion events

Elwi[k]qi[F]] = E[w;[k]q;[K]]- (13)

Proof: From equations (11) and (12) amgk] = (1 —
al[k]) + 0.5a; [k} =1-0.5a; [k], we have

wlk+1] = wlk] — 0.5 (1 - ]1VE> diag(a[k])w[k]

whereE is a square matrix with all entries 1. Taking expecta-
tions of both sides and noting[w[k + 1]] = E[w[k]] as they
follow the unique steady state distribution, gives

(1 - ;E) E[diag(a[k])w[k]] = 0
which is equivalent to
- FElding(a[k])w(k]] = Eldiag(a[t])w (k]

[diag(a[k])w[k]] is an eigenvector corresponding to

g‘pe eigenvalue 1 fof1/N)E, which isx[1,1,...,1]7 where
k is a constant. ThusE[w;[k]g;[k]] = Elw;lkla;[k]] =
Elw;|k]a;[k]] = E[w;[k]q;[k]] for all 4,5 € A. [

We now show that TCP Reno and Paced TCP don't share
the link fairly.

k andk + 1. The evolution of the windows are then given byrheorem 2. For all i € U, all j € P and allw € (0, %,),

w;ilk + 1] = b[k]w;[k] + T'[K] 8

whereb;[k] = (1 — a;[k]) + 0.5a;[k].

qi(w)|iep > Elg;(w)]i € U]. (14)
Proof: Consider a flow sending for timé& < 7 per RTT

Losses occur as soon as the number of outstanding pacletsatew/d < ¢, and rate0 otherwise. The probability of this

equals the bandwidth delay product, giving

> " bilkJw;[k] + NT[k] = BDP = S,k].
€A

)

flow not experiencing a loss is

P(w,6) = (1—f)+i(1—0“(’5)]3‘



Note that(r(1—(1/r))? —r) is decreasing im for all D > 1 L4r

andr € (0, 1], by applying Taylor’'s theorem fafl —u)? with Ll o
u = 1/r to the derivative. Setting = ¢d/w gives, for anyw, “la b
P(w,d) > P(w, ) for all § < 7. - 1) o NS 200m

! . . = ~ O NS, 200ms |1
An unpaced flow will always transmit with such a pattern = M
2 o8l - |

N o~

with somed < 7, while a paced flow corresponds fo= 7. 08 N. T e -
Thusg,(w) := ¢;(w)]iep > qu(w) := E[g;(w)]i € U]. [ | osl T
Theorem 2 shows that unpaced TCP Reno sees fewer loss ' .
events, and thus can be expected to achieve higher rate. 0.4l . . .
Figure 2 compares the actual ratio of window sizes at loss ooz oAy o ®

events for paced and unpaced flows as predicted by (11), as
N, and N, increase equally, fob = 2, 3,4. It also shows the Fig. 2. Ratio of window sizes for paced and unpaced flows, atids of
ratios of rates obtained from NS simulations with propamyati simulated rates.
delays of 50 ms and 200 ms, link capacity of 8.3 pkts/ms and
a buffer of the product of the capacity and propagation delay x 107
averaged over 10 experiments. It shows that this simple mode
roughly captures the initial decrease in fairnessVgsand V,, %
increase, and the leveling off after about 4 flows.

To see why Figure 2 asymptotes to a constant, note that if
N > D then Dw;[k] /%, < 1 for i € P, giving

— — — paced
unpaced

probability density

1= (1= w;lk]/Sa)” ~ Dw;[k]/Sa (15)
and if N, is large, then¥,, [k] ~ N, E[w;], whence by (13)

QE[wQ] 1= (1 = NuEfw;]/%4)"
PN “Nicp N, E[w;]

0 500 1000 1500 2000
]E[w?] (16) Window size (packets)
ieU

Fig. 3. Histogram of window sizes for paced and unpaced TOfORews.
In [17] it was shown thatE[w?] ~ (E[w;])*> when syn-
chronization is low. In the above model, this approximation
applieS as SynChronization is limited by the burstiness of IV. APPLICATION TODELAY BASED PROTOCOLS

the unpaced flows. This gives an algebraic equation relating RTT RATIOS DETERMINE STABILITY

W, = E[w,] for ¢ € U with W,, = E[w,] for ¢ € P. If also . .

(1—- N,W,/2,)P < 1 the equation is a quadratic ¥V, Among the research work on congestion control, besides
steady state analysis, another line of work of fundamental

Doz Wu 2 (Ea - Npr> (17) interest is the dynamics of congestion control algorithms.
. P N, N, Ny ’ In particular, stability despite feedback delay is reqgiie
. : . order to ensure that the system operating point is indeed the
valid for log(1/(1 = NulWu/Ya)) < D < N, with solution intended equilibrium, with the desired equilibrium prapes;,
W, \/1 +4D(Ny/N,)? — 1 18) such as ef'ficien(;:yI anhd fairnesds. Howevert,) due ']Eo ctjhg lack kof
o~ . an accurate model whose prediction can be verified by packet
Wu = 2DNu/Np = Np/Nu = /(Np/Nu)? + 4D level simulations, there has been certain confusion inatés.
This depends oV, and N, only throughN, /N,,. Take FAST TCP as an example; existing experiments always
Remark: 1. The model depends on the number of draps, showed it to be stable regardless of feedback delay [30Jewhil
We currently takeD as a constant, but it could be drawranalysis has made diverse predictions (see [24]).
from a distribution. In this section, by applying the new model to this problem,
2. In practice, drops are spread over an interval. This, had we show that folny step sizey, there is a (possibly patholog-
fact that non-identical RTTs will cause bursts to spreadamneical) network in which FAST is unstable, as verified by both
that real networks will show less bias against paced flovasalysis and packet level simulations. We finally also mievi
than this model predicts, especially whénis large. O practical conditions which guarantee FAST to be stable.

Until now, we have focused on mean throughput (windowA. Model of FAST and the network
behavior. The model actually also provides information on
steady state throughput (window) distributions. Figurexé@ne-
plifies the distribution of window sizes of paced and unpac
flows, with N, = 3, N,, = 3, total bandwidth-delay-product b
of ¥, = 2700 packets andD = 6, based on simulation ; : ;
of (11). This confirms the significant sustained unfairnelaiss.Contlnuous time form is
also demonstrates that the window of an unpaced flow has a pi(t —7)
larger variance, which matches intuition. wi(t) = _W(di T pi(t—1))2

FAST TCP is an algorithm which aims at improving TCP
Reno’s performance especially for networks with large band
dth delay products [30]. FAST sets the congestion window
ased on the queuing delay ¢ — 7), seen by the packets. Its

w; () + (19)

%M



15 ' ' B. Instability due to RTT heterogeneity

|

1 ! 1 Since each individual flow does not have complete knowl-
, 05 1e g : X~ 1-e% | edge of the network, we would like to be able to set FAST’s
S o ‘ parameters, such as so that it will be stable irall networks.
2 0 Y Ui-e ) In the following, we show that that is impossible. For a
£ -05 ' : ] given~, we construct a network carrying two flows with very
£ \\// different RTTs such that FAST is unstable.

1 \ | For two flows with equaky, 1 = ps = 1/2, so the loop

-15 <‘P (e ] gain (24) reduces to
-2 | e 5T1 —5To
- ° Reallaxis ’ ’ (1=e™™)+ (1—e™)
L(s) = 4201 572 . (25)

) 2 — e=5T2 — g—ST1
Fig. 4. Construction of’(j¢). The circle isl —e~7¢; T'(j¢) is where the -e ¢ )
line joining the conjugate of — e=J¢ to the origin cutsRe(z) = 1/2. The The crux of the proof is that the loop gain becomes very

circles showj¢ = s71, and the triangles shoyi = st,. The dash-dot line  |arge neaw = 27/(; + 72) as the heterogeneity increases.
joins 1 —e~J¢ to its conjugate, and the dotted line joilig;j ) to the origin. Let A\ = 7, /(1 + 7). Letw(ri, A, 3) be the solution to
: ) 9’

wTe =27 — w1 — G, (26)
wherey € (0, 1] is a step size and, is a constant measured in
packets. Since we are interested in local stability, wedliize With w71, w7, € (0,27) and§ € (0,wny). Let

and take the Laplace transform of (19). That yields Ly(8) = L(jw(ri, A ) 27)
a;d; . —jwr , JwT B (] — e—iwT
(s + ’y%) wi(s) = —y——pi(s)e "7, (20) € (1 - ed@n+8)y 4 e ¢ (1-e )
T qT; . jwT Jj2r —wn — ) 28)
while the linearization of the network model (1), (3) gives 2 —elwnelf — emjwm \
N R N (s) where eachw in (28) refers taw(ry, A, 5).
- = Y The following lemma is proved in the appendix.
<c + Z Tigo 6571,) p(s) Z (@) g p pp ix.
=1 =1 Lemma 3. Letw* = 27/(m; + 72). Then (25) satisfies
Combining (20) and (21) gives a negative feedback system .
with an open loop transfer function Im(L(jw*)) > 0. (29)
N Let 3 = (27))3. For 0 < A < 1/(2m)?, (27) satisfies
L(s) = 3ol (22a) Im(Ly(8)) < 0 (30)
where ! -
and for all w € [w* — 3/71,w*], (25) satisfies
(67} (67 xX;
R T (e2b) IL(jw)| > ——. (31)
G n=l T = A11N2
Li(s) = ;76 -— (57:) (22c) For all w > 0, the general case (21), and hence (25), satisfies
TSty T (sTy) p
1 d .
T(sT) = [ (22d) dw arg(L(jw)) < 0. (32)

The primary result of Lemma 3 is (31) which shows that

Note thatRe(T'(j¢)) = 1/2 for all ¢. Definey such that  yere is an arbitrarily large positive feedback nedr To see

1 1 1 sin(g) where this arises, consider the limit@as; — 0. As 75 > 74,
) +y(9) = 1—e3% 2 7201 cos(9)) (23)  the second term in the numerator of (28) is small, and so to
first order,

Geometrically, T'(j¢) is the intersection between the line ) )
Re(z) = 1/2 and the line passing through the origin and the, (3) ~ 7(—1 + cos(wm))/(jwrt) — (sin(wr1))/(wT1)

point 1 — 7, as shown in Figure 4. As a consequence, 2 —2cos(wti) —jf3
T = YN, wT(sm:) also lies on the lineRe(z) = 1/2. In 1 —wn +j(wn)?/2 23
particular, asv increases from 0 tB@7 /7,.x, 7' monotonically ~ 'VTTI ()2 — jj3 (33)

traces the line from /2 — joo to 1/2 + joo.

We now focus on the case gf— 0, in which using sin(a + 3) — sin(a) ~ @ for small a,3. The large

gain results from the cancellation of the imaginary part of
N T(s7)e™"T¢ [s7; the denominator, by the,, leaving only;j3. Physically, this
L(s) = VZW#- (24) is because there is feedback on the timescale, 6f 7 ; the
im1 2n=1 HnT(57n) feedback gain should normally be reduced in proportion ¢o th
This model will now be used to predict two previoushffeedback delay [21], but flow 1 scales its gain in proportion
unknown modes of instability of FAST. to its own, much smaller, RTT.
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Theorem 4. For all v > 0 and 7; there exists & such that

for all = > 7 the model (25) is unstable. Fig. 7. Values of'(jwr) = 1/(1 — e~7%T) for p1 = pa = 1/2, and
71 = 100.1ms, 7o = 200ms, k = 2. The numerator ofL(s) is bounded

Proof: By (32) and the Nyquist criterion, (25) is unstabléelow in magnitude byy: (w*)/(2w*)| ~ 19, which is 47 times smaller
if and only if L(jw) c (—oo,—l) for somew, since low than |y1 (w*)], but much larger than the denominat¢f; + 7%)/2 = 1/2.
frequency behavior is as in [21].

ol ——— 5 ~ .
Let 7 = max(y/411/7, (2m)%). For anyr, > 7, the right cgnfirmed by NS simulation, is expected not to appear in real

hand side of (31) exceeds 1, and (29) and (30) of Lemman tworks with jitter as explained in Section IV-D (like the

hold. By (29) and (30)L(jw) crosses the real axis for some . L
w € [ — B/m,w*], and by (32), this crossing must bephase effect artifact [5]), but affects formal stabilityopfs.

clockwise and must be a crossing of the negative real axis Consider a network (24) withv’ = 2 flows with equal rate,
g 9 "= 1o =1/2and RTTsr, = 1+d andm = k, k = 2,3, . ...

By (31) of Lemma 3, this crossing must be to the left 1= . . . .
14 j0, proving the instability. Oﬁ ¢ is sufficiently small, this system oscillates with a freqoen

; . . nearw* ~ 2w(1 —4§/(k+ 1)), as will now be shown.
The following numerical results support Theorem 4. This is Recall that the individual term&(jwr) = 1/2 + jys(w)

the first example to show instability of FAST TCP; prewouEe on the line{z € C|Re(z) — 1/2}, as does their convex

\évlj)f;:(ciz::eﬁeggrosr]eor\:;itthIii %Secljtbgtli letaegrfg)(;]e cases wit ombination in the denominator of (24). Each of these points
9 y y : moves vertically upwards as increases, at a rate depending

Example 1: Instability due to Heterogeneous RTTs on 7;, with all starting from1/2 — joo atw = 0. Ford <
Consider two FAST flows with 1040 byte packets sharing &/k, y1(w) is negative forw € (27/(1 + d),27) and takes
200 Mbit/s bottleneck, withi; = 10 ms andd, = 303 ms and all values less tham, (27). Similarly, y»(w) takes all values
FAST parametersy = 0.5 and @ = 100 [30]. The Nyquist greater thany,(27/(1 + 4)) in that interval. Thus, for some
plot of (25) in Fig. 5 encircles-1, indicating instability. NS-2 w*, y1(w*) + y2(w*) = 0 making the denominator of(s)
simulations, reported in the three remaining plots, shoat thequal 1/2, as illustrated in Figure 7. However, sinCe~ 2,
there is indeed sustained oscillation at arodnd, ~ 3Hz. for § <1 the numerator of (24) is approximately
The variation inwindow size shows that this is not simply (k+1)/2+ j(k — Dy (w*)
packet-level sub-RTT burstiness. For this and Example 2, .
FAST’s multiplicative increase mode was disabled. ] .
Similarly, consider two FAST flows with 1500 byte packet$incey:(w*) < y1(2w) — —oo asé — 0, the magnitude of
sharing a 1 Ghit/s bottleneck, with = 6 ms andd, = 130 ms  L(s) can be made arbitrarily large by takimgsmall. More-
and FAST parameters = 0.5 and a = 30 packets. This OVer, this large value occurs wheis) lies approximately
system was implemented in WAN-in-Lab [15]. Fig. 6 show8N 'ghe negative real axis. This causes the Nyquist curve to
that there is again sustained oscillation of over 50 pachketsencircle—1+ ;0, and the system to be unstable.

jkw*

around1/ds ~ 8 Hz, indicating instability. In contrast to the previous mode of instability, which was
- o caused by the short-RTT flow over-reacting to congestion due
C. Instability due to RTT synchronization to very heterogeneous RTTs, this new mode is caused by

The precise timing of the model (24) allows another modarecise cancellations when the ratio of the RTTs is approxi-
of instability, now to be described. This instability, whiés mately rational [9]. In the previous example, the Nyquistveu
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Fig. 8. Instability of FAST due to synchronized RTTs: = 101 ms, 2 = then fOI‘L(S) defined by (24)’
200 ms. Subfigures as for Figure 5. L(j ) c H( ) 37)

Proof: By definition, L(jw) € H(w) is equivalent to
encircles—1 + j0 in its first loop around 0. This time the N
Nyquist curve encircles-1 + j0 in the kth loop around O, .
when the cancellation occurs. This corresponds to a frezyuen arg(L(jw) +1) +arg (Z “iT(STi)> € (=7/2,7/2), (38)
the reciprocal of the smaller RTT, rather than the larger. =1
The following NS-2 simulation shows instability due to thisor in other words,
mechanism.

Example 2: Instability due to precisely matched RTTs arg (Z Hi
Consider two FAST flows withy = 1 and o = 200 packets,

sharing a bottleneck with = 500 Mbit/s, with d; = 94.4 ms  which is equivalent to

andd, = 193.4 ms givingm, = 101 ms andm = 200 ms. i
The Nyquist plot of Fig. 8 again predicts instability, and-NS; _ R, <M |:T(jw7’)(]. 4 e ’ )D
2 also exhibits oscillation. As well as the predicted peak at Jjwt
10Hz, there is one at 5Hz, because the implementation of
FAST freezes the window every alternate RTT, as seen in the—
bottom right hand figure, introducing severe nonlinearity.

N

T(jwr) + Y T jwﬂ)>€ (—m/2,7/2)

=1

e JWTL

M {(1 — cos(wr))(1 — Vsm(m)) —

v sin(wT) cos(wT)
wT wT

B - 3 Thus, (38) is satisfied if (36) holds. |
D. Sufficient conditions for stability Remark: The techniques used here, analogous to those

With these two mechanisms which can cause instabilifjscussed in [24], yield significantly tighter bounds thhase
for arbitrarily small gain~y, one might despair of finding in existing linear stability analysis of TCP, which is nesay
any conditions under which (24) can be shown to be stabfer the analysis of this problem with the accurate modell
However, it turns out that it is stable when there are many
flows, or in the realistic case of networks with slight jiter ~~ Figures 9 shows the maximum for which (36) holds

Let 12 : (0, Tmax] — RT U{oo} be the distribution of RTTs, (truncated to 2). The frequencies at which instability soed
weighted by the rate of flows with each RTT:; for finitely man)ﬂue to heterogeneity (example 1) and synchronization (exam
flows, this is a sum of impulses weighted by the discrete Ple 2) are cases where (36) only holds for very smafbmall
Then sums weighted by; are replaced by integrals, denotedPerturbations of cause the “synchronization” dips vanish, but

for any distribution ofr, (36) is violated at low frequency.

Mf(r)] := /me f(r)u(r) dr. (34) The next lemma shows thdt(jw) cannot crosg—oo, —1] in
0 a low frequency region.

Further, letsinc(¢) = sin(0)/0. Lemma 6. Let1/7 = [(1/7)u(r)dr,
Define H(w) as the half plane under the line through .
—1+ 30 with complex argumen§, — arg (anl MnT(STn))_ o(w) = / sin(wr) ) dr / sin(wT) (7_) dr
1 — cos(wT) 1 — cos(wT)
Formally, (39)

N and
arg(z + 1) —f—i— arg <Z STn> -7 0)} w' =max{w: VYw € (0,w"), p(w) > 1}. (40)

B (35) Thenw* > 7/mmax andIm(L(jw)) < 0 for all w € (0,w™).

Hw)= {x



Proof: By (23), y(wT) < y(wTmax) < —1/2 for all w € steady state throughputs. For delay based protocols, new

(0,7 /Tmax], @aNdT € (0, Tax). TheNW* > T/Timax SiNCE modes of instability were identified, and it was demonsttate
2 that the model is tractable enough to find regions of stamfit
plw) = /—Qy(wT)u(T) dr/—2y(w7)—u(7) dr practical importance. These results, ranging from equilib
. T to dynamics, help bridge the gap between existing largedsodi
> /M(T) dr/ ZM(T) dr of work on fluid models.e_md p'ackgt Ievgl stqdies. _
T There are several exciting directions in which to extend thi
= L work. For example, the number of flows is assumed to be fixed

. . d it would be very interesting to see the effect of the new
If K1K, > K2 thenRe([—K, + jK1)/[K, + jK2]) > 0. 2" \ . ne :
Thus (40) implies that for at € (0, w*), model on networks with dynamically arriving and departing

flows [3]. Also, the analysis remains to be extended to génera

—1+j [ —2y(wr)(7/7)p(7) dT networks which can potentially have multiple congestekdijn
0 < Re( L+ 5 [ —2y(wr)u(r)dr ) on which we are optimistic as the model itself extends to
[(=(1/2) + jIm(jwr))u(r) dr general networks naturally as shown in a companion paper [9]
= ~wilm (ij J((1/2) + jIm(jwT))p(T) dr> ACKNOWLEDGMENTS
= —wrlm(L(jw)) The authors thank David Wei, whose Ph.D. thesis triggered
whencelm(L(jw)) < 0 for all w € (0,w*). - this study, for discussions and the NS-2 data in Figure 2s Thi

work was supported by NSF under grant 0435520 and grant
EIA-0303620, the WAN-in-Lab project; the KTH ACCESS
Linnaeus Centre, the Swedish Research Council, the Swedish
Foundation for Strategic Research, and the European Com-
Theorem 7. Let0 < a <7, 0 < h <1/(2a) and letd <1 mission through the Network of Excellence HYCON and the
be such that Integrated Project RUNES.

d > sinc(am/Tmax)- (41)

We can now show a sufficient condition enfor FAST to
be stable. It says that if there are many flows, with suffitjent
uniformly spread RTTs, then FAST will be stable.

V1. APPENDIX
Then for any distribution:(7) : (0, Tmax] — R™ U {oc} with | emma 3 follows from the following four lemmas.
wu(t) > h forall 7 € (19 — a,79 + a), and for any

Lemma 8. Letw* = 2m/(m + 72). Then (25) satisfies

v < 2ah(1 —96), (42) .
. . i Im(L(jw™*)) > 0. (44)
the transfer function.(s) given by (24) is stable.
. . . Proof: Let ¢ = w*m. Since w*r, = 27 — w*my,
Proof: It is sufficient to show that the Nyquist curve doe%os(w*m) — cos(e) andsin(w*m) = — sin(e), giving

not intersect(—oo, —1]. By Lemma 6, this does not happen

for w < 7/ Tmax- L(jw*) = J(1 n 1 (11 sin(e)
Since (—oo, —1] U H(w) = 0, it remains by Lemma 5 to T T o\ e T —e e 2m—¢) 2—2cos(e)’
show (36) holds for allv > 7/Tax. Sincel — cos(wt) > 0,

Since0 < e < 2w, the imaginary part is positive. [ ]
To+a
M[1 — cos(wT)] > h/ 1 — cos(wT) dr Lemma 9. Let 3 = (2m)\)3. For A < 1/(27)2,
= 2ah(1 — cos(wTp)sinc(wa)). (43) Im(Lx(8)) < 0. (45)
Similarly sinc(6) < 1 and henceM[sinc(wr)] < 1. Proof: Let w be the solution of (26). Note thatr; < 2w\
Since ar/Tmax < /2, andsine(f) < sinc(w/2) for ¢ > andf <wm. If Ly(5) can be expressed as
/2, it follows thatsinc(wa) < ¢ for all w > w* > 7/Tmax. N, + jN;
Combining this with (36), (43) andos(wmy) < 1 shows that D, % iD; (46)

(42) implies L(s) is stable. [ ] _
Note that condition (42) is only a sufficient conditionWith N <0, N; >0, D, > 0 and D; < 0, then the lemma
and is loose for very peaked distributions Typically follows provided thaiN;/N,| < |D;/D,|, or equivalently

Misinc(wT)] < 1 for w with cos(wmy) = 1 and vice versa. N,D;

> 1. (47)

V. CONCLUSION N; D,

We have studied window based flow control, the dominant Let the numerator of (28) b&/,. + jN; with N,., N; € R.
congestion control mechanism in the current Internet, \&ithThen, using) —63/6 < sin(f) < 6 andcos(f) < 1—6?/2, we
new model that naturally includes sub-RTT burstiness. Thigve Moreover, using — cos(z) < 22/2 andwr < 2w\ <
microscopic burstiness was analytically shown to havebleta 1/(2x), we have0 < N; < 10\/3.
effects on macroscopic properties including both steadtest Let the denominator of (28) b®,. + jD; with D,, D, €
bandwidth allocation and flow level dynamics. For loss bas@&l Then, usingl — cos(z) < 2%/2, 8 = (27A)® < X and
protocols, we analytically showed that paced and unpaceé®l TG~ < 27\ < 1/(27), we haved < D, < \?((27)2 + 3/2).
flows, following the same window update rule, have differedMoreover, usingl — cos(z) < z?/2, sin(z) < z, 8 < 27



and wr; < 27\ < 1/(27), we haveD; < (27A\)3(—1 +
1/(27)?) < 0.

Given the signs of the foregoing,
N, D; 10/11 (27A)3(1 — 1/(27)?)
N;D,.| — 10A/3 X%((2m)%2+3/2)
as required. [ ]

Lemma 10. Let 8 = (2nA\)? andw* = 27 /(71 + 72). For all
w € |w* — B/m1,w*], (25) satisfies

, v
> — .
LW 2 5z (48)
Proof: Let D(s) = (2 — ™52 — ™),
e 5T Ty
Ni(s) = (1—e5™), No(s) = (1—e ™)
5T1 STo

andn = w* —w € [0, 8/71]. By (25),

IL(jw)| Z ([N (Gw)| = [N2(jw)])/|D(s)].
Usingcos(f) = cos(2m —0), 21 — (w*Te —nT2) = w*T +N72,
cos(f) > 1—0%/2 andsin(6;) — sin(6;) < |01 — 02| gives

D@ (w* —n))|
(W't —n7)? + (W + n72)
2
Further usindz+jy| < |z|+|y
andn < (2r)\)3 /7 gives
ID(j(w* =m)| < 406)*. (49)
Similarly, sincesin(¢) = — sin(2r —6) andsin(w* +n72) >
sin(w*m — ) for 0 < w*rm — nm < Ww*m + N7 < /2,
IN1(j(w" =) = 0.995. (50)

Moreover, usingl — cos(z) < 22%/2, sin(z) < z, A =
w*r/(27) < 1/(2m)% andn < (27A)3 /74,

2
< +jn(m + 72)|-

AL T /T < 1w =27

IN2(j(w" —m))] < 0.04 (51)
Combining (49), (50) and (51) gives
- 0.99y g
— > > .
[ ]
Lemma 11. For all w > 0, the L(s) of (24) satisfies
d
2 18(L(jw)) < 0. (53)

24
Proof: As w increases, the numerator and denominat([)r]
of (24) are piecewise continuous, with simultaneous junsg di

continuities and singularities at = 2kn/7; for k =1,2,....

Except forw = 0, these singularities are removable, dfgw)

is continuous. Thus it suffices to show thatg(L(jw)) is

decreasing where the denominator is continuous.
Substituting (23) into (24), gives

L(s) = 7 Xony (/) Gy(wT) — 1/2)
Jo SN (Gy(wra) +1/2)

As w increasesy(wT,) increases, except at the singularitiesl.zg]
Since the numerator is in the left half plane, its argumepio)
decreases, while the denominator is in the left half pland, a

its argument increases. [ ]
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