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ABSTRACT. For the pth-order Korteweg-de Vries equation,
Uy + uP Uy + Ugzz = 07

we determine all travelling-wave solutions which may be expressed
in terms of a single Jacobi cosinus amplitudinus (cn) function. This
development includes the known cnoidal solutions for p = 1 and
the soliton solutions for all p. For p = 2, we present a new class
of cnoidal solutions with an arbitrary period. Moreover, we show
that for odd p, there are solutions in terms of the secant function.

1. SIMPLIFYING THE EQUATION

We begin with the pth-order Korteweg-de Vries equation,

Up + UP Uy + Uy = 07
u(z,0) = up(x).
We shall consider the travelling-wave ansatz u(z,t) = ¢ (x — dt), which
transforms the original PDE into the ODE
—dug + uP Uy + Ugpr = 0.
A single integration yields
—du + Iﬁupﬂ + Uy = A.
Multiply this equation by wu, and integrate again to reach
1 2 1 2172

The constants A and B lie at our disposal.
Define y = x — dt, and set

o(x,t) = a+bcn? (cy;m).

Throughout, the shorthand cn? will replace cn? (cy; m). For each p, we
shall find all exponents ¢ and attendant constraints on the parameters

Date: 20 November 2001.



CNOIDAL SOLUTIONS TO KDV 2

a, b, c,d and m so that ¢ satisfies Equation 1.1 for some pair of constants
A and B.

2. ANALYSIS OF TERMS BY ORDER OF EXPONENT

Set u = ¢, and consider the terms on the left-hand side of Equa-
tion 1.1. The first term

3(0)* = 5(beg en™" (cy;m) sn (cy;m) dn (cy;m))?

=P en?@ Y (1 — en?) (1 — m?) +m? cn?)
= %bzcz(f {(1 —m?) cn?@ +(2m? — 1) en® —m? cn2(q+1)} ,

using the properties of the Jacobi elliptic functions. (We denote by sn
and dn the sinus amplitudinis and delta amplitudinis functions.) The
next term

p+2 b2

1 p+2 1 p+2—kik kq

e = e D ( i )a b" en™,
k=0

and the final term
—%dgpz = —%azd — abd cn? —%bd cn? .
Meanwhile, the right-hand side of Equation 1.1 is given by
Ap+ B = (aA+ B)+bA cn?.

Now, let us collect the terms from the foregoing expressions in Table 1.
Since terms of distinct orders are linearly independent, we obtain a sep-
arate equation for each order. Nota bene that some of the expressions
in the leftmost column may not be distinct, which point is the crux of
the analysis.

3. THE CASE p=1

Notice that the selection p = 1 simplifies Table 1 substantially, so

that there are no terms beyond those of order 3q. Moreover, if none of
the other rows have the same order as 3¢, then
hal 153 = 0.
It follows that b = 0, which implies that ¢ is constant. We can avoid
this infelicitous conclusion by requiring that one of the other expres-
sions in the left-hand column of Table 1 equal 3¢. Naturally, we forbid
g = 0 to ensure that ¢ is nontrivial, so the remaining choices are
2(q—1) =3qor 2(q+1) = 3q. That is, ¢ = £2. Let us pursue each of
these options separately.
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TABLE 1. Analysis of terms by order.

Exponent on cn Left-hand side Right-hand side
0 ma’”z — %CL2d CEA -+ B
q ﬁapﬂb — abd bA
2(¢g—1) 1022 (1 — m?) 0
2q %b202q2(2m2 —-1)— %bd + %apb 0
2(q+ 1) _%b2c2q2m2 0
3q %a”_lb3 0
4q %cﬁ”‘zb4 0
1 +2
(p+2)a e 0

3.1. A cnoidal solution. When ¢ = +2, Table 1 reduces to the fol-
lowing system.

%ag — %azd— aA = B
1a®b— abd + 2b°c*(1 —m*) = bA
20°c*(2m* — 1) — 1bd + Lab®

%bg —20°c*m? =

e e
I S R
N N N

Solving Equations 3.3 and 3.4 yields the constraints

b 12¢2m? and

d = 12*m*(8¢*m® — 4c* + a).

Since A and B are arbitrary, Equations 3.1 and 3.2 do not place any
additional restrictions on the coefficients. In consequence,

o(x,t) =a+bcn® {c(x — dt);m} (3.7)
satisfies Equation 1.1 so long as Conditions 3.5 and 3.6 hold. This is

the standard cnoidal solution to the lst-order KdV equation, and it
includes soliton solutions as a special case when m = 1.
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3.2. A reciprocal cnoidal wave. When ¢ = —2 the resulting system
of equations looks slightly different.

la*—id°d—aA = B (3.8)
$a’b — abd — 20°c*m® = bA (3.9)
20°c*(2m* — 1) — bd + Lab® = 0 (3.10)
W +20*°*(1—m*) = 0 (3.11)
Equations 3.11 and 3.10 provide constraints
b = 12¢*(1—m?)  and (3.12)
d = 1221 — m?)(8c¢*m?* — 4c* + a) (3.13)

As before, the other two equations do not place additional restrictions.
Thus
o(x,t) =a-+ben?{c(x —dt);m} (3.14)

satisfies Equation 1.1 so long as Conditions 3.12 and 3.13 obtain.

4. THE GENERAL CASE

Let p > 2. As before, we require a second term to have the same
order as the (p + 2)q term to ensure that b is nonzero. If ¢ is nonzero,
the only feasible options are 2(¢—1) = (p+2)q and 2(¢+1) = (p+2)q,
which yield the condition ¢ = £2/p. When ¢ has this form, there is a
single term of order 3¢, which leads to the equation

p p—173 _
aaf b =0.

We must accept the conclusion that a = 0 to prevent ¢ from becom-
ing constant. That is, nontrivial cnoidal solutions to KdV admit an
additive constant only when p = 1.

Selecting a = 0 simplifies the problem tremendously. In fact, the
only terms which remain bear exponents of 2(¢ — 1),2¢,2(q¢ + 1) and
(p+2)q. Let us consider four separate cases.

4.1. Another cnoidal solution. Setting p =2 and ¢ = 1, we obtain
the following system of equations.

we(l-m*) = B (4.1)
WAl —m?) + 3’ (2m® —1) — 2bd = 0
%64 B %bzczmz _
Equations 4.2 and 4.3 yield the constraints
b = m|c]V6 and
d = m®lE|Ve.
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No additional restrictions fall from Equation 4.1. Therefore,
o(z,t) =ben{c(x — dt);m} (4.6)

satisfies Equation 1.1 whenever Conditions 4.4 and 4.5 are fulfilled. We
see that the 2nd-order KdV equation also has a cnoidal solution. As
before, the selection of m = 1 reduces Solution 4.6 to a soliton.

4.2. Soliton solutions to the pth-order equation. Now, consider
the case where p > 3 and ¢ = +2/p. These choices yield another
system of equations.

272 (1—m?) = 0 (4.7)
2p 2 (2m* —1) — 2bd = 0 (4.8)
1 2 -2;2 2 2 __

Since b = 0 and ¢ = 0 yield trivial waves, Equation 4.7 implies that
m = 1. Then, Equations 4.8 and 4.9 become

2¢3(p + 1 2)\ '/
b = < clp +p2)(p+ )) and (4.10)
4t (22 (p + 1 2)\ /7
If Conditions 4.10 and 4.11 hold, then
o(x,t) = bsech®? {¢(x — dt);m} (4.12)

satisfies Equation 1.1. And so the pth-order KdV equation has a soliton
solution.

4.3. Another reciprocal cnoidal wave. The case when p = 2 and

g = —1 also distinguishes itself. Equation 1.1 reduces to the following
equations.

—1iv*em®* = B (4.13)

weem? —1)—3bd = 0 (4.14)

Lot + 11 -m®) = 0 (4.15)

We obtain two conditions from Equations 4.14 and 4.15.
b = |c]vV1—m2V6 (4.16)
d = |(@2m?—1)V1—m*V6 (4.17)
Equation 4.13 does not develop into a constraint. Thus,

o(x,t) =bcnt {c(x — dt);m} (4.18)
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solves Equation 1.1 when p = 2 and Conditions 4.16 and 4.17 both
hold. When m = 0, Solution 4.18 is a travelling secant curve.

4.4. More secant solutions. It turns out that KdV equations of odd
orders have secant solutions. Let p be an odd number no less than 3,
and put ¢ = —2/p. We must solve the following system.

—2p7 %% *m? = 0 (4.19)
2p70°(2m* — 1) — 2bd = 0 (4.20)
2 ~272 2 2

It follows from Equation 4.19 that m = 0. Then Equations 4.20
and 4.21 yield

y _(2c2(p+pl2)(p+2))l/p and (4.29)
22 (2°(p+ )(p+2) 1/p
d = ( . ) . (4.23)

Therefore, every odd-order KAV equation has a travelling secant solu-
tion of the form

o(x,t) = bsec?? {c(z — dt)}, (4.24)
where the parameters fulfill Conditions 4.22 and 4.23.

5. INTEGRABILITY OF RECIPROCAL CNOIDAL WAVES

Let us establish a lemma which will enable us to determine when
negative powers of the cnoidal function are locally integrable.

Lemma 5.1. The function v defined by
Y(x) = en”YP(z;m)
is locally integrable if and only if p > 3 or m = 1.

Proof. Since cn(x,1) = sech(x), it is immediate that cn=2P(z,1) =
cosh?? (z). The hyperbolic cosine is everywhere continuous, so it is
integrable on compact sets. Therefore, we need only consider the case
where m < 1.

The function v is continuous except at a discrete set of points, so it
is necessary and sufficient to compute its integral in the neighborhood
of a single discontinuity. If z is a zero of the cn function, then

V1 —m?2sn (z;m)

dn (x;m)

cn (2 + z;m) = ,
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so we may as well investigate the behavior of the right-hand side for
small x. Form the integral

z+e 5 dn2/p(3:' m)
— (1 _ 2\—1/p )
vtets = 1=ty [ SRS

Y
zZ—€

where ¢ is a small positive number. Since m < 1, the delta amplitudinis
function satisfies the inequality

0<B<dn(x;m)<C<2

for all . The fact that sn?? is even and nonnegative allows us to
bound the integral above and below.

£ dLL’ z+e 3 dSL’
B — < dr < -
[ s =] vwwse [ o

where the constants have been combined. The sinus amplitudinis func-
tion is analytic, and it has Taylor series development

snz=2z— +(14+m?)z"+ Rs(z)

about the point z = 0. Since ¢ is microscopic, we may use the first
terms of the series to continue the estimate:

5 z+e€ 5
B/Ci_jcg ¢(x)dx§C’/ dz 57
g x4P z—e 0 {gj_%(lemz)gjg} P

Noticing that the right-hand integral satisfies the relation

S <{l- %(1+m2)52}_2/p/ 727 du,
0

/5 dz
o {z—1(1+ m2)a:3}2/

we obtain
z+

B/ P dr < @D(x)deC/ %P dx.
0 0

It follows that the integral of ¢ converges if and only if —2/p > —1,
viz. p > 3. O

Using this lemma, it is a simple matter to show that Solutions 3.14
and 4.18, the reciprocal cnoidal waves obtained when p = 1,2, are not
locally integrable. In consequence, they cannot correspond to a (lo-
cally) finite quantity of fluid. We must question the physical interpre-
tation of these waves. On the other hand, the travelling secant waves
corresponding to Solution 4.24 are locally integrable, which suggests
that they might actually model some physical phenomenon.



