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Abstract. We prove convergence of a modified point vortex method for time-
dependent water waves in a three-dimensional, inviscid, irrotational and incompress-
ible fluid. Our stability analysis has two important ingredients. First we derive a
leading order approximation of the singular velocity integral. This leading order
approximation captures all the leading order contributions of the original velocity
integral to linear stability. Moreover, the leading order approximation can be ex-
pressed in terms of the Riesz transform, and can be approximated with spectral
accuracy. Using this leading order approximation, we construct a near field cor-
rection to stabilize the point vortex method approximation. With the near field
correction, our modified point vortex method is linearly stable and preserves all the
spectral properties of the continuous velocity integral to the leading order. Nonlin-
ear stability and convergence with 3rd order accuracy are obtained using Strang’s
technique by establishing an error expansion in the consistency error.

1. Introduction. We prove convergence of a modified point vortex method for
time-dependent water waves in a three-dimensional, inviscid, irrotational and in-
compressible fluid. Boundary integral methods have been one of the commonly
used numerical methods in studying fluid dynamical instabilities associated with
free interface problems. They have the advantage of reducing the problem of the
free surface flow to one defined on the interface only and thus allow higher order
approximations of the interface. Computations using a boundary integral formu-
lation in three space dimensions include [2, 6, 14, 20, 21, 25]. On the other hand,
boundary integral methods often suffer from high frequency numerical instabilities
[22, 11, 15]. Various stabilizing methods have been proposed in the literature to
alleviate this difficulty [11, 3, 5]. Using a spectral discretization and certain Fourier
filtering, Beale, Hou and Lowengrub [5] proved convergence of a spectrally accurate
boundary integral method for two-dimensional water waves. A key idea is to en-
force a compatibility between the quadrature rule of the singular velocity integral
and that of the spatial derivative. This discrete compatibility is achieved by using
a Fourier filtering. The amount of filtering is determined by the quadrature rule in
approximating the velocity integral and the derivative rule being used.
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The stability of boundary integral methods for three-dimensional water waves is
considerably more difficult than the corresponding two-dimensional problem. The
two-dimensional interface problem has a special property, namely the singular ker-
nel has a removable simple pole singularity. As a consequence, spectrally accurate
approximations can be constructed for the velocity integral and certain compatibil-
ity between the quadrature for velocity integral and the quadrature for the deriva-
tive can be enforced. In a three-dimensional free surface, the singular kernel has a
branch point singularity which is not removable. Straightforward approximations
of the singular integrals do not preserve the spectral properties of these singular
integral operators. By the spectral properties of a singular integral operator, we
mean the high frequency information contained in the Fourier transform of a sin-
gular integral operator. The well-posedness of 3-D water waves is a consequence of
the subtle balance of the spectral properties of various singular integral operators.
Violation of this subtle balance makes it susceptible to numerical instability. This
is why it is difficult to design a numerically stable boundary integral method for
three-dimensional water waves.

In this paper, we propose a stable and convergent boundary integral method
for three-dimensional water waves. The method is a variant of the point vortex
approximation. Without any modification, the point vortex method approximation
is numerically unstable for three-dimensional water waves. Our stability analysis
has two important ingredients. First we derive a leading order approximation of the
singular velocity integral. This leading order approximation captures all the leading
order contributions of the original velocity integral to linear stability. Moreover,
the leading order approximation can be expressed in terms of the Riesz transform,
and can be approximated with spectral accuracy. Thus the spectral properties
of the original velocity integral are preserved exactly at the discrete level by this
leading order approximation. Secondly, the term consisting of the difference of
the original velocity integral and the leading order approximation is less singular
and does not contribute to linear stability. Thus it can be approximated by any
consistent quadrature rule such as the point vortex method approximation. Since
the leading order approximation in effect has desingularized the velocity integral,
we obtain an improved 3rd order accuracy of the (modified) point vortex method
approximation for 3-D water waves.

Our boundary integral method can be interpreted as a stabilizing method for
the point vortex method. The difference between the spectral discretization and
the point vortex discretization of the leading order approximation constitutes a
near field correction to the original point vortex method. This nonlocal correction
accounts for the near field contribution of the singular velocity integral. Although
this correction term is small (of order O(h)), it contains the critical small scale in-
formation which is essential to the stability of the boundary integral method. With
the near field correction, we can show that our modified point vortex method pre-
serves all the spectral properties of the linearized operators at the continuum level.
As a consequence, we prove that the modified point vortex method is stable and
convergent with third order accuracy. Furthermore, using a generalized arclength
frame (see section 6, and [16]), the near field correction becomes a convolution oper-
ator which can be computed by Fast Fourier Transform with O(M log M) operation
count, here M = N? is the total number of discrete Lagrangian particles on the
free surface.
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As in the convergence study for a boundary integral method for 2-D water waves
in [5], it is important to separate the treatment of linear stability from that of
nonlinear stability. It is linear stability that plays the most important role in
obtaining convergence of a boundary integral method, as long as the solution is
sufficiently smooth. As observed by Strang [24], if there exists an error expansion
for the consistency error and the problem is linearly stable, then nonlinear stability
can be obtained by the smallness of the error. In conventional convergence analysis,
we usually compare our numerical solution with the exact solution. Strang’s trick is
not to use the “exact” solution in studying convergence, but to construct a “smooth
approximate solution” that is O(hP) perturbation of the “exact” solution (p is the
order of the numerical scheme being considered). This smooth approximate solution
satisfies the discrete equations more accurately: R(t) = O(h") for arbitrarily large r
as long as the continuous solution is sufficiently smooth. Existence of such smooth
particles is guaranteed by the existence of the error expansion for the consistency
error. Then, in the stability step, one can bound e(t), the difference between the
smooth approximate solution and the numerical solution. If the numerical method
is linearly stable, nonlinear stability can be obtained by using the smallness of the
error e(t). This greatly simplifies the nonlinear stability analysis. In our modified
point vortex method, the order of accuracy is p = 3. This is not accurate enough
and Strang’s trick has to be applied to obtain nonlinear stability. In section 5, we
prove the existence of the error expansion in terms of the odd powers of h. We
then use this error expansion to construct a smooth particle solution which satisfies
the modified point vortex method with 5th order accuracy. Thus application of
Strang’s technique proves nonlinear stability and convergence.

We remark that Beale [4] has recently analyzed convergence of a boundary in-
tegral method for three-dimensional water waves. The method analyzed in [4] is
based on a different boundary formulation and uses a desingularization in the inte-
gral formulation. Another important ingredient in his analysis is the use of a special
cut-off function in regularizing the singular kernel. One advantage of using desingu-
larization in the boundary integral formulation is that it does not require smoothing
to control the aliasing error. In this paper, we also use a similar desingularization
technique to avoid the need of using Fourier smoothing.

The organization of the rest of the paper is as follows. In section 2, we present
a boundary integral formulation for three-dimensional water waves. In section 3,
we demonstrate the instability of the classical point vortex method. In section 4,
we introduce our new stabilizing technique and present our modified point vortex
method. Section 5 is devoted to the consistency analysis. Section 6 is devoted to
studying properties of some singular integral operators which are closely related
to our stability analysis. In section 7, we present our stability and convergence
analysis. The proof of several technical lemmas is deferred to the Appendix.

2. A Boundary Integral Formulation for 3-D Water Waves. We first review
the boundary integral formulation for the 3-D water wave problem. Throughout
the paper, we will use bold face letters to denote vector variables. We assume
that the flow is inviscid, incompressible, irrotational, and is separated by a free
interface. We assume that the fluid has infinite depth. The state of the system at a
time ¢ is specified by the interface x(c,t) and the velocity potential ¢(«,t) on the
interface, where a = (a1, a2). To simplify the notations, we often drop the time
variable from now on, but all the quantities, x, ¢ and u will be time-dependent. To
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express the evolution, we need to write the velocity on the surface in terms of these
variables. Following [1, 14], we begin with a double layer or dipole representation
for the potential in terms of the dipole strength u(«), to be determined from ¢. We
write the potential in the fluid domain as

x) = [ [ ne)NG@) - VG- x(a)ida 1)

where N (o) = X4, (@) XX4, (@) is the unnormalized outward normal to the surface,
1
Gx—x)=-————
(x —x) dr|x — x|
is the free space Green function for the Laplace equation, and
!
X —X
VoGx—x)=———"—".
2 Glx —x) dr|x — x/|3
We define the corresponding unit outward normal vector as n(a) = N(«)/|N(a)].
It follows from the properties of the double layer potential that the value of ¢ on
the interface is given by

B(a) = Ju(a) + Kpa), 2

) and
/ / Y Glx(a) = x(a))da. ®)

Differentiating both sides of equation (1) with respect to x and integrating by parts,
we obtain

where ¢(a) = ¢(x(

// ) X Vo G(x — x(a))dd’, (4)
where n(a) = (11Xa, — Y2Xa, ) (@), and y; = 8’%, i = 1,2. Since the tangential
velocity of the interface is not unique, we need to specify an interface velocity. For
water waves, it is customary to evolve the interface with the interface velocity from
the fluid domain. Thus, to obtain the interface velocity, we need to compute the
limiting value of V@(x) as x approaches to the interface from below. By combin-
ing the stream function formulation with the double layer potential formulation,
Haroldsen and Meiron in [14] have shown that the interface velocity is given by

wiart) = [ [ n(e) x VurGilx(a) - x(@)da’ + Ju(a) x )

To make it easier for our presentation, we denote by wq the integral part of the
interface velocity,

Xag X Xasg

[Xa, X Xa2|

/ / ) X Vo G(x(a) — x(a'))del, (6)

and by wy,. the local velocity field

1 Xy X Xay

Jn0) x (7

In Lagrangian formulation, we evolve the free surface by the interface velocity
derived above, i.e.

el = ) X e S

ox

S =wan),  x(a.0)=xoa). ®)
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For the evolution of ¢(«,t), we use Bernoulli’s equation. If we neglect surface
tension, Bernoulli’s equation in the Lagrangian frame is

1
¢f§|W|2+g-x:0, 9)

where g = (0,0, g), g is the gravity acceleration coefficient. The evolution equations
(8) and (9), together with the relations (2)-(5) completely specify the motion of the
system.

Using equation (2) directly in numerical approximations is more sensitive to
numerical instability. To alleviate this difficulty, we first derive an equivalent for-
mulation for equation (2) which gives better numerical stability property than (2).
To this end, we differentiate equation (2) with respect to ;. Using (4)-(5), we
obtain

i

¢al = 5 + Xq, - Wo, I= 1,2. (10)

Note that 1 and 72 are not independent. Thus equation (10) as it stands is not
invertible in general. To solve for 71 and s, one has to supplement equation (10)
by the constraint v; = pa,,! = 1,2. Instead of solving (10) subject to the above
constraint, we will use an equivalent formulation of (10) for v in our numerical
discretization:

gl
¢al = 5 + Bl(xal ' WO) + BQ(XO@ : W0)7 l= 1,2. (11)
where P;; (i,j = 1,2) are projection operators with zero constant mode. More
precisely we define P;; in Fourier transform space as follows: (P;;)kx = ’rk’fg for

—

k # 0, where k = (k1,k2), and (P;;)x = 0 for k = 0. Here (]51\)1( stands for the
Fourier transform of P;;. Using the definition of operator F;;, we have

DoP1y = D1Pia, D1Pyy =D3P1a, Pio= Py, P+ FPyp=1I, (12)

for functions with zero modes, i.e. fo = 0. Here D; = 0%1 is a partial derivative

operator with respect to Aoy, I = 1,2. The reason that equation (11) has a better
stability property than equation (2) at the discrete level is because in deriving
equation (11) we have performed one integration by parts to cancel the leading
order singular terms.

We now show that (2) and (11) are equivalent formulations at the continuum
level. We assume that (%0 = [ip/2. As we mentioned earlier, 7, and 7, are not
independent. Using (11) and (12), we can prove (71)a, = (72)a,. Thus there exists
i, such that v, = pg,, 1 = 1,2. To solve for v, from (11), we differentiate (11) with
respect to a; and add the resulting equations. This gives

Ap
£ = T+ (tay - Wo)a, + (Xay - Wo)as, (13)
where we have used the identities:
DyPi1+ DyPyy = DiPi1+ D1Poy = D:i(P11+ Pa2) = Ds,
DyPyg + DyPsy = DyPy1 + DoPog = Do(Pr11 + Pa2) = Do,

which follows from (12).
Define A~ as follows:

(f—l)k - —@,if k 40, (A’?l)o —0.
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Applying the A~! operator to the both sides of the above equation, we get the
equation for p

¢ = g + AN ((Xa1 : WO)al + (Xaz ’ WO)az) ) (14)

where we have used the fact that (ﬁo = fi0/2. Using integration by parts and
equation (4), we can show that % = Xq, - Wo, which implies
J

(XOQ ’ WO)OQ + (Xaz ’ WO)OQ = AK(/’[’)
Therefore, equation (11) is equivalent to equation (2) up to a constant. Since
¢o = flo/2, the constant must be zero. Thus the solvability of (2) for p [1] implies
solvability of (11) for ~.
Next we express (11) as follows:

(%I+w®7==va¢, (15)

where A is two by two matrix, A = (a;;), with

a1 = P11 Ky + P2 K3, a1z = P11 Ko + PiaKy,
a1 = Po1 Ky + Py K3, a22 = Po1 Ko + Py Ky,

and
Kif(@) = %ay(@)- [ 0 xa(@) x TwGlx(a) - x(@))de’,
Kaf@) = =xa(a)+ [ (0o, () x TwGlx(a) - x(@))de,
Kaf(a) = Xap(a)- / F(0 )Xoy (0) X T G(x(0) — x(a"))de,

Kif(0) = —%ay(a)- / F(0) %o (o) % 7 Gl(x(0) — x(0))de'

Recall that an integral kernel K(z,y) is called weakly singular (see e.g. page
6 of [7]) if there exists a positive constant M and « € (0,2] such that for all
x,y € G, r # y, we have

K (2, y)| < Mo —y[*72.

It is easy to prove that the kernels K;,i = 1,2,3,4 defined above are integral
operators with weakly singular kernels. Tt follows from Theorem 1.11 in page 6 of [7]
that K;,7 = 1,2, 3,4 are compact operators. Moreover, P;; K is a compact operator
since P;; is a bounded operator (see Definition 1.1 in page 2 of [7]). Consequently
A is a compact operator (see Theorem 1.4 in page 2 of [7]).

By the solvability of (11) for -, we have

1
(GI+A)y=0=7=0. (16)

Using (16) and the fact that A is a compact operator, we can apply Theorem 1.16

in Colton and Kress [7] (page 13) to show that (37 + A)~! exists and is bounded.
Moreover, we define a set of complementary tangent vectors x;,, and xj,, as

follows:

1 1

(Xa, X M), Xzz

*

X5, (0 X Xq)-

B [Xa, X Xa,| B [Xa, X Xa,|



CONVERGENCE OF A BOUNDARY INTEGRAL METHOD FOR 3-D WATER WAVES 7

It is easy to verify that

X* cXay, = 5lk7 l,k = 1,2, (17)

a;

where §;; are the Kronecker delta functions. By projecting the interface velocity

w(a) into x}, , x},, and n vectors respectively, we obtain using (17) that

w(a) = wo+ Wi
= (W Xa,)Xg, + (W Xa,)x5, + (W -n)n
(¢051)Xj;1 + (qsaz)ng + (WO ' n)n ) (18)

where we have used
d
E¢(X(a)) =V¢ Xo, =W Xq,, [=1,2.

In summary, the evolution equations for the 3-D water wave problem are as follows:

x; = W(a)=(da,)Xs, + (9ay)Xs, + (Wo-n)n, (19)
1

o = Slw)P - g-x, (20)

by = %+Pll<xa1-wO>+Plg(xa2-wO>, 1=1,2, (21)

where wy is defined in (6).

From now on, with x(a,t) = («,0) + s(a, t), we assume that s(«,t) and ¢(a,t)
are double periodic in « with period 27w. To reduce the computational domain to
a single period, we need to replace the original Green’s function by a periodic one,
which is obtained by summing up all its periodic images

Gx)= Y G(x+2r(m,0)), (22)

meZ?2

where m = (mq,ms) is a two-dimensional integer index. When the sum is written
as in (22), it is strictly divergent. Since only the derivatives of the periodic Green’s
function will be used, one way to alleviate this difficulty is to express this sum by
using the Ewald summation techniques as outlined by Baker, Meiron, and Orszag
[2], which converts the derivatives of the periodic Green’s function into sums of
error functions. Alternatively, one can write this sum with a reflection and with a
constant subtracted from each term [4]

G(x) = % me;ﬂﬂ (G(x 4+ 27(m, 0)) + G(x — 27(m, 0)) + 27T|1m|) L@
The gradient is
VG(x) = % 3 (VG(x +27(m, 0)) + VG(x — 2(m, 0)) (24)
meZ?

It can be shown that both of these sums converge uniformly in L' on bounded sets
and G(x) gives the double periodic Green’s function [4].
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3. An Unstable Boundary Integral Method for 3-D Water Waves. In this
section, we will demonstrate that the point vortex method approximation of the
3D water wave equations (2)-(5) and (8)-(9) is numerically unstable. We denote by
x;(t) the numerical approximation of x(«;,t), where a;; = jh, j = (j1,J2) is a 2-D
integer index, h is the mesh size. Similarly we define ¢;, i1;, etc. We also need to
introduce a discrete derivative operator, Dl”7 which approximates 0,,. This could
be a center difference derivative operator or a pseudo-spectral derivative operator
with smoothing. For the convenience of our later analysis, we express the discrete
derivative operator in terms of the discrete Fourier transform. We recall that for a
2m-periodic function,u, the discrete Fourier transform is given by

B2 (N/2,N/2)

e = s > ulaz)e 1, (25)

2
(@2m (J1,d2)=(—N/2+41,—N/2+41)

where h =27 /N.

The inversion formula is

(N/2,N/2)
uj = Z ™%, (26)
(k1,k2)=(—N/2+1,—N/2+1)

In terms of the discrete Fourier transform, we can express the discrete derivative
operator as follows:

(D Py = kg ) fr  kiko= 5 41,0 (21)
where fk is the discrete 2-D Fourier transform, and p;(kh) is some non-negative cut-
off function depending on the approximation being used. For example, p;(kh) =
Sink(likf’bm for a second order center difference derivative operator. In the case of
spectral derivative, we require that p;(x) = p(|x|) satisfies p(r) > 0, p(w) = 0, and
p(r) =1for 0 <r < Ar with 0 < A < 1. The Fourier smoothing is needed here to
prevent the aliasing error in the stability analysis, as in the 2-D case [5]. We also
denote by Slh the spectral derivative operator without smoothing, i.e.

Toh g N N
(SPf)y = ikifx, k1,/€2=—§+1,~-- g (28)
The point vortex method for 3D water waves is given as follows:
dx; 1 i X
= i X Vo G(x; —x5)h* + - ——————— = wj, 29
dt ;n.] X (X XJ) + 2 |D{7’Xl X D’lei| w ( )
doi 1
dqil = §|Wi|2 -8 Xi, (30)
po= 201 —2> NV G(xi — x3)h?, (31)

where 1; = y1;D8%; — 72;Dx;, Nj = Dix; x Dix; and nj = Igjl’ and ;5 = D'
(1=1,2).

To study the linear stability of the point vortex method, we first introduce the
following discrete convolution operators:
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1 (o — o) f _
Hin(f) = o ; (P o PNOEE K2, 1=1,2, (32)
and
_ L (fi— 13)
M) =52 2 o + (an — PP (53)

i

These operators will appear in the linear stability analysis around equilibrium.
Moreover, we will also use the following discrete operator:

Ry, = Hy, DV + Hyp, DY (34)

We now examine the linear stability around equilibrium. Let x = (aj, a2,0) +
x' and ¢ = § + ¢, where x' and ¢’ are assumed to be small. Substitute these
into the point vortex method, (29)-(31), and neglect nonlinear terms. After some
manipulations, we obtain the equations that govern the evolution of the perturbed
variables as follows:

dX; h, ./ h, 1 /

i (D', DEW, Rup'), (35)
do

%= e, (36)

where ' = ¢} + 2(Ay, — Ry,)(2{). We will consider the following equations

= (000 R+ GRAN - RIED). (37)
W o
a - I o

where 2’ is the z-component of x’' = (z/,y,2’). To study the growth rate of the
above linearized equations, we need to study the Fourier symbols of the discrete
operators, H;p,, A, and Ry,. Since these discrete operators are convolution operators,
we can compute their Fourier symbols as follows:

_ ik,

(Hink = _mbl(kh)fkv (39)
Ak = [Kle(kh) fi, (40)
(Ba)ie = |kld(kh)fi, (41)
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where
J1sin J1k‘1h cos(jakah)
bkh) = 3 ; : (43)
72
2 ¢ oy (47 +53)
jg sin ]ng COS(jlklh)
bo(kh) = Z S (44)
/2 ’
2 ; #) (Jf +43)
1 — cos k’ljlh) cos(kaj2h)
kh) = 4
kb k b
d(kh) = ST Tbape 1’)1;' 20202 (46)

It can be shown that the above infinite series converge. Using the Fourier symbols
of the discrete operators, we can easily compute the eigenvalues of the linearized
system (37)-(38) as follows:

C|k[? 1
A, Ao = 0,3, My = %d(c —d)+ Z\/|k|4d2(c —d)2 — 16g|k|d. (47)

If d(kh) # 0 and c(kh) # d(kh), then the unstable eigenvalues can grow as fast
as O(|k|?) as |k| — oco. Our numerical study has demonstrated convincingly that
|d(kh)| and |c(kh) — d(kh)| are bounded away from a positive constant for the ma-
jority of the Fourier modes. Thus the unstable eigenmodes can indeed grow expo-
nentially fast in frequency space for ¢t > 0 in a rate proportional to O(exp(co|k|?t)
for some positive constant cy. Numerical experiments for 3-D water waves near
equilibrium by David Haroldsen [13] also confirmed that numerical solutions of the
point vortex method for small analytic perturbation from the equilibrium devel-
oped order one oscillation in a short time even though the physical solution was
still perfectly smooth at this time. The instability occurred earlier if a finer mesh
was used.

It is clear that this instability is caused by violating the compatibility condition,
A = Hi1 Dy + HyDs, at the discrete level. While this compatibility can be imposed
using a Fourier filtering as in the 2-D case [5], there are four additional compatibility
conditions for 3-D water waves that need to be satisfied in order to obtain stability
far from equilibrium. We simply do not have enough degree of freedom in filtering
the interface variables to satisfy all these compatibility conditions. This is why we
need to introduce a different stabilizing technique to obtain a stable 3-D boundary
integral method.

4. A New Stabilizing Technique for 3-D Water Waves. As we mentioned
in the introduction, it is important to separate the treatment of linear stability
from that of nonlinear stability when we consider stability of a numerical method
for a well-posed initial value problem. It is linear stability that plays the most
important role in obtaining convergence of a boundary integral method, as long
as the solution is sufficiently smooth. Our stability analysis has two important
ingredients. First we derive a leading order approximation of the singular velocity
integral. This leading order approximation captures all the leading order contri-
butions of the original velocity integral to linear stability analysis. Moreover, the
leading order approximation can be expressed in terms of the Riesz transform, and
can be approximated with spectral accuracy. Thus the spectral properties of the
original velocity integral are preserved exactly at the discrete level by this leading
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order approximation. Secondly, the term consisting of the difference of the original
velocity integral and the leading order approximation is less singular and does not
contribute to the linear stability. Thus it can be approximated by any consistent
quadrature rule such as the point vortex method approximation. Since the leading
order approximation in effect has desingularized the velocity integral, we obtain an
improved 3rd order accuracy of the (modified) point vortex method approximation
for 3-D water waves. The stabilizing technique described above can also be inter-
preted as a near field correction to the point vortex approximation. Although the
near field correction is small in ampltitude, O(h), it contains critical high frequency
contribution which stabilizes the point vortex approximation.

The leading order approximation of the velocity integral needs to satisfy two
properties: (i) It captures all the leading order contributions of the original velocity
integral, (ii) It can be evaluated with spectral accuracy. The nonlocal leading order
approximations for x,, - wo,! = 1,2 and wy - n which satisfy these two criteria are
given by

Bi= N (@) H (@) Hoxe (), 1= 1,2 (18)
and
Ba = NONm ) + (o)
7"Y1(0£)X:;1 . (HlDl + HQDQ)X(Q)
—v2(a)xg, - (HiDy + HaD2)x(a)} (49)

where H; and Hs are the Riesz transforms defined in (67) in section 6. The Fourier
symbols of the Riesz transforms can be computed explicitly (see section 6). Thus
these singular integrals can be evaluated via discrete Fourier transform with spectral
accuracy. Moreover, using a special coordinate frame with the property [16)

Xay " Xay = )\1(25)|Xa2|2, |Xa1 ‘2 = /\Q(t)|xoé2|27 (50)

the Riesz transforms become convolution operators and can be evaluated by Fast
Fourier Transform with O(N?1log(N)) operation counts.

In addition to using a near field correction described above, we also use desin-
gularization to stabilize the aliasing error introduced by the point vortex approxi-
mation. In our desingularization, we use the following two identities [2]

/ N(o) - Vo G(x(a) — x(a))da’ =0, (51)
/ V. Gx(a) — x(a')) x N(a/)do’ = 0. (52)

The use of these identities to reduce the singularity was suggested in [2] and [4].
We define

c = m(a)/N(O/) Vo G(x(a) —x(a'))dd/, 1=1,2 (53)
_ n(a) . , x(a) — x a/ a/ a/
Co = iy [ TGx(@) = xla) x N(@)d (54)

It follows from (51) and (52) that C; = 0,1 =1,2 and C,, = 0.
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Now we are ready to describe our discretization for the 3-D water wave equations.
First we describe the approximation of the normal velocity integral wg - n

wi -n" —Cl+ (By — B}, (55)

where w{t, Ch Bl are the point vortex approximations of wq, Cp, By respectively,
B; is the spectral approximation of By, and

Wi = )i x VaG(xi — x;)h?,
J#l

Cﬁ = | ZN XVIIG( )h2,
il j#i

where 75 = ’ylngXj — 'yng{ij, N; = D{ij X DgxJ

In the discretization of (55), the second term, —C”, is a desingularizing term
and is introduced to remove the aliasing error associated with the point vortex
approximation of wg - n. As noted by Beale in [4], the desingularizing term helps
prevent spurious terms from appearing in the stability analysis. The last term in
(55) is a near field correction term. This term is small (of order O(h)), but it
contributes to the stability of the discretization in an essential way.

Next we describe the approximation of the tangential velocity integral x,, -
wo,l =1,2:

Dixi-wh —Cl + (B =B, 1=1,2 (56)

where w{, C{Z Blh are the point vortex approximations of wy, C}, B; respectively,
By is the spectral approximation of B;, and

Cl =i D N VoG(x; —x;)h%, =12
J#i

As in the discretization of the normal velocity, the second term in (56), —C*, is a
desingularizing term and is introduced to remove the aliasing error associated with
the point vortex approximation of Dlhxi -wg. The last term in (56) is a near field
correction term, which contributes to the stability of the discretization.

Now we can state our modified point vortex method for the 3-D water wave
problem.

dx;

d’; = Dh¢:Dhx; + DhgiDixt + (wl - nl — O + BS — B"n; = wy, (57)

do; 1

G P e (59)
')/1 s

D¢y = 21 + P (Dyx; - wii — C + (B — B}")) + Pjs(Dx; - wiy — Cy
+(B5 — By)), =12 (59)
where N; = D{‘xi X Dé‘xi and n; = ﬁr—il, Dlh is a spectral derivative operator,

and Plk, I,k = 1,2 is a spectral approximation of Py, [,k = 1,2, which is defined

through the discrete Fourier transform of P} as follows: (PZ’;) = %K for k # 0,

Ik
where k = (k1, k2), and (Pf;)k =0fork=0.
Note that because we project the tangential velocity field into xj, and xj,,, we
obtain a simplified expression for the discretization of the interface equation (57).
On the other hand, since we use the reformulation for the v; and - equations which




CONVERGENCE OF A BOUNDARY INTEGRAL METHOD FOR 3-D WATER WAVES 13

involve the tangential velocity x,, - Wo, we need to use the near field correction and
the desingularization to the tangential velocity field to obtain stability.
The main result of this paper is the following convergence result.

Theorem 1. Assume that the water wave problem is well-posed and has a
smooth solution in C™ (M > 6) up to time T. Then the modified point vortex
method (57)-(59) is stable and convergent. More precisely, there exists a positive
ho(T) such that for 0 < h < ho(T) we have

Ix(t) = x(t)z < C(T)K*, (60)
@) = Gl < CMH, 1=1,2. (61)
Here ||x||% = Z?fj:l |xi ;|*h? .

The proof of Theorem 1 will be deferred to Section 5.

5. Consistency of the modified point vortex method. In this section, we
will prove the consistency of the modified point vortex method for 3-D water waves.
Since we approximate the derivative operator and the leading order approximation
of the velocity integral with spectral accuracy, it is sufficient to prove the consistency
of the point vortex method approximation of the desingularized tangential and
normal velocity integrals x,, - wo,! = 1,2 and wo - n . We will show that the
modified point vortex method approximation is third order accurate and has an
error expansion in the odd powers of h. First, we introduce a function v;(«, o'),l =
1,2 and vy (o, o) as follows:

vi(, @) = xg(a) n(a) x Vo G(x(a) —x(a'))
—Y(a)N(a) - Vo G(x(a) — x(a'))
_N@) @ a2 —ah _
5 (@) —3— +nl@—F3")xu), 1=1,262)
and
va(a,a') = n(a)-n@) x VuG(x(a) = x(a))
_ 77(04) . Gl(x(a) — x(of o
N(a)| Vo G(x(a) —x(a')) x N(a)
IN(a)| ,, 1 — o) g — ab

- 2 (( r3 7+ r3 72)(01)
) @) (2

9 Y

0 (0

— o oy — o
3 LD, + 27'3 2 Dy)x()

2

aq

g e
where r = |r|,r = X4, (@)(a1 — @) +Xa, (@) (a2 — ab). It is easy to see that v;(a, o)
and vy(a, ') are the corresponding continuous integrands in the desingularized
point vortex approximations of the tangential and normal components of the in-
terface velocity. Then the consistency of the point vortex method approximation
of the desingularized tangential and normal velocity integrals is reduced to proving
that

//Vl(om o/)da’ =Y vilas,5)h? = C3h® + C5h® + -+ Cop B! 4 (64)
i

— o oy — o
D+ 2 D)) (63
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for I = 1,2, and similarly for the normal component. The error expansion (64)
can be proved by using an argument similar to that in [12]. We first break this
error estimate into far field and near field estimates using a smooth cut-off function,
f5(|a]), which satisfies (i) fs(|a]) = 1 for |a| < §/2, (ii) fs(Ja]) = 0 for |a] > 4.
We will take § to be small, but independent of h. For the far field estimate, which
amounts to replacing v; by vi(«,)gs(la — o'|) with gs = 1 — fs, classical error
analysis shows that the far field error is of spectral accuracy, O(h™) (M is the
degree of regularity of x and ), see, e.g. [9]. For the near field error, we can Taylor
expand vi(a, o) around o/ = «. Without loss of generality, we may assume that
a; = 0. It is not difficult to show that for |a/| < ¢ small

vi(0,0/) = m_s(ad)+m_1(a/) + mo(a’) + my(a) + - (65)

where my;(a) (I = —2,—1,0,1,---) are homogeneous functions of degree I, and
m;(«) is odd function of « for I even. Since the cut-off function f5(]a|) is an even
function of «, m;(«)f5(|a) is also an odd function of « for [ even.

To justify the expansion (65), we Taylor expand v;(a), X4, (), and V. G(x(0)—
x(a')) around o' = 0. We have

(@) = 7(0)+ (M)al(0)() + ma(a’) +---,
Xo, (@) = %0,(0) + (X, )a(0) (@) + ma(a/) + -+,
Vo G(x(0) = x(2)) = Vm/G(r(ODfva/G(r(O))(%(a’)TWx(O)(O/))
+mo(a/) + -+,

where r(a) = Dix(a)(a; — of) + Dax(a) (e — o) and my(«) is a generic notation
for a homogeneous function of degree [. Substituting the above expansions into
the (62), and collecting the terms of the same order give rise to the expansion
(65). Moreover, direct calculations show that the homogeneous terms of degree
—1 exactly cancel each other. This implies that m_;(a) = 0 in the expansion
(65). Since both m_s and mg are odd, they do not contribute to the continuous
integral nor the discrete sum. Therefore the first term in the expansion of v; that
contributes to the error is the my(a) term.
We now show that

/ml ) fs(Jo/])da’ — Zml (a5) f5(Jey)h? = Cpah'™™2 + O(RM),  for 1> 1.(66)
J#0
The proof follows closely that of [12]. Using the homogeneity of m;, we can write
> mu(a) fs(la)h? = B8 (h),  with  Su(h) =D m(j) f5(lilh).
J#0 j#0
Since S is a finite sum due to the cut-off f5, we may differentiate S;(h) with respect
to h. We have

=D m(j)y fs (3m) 13 = n=2 Y (i)~ fs(ljlh)ljhlh2~
Jj#0 j#0
The sum is a trapezoidal rule approximation to

/ mi(y fa (Jy])lyldy.

Note that the integrand is a smooth function with compact support since d% Ts(yl)
vanishes near the origin and has a compact support. It is well-known that the
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trapezoidal rule gives spectral accuracy for such smooth integrand with compact
support [9]. That is

S () 5 Aol = [ (o) 5 s (uDlsldy + O™,
Jj#0
On the other hand, using the polar coordinate, we obtain

/mz o felyDlyldy = /Qﬂ/ rhmy (0)— f5 (r)r?drdo

2m o0
= ml(H)dG/ rl'ﬂifg(r)dr
0 0 d

r

= —(+2) ' my(6)do /000 7l fs(r)rdr

0
= —+2) [ m)isdy,
where we have used the homogeneity of m;. Thus we have

810) = —+ 20 (o) fo(lyy + 0.

Integrating the above equation from h to 1 gives

Si(h) = —Ciya + h™+) / m(y) S5 (jul)dy + O(h™M),

where Cj42 is an integration constant. This implies that

/ mu(y) fs(yl)dy — S mu(ag) fs(ag)h? = / m(y) f3(ly))dy — B2 5y (h)
Jj#0

= Cpoh? 1 O(hM),
for all I > 1. Observe that C; = 0 for [ even due to the oddness of m;. Thus we

obtain an error expansion in the odd powers of h. This proves the consistency of
the modified point vortex method.

6. Properties of some singular integral operators. Before we proceed to an-
alyze the stability of our 3-D boundary integral method, we need to study the
spectral properties of certain singular integral operators. We first define the Riesz
transform (which is the 2-D analogue of the Hilbert transform) and the A operator

H(f) = 27T// i )d’ 1=1,2, (67)

s = 5] f;igdaz (68)

where r = |r|, and
r = Xa, (@)(a1 = 07) + Xa, (@) (a2 — a3).

The Fourier transform of a 2-D function f is defined by

=02 [ [ e =i (69)
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The inverse transform is given by

= [ [ fepesa (70)

Note that the Riesz transforms defined in (67) are not a convolution operator.
They are pseudo-differential operators. Their ‘Fourier symbols’ depend on the free
surface x(a). Nonetheless, we can still characterize their spectral properties via the
Fourier transform. The result is summarized in the following lemma.

Lemma 6.1. The Riesz transforms have the following spectral representation:

‘Xa2|2§1 (Xal : Xa2)§2)f(§)€i£'a
d
(Fr)e) = Xy ><Xa2\ // (|%ap |262 — 2(Xary * Xy )E1€2 + X0, |262)1/2 ’f(a?l)

|Xa1‘2£2 (Xal Xaz)fl)f(f) o
(H2f)( ) ‘Xal X X(12| // |Xa2‘ 51 _2(Xa1 Xa2)£1€2 + Xa1|2£2)1/2d§( )
72

Proof: In the special case of an orthogonal parametrization of the free surface, i.e.
Xoy * Xa, = 0, this result has been obtained in Lemma 3.1 of [18]. The result for
a non-orthogonal parametrization can be obtained in a similar way. We express f
in terms of his Fourier transform and substitute it into the Riesz transforms. We

obtain
2{ o’
(Hi f)(a) = f//f e
~ . o e—z& o
— 5 | [ Foecea [ / : 1 o dd.
27 // ( ) (|Xa1 |2a12 + 2XO¢1 ' Xazallaé + |Xa2 |20422)3/2
(73)
We define
O/ e—zf o’
51 52 // 7 da/~
’ |X041 |2a1 + 2X(¥1 Xa2a1a2 |Xa2 ‘20422)3/2
By making a change of variables from o’ to ',
Xa, X X Xa, * X
= e el gy e X o,
(%} Q2
and using the identity
|X011 X Xa2|2 + (Xal : Xa1)2 = ‘Xal |2|X(¥2|27 (74)

we can show that

Xay * Xay Xay 6, —i&
o+ 2 e ) = Pl [

X, | [Xa; X Xay,|?

|X0t1 X X042 |

Xa |

¥

It has been shown in [23] (pp. 57-58) that the Fourier transform of the Riesz kernel
: y72 is given by

B
(B2+B3)F
ﬁl i /o Zfl
[ e - g
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Therefore, we obtain

D(£1,82) =

By (73), we have
|X012‘ §1 (Xa1 : Xa2)§2)f(f)€i£'a
(H1f>( ) ‘Xal x XO‘2| // |x‘12‘2§1 Xal : Xa2)§1€2 + ‘Xa1|2€§)1/2 dg

Using the same argument, we can get the expression of (Hzf)(«). This proves
Lemma 6.1.

—2mi (|X0¢2|251 — (Xoél 'Xa2)€2)
[Xa, X Xa,|? (‘Xaz|2£% = 2(Xay Xy )6162 + [Xa, |253)1/2

Lemma 6.2. The A operator satisfies the following compatibility condition:
A= H{D;+ HyD>. (75)

where Dy = 0,,. Moreover, AH) is a local derivative operator to the leading order:

AHl(f) 7m (|Xa2|2D1 — (XC,[1 . Xal)DQ) f + Ao(f), (76)
A (f) L (% [2Ds — (%o, - Xan)D1) £+ Ao, (TT)

- Xay X Xa,|*
where Ao(f) is a bounded operator from H® to H®.

Proof: The identity (75) can be verified directly by using integration by parts.
Using (75) and Lemma 6.1, we obtain

1 £ il

(Af)(a) = |X X X |2 /(|Xa2‘2§% - Q(qu 'Xa2)€1§2 + ‘XOél |2€§)1/2f(§)€ ¢ df (78)
(e 5] (6D)

Define the commutator operator as follows:

(A, gl(f) = Agf) — gA(f)-
| = Ap is a bounded operator

It is easy to show that the commutator operator [A, g
A, g] = Ao, we have

for g smooth. Now using (78), Lemma 6.1, and [A,
AR [ al6s — e, 30 FOE e+ A0(1)

|x04 |2 z& « 15 «
|Xo<1 X2XO£2‘4 Zglf d+ |Xa1 X Xaz|4 ZéZf &«

+Ao(f)
- (I%as > D1 = (Xa, - Xay)D2) f + Ao(f).

[Xa; X Xa,|*

This proves (76). The proof of (77) follows similarly. This completes the proof of
Lemma 6.2.

Now we can describe the spectral discretization of H;,l = 1,2 defined in section
4. Using the explicit Fourier representation of H; in Lemma 6.1, we can define
our spectral discretization of the H; operator, denoted as H;. To this end, it is
sufficient to give a spectral discretization of the Riesz transform. We denote by H;’
the spectral discretization of the Riesz transform Hj,

Z |DEx|2ky — (Dhx - Dix)ky) free™ @
(|Dhx \%Lz(th DEx)kiky + | Dhx|2k2)1/2

(HY pf)(ag) =
LRSSV Dix x Dix|? Dh Az



18 THOMAS Y. HOU AND PINGWEN ZHANG

Z hx\Qk‘g — (D{LX D?X)kl)fkeik'o‘j

Hj ;
( 27hf)(0‘.]) |th\2k;2—2(th Dh )k1k2+|DiLx|2k§)1/2’

1D~ w Dhv|2
|D x X Dgx| N

where Dj'x = DI'x(a;) and Ky ={k :k#0,-N/2+ 1<k < N/2,1=1,2}.

Remark 6.1 If we evaluate directly the above spectral discretization of the Riesz
transform, it will cost O(N*log V) operations which are comparable to the oper-
ation count of the point vortex method approximation using direct summations.
On the other hand, it is possible to reduce the Riesz transform, H;, to a convolu-
tion operator by introducing a generalized arclength parametrization for the free
surface. Such a generalized arclength parametrization can be obtained by imposing

Xay " Xay = Al(t)|xa2|2a |xa1 ‘2 = )‘Q(t)|x(¥2|2'

It can be shown that such a parametrization exists, at least for near equilibrium
initial data [16]. Our numerical experiments have indicated that this parametriza-
tion exists quite generically even for large perturbations from the equilibrium [16].
Once we have found such parametrization of the free surface initially, this property
is preserved in time by adding two tangential velocities dynamically. We refer the
reader to [16] for more details. Using this generalized arclength frame, the Riesz
transform now becomes a convolution operator. In fact, we now have

A1 (ko) fice™es

H; i) =

( 1,hf)(a.]) |th % th|2 Z k2 _2)\1 )kle +)\2( )k%)l/Qa
|D2X| 1 kg — )\1( )kl)fkeik'aj

s ) o=

(Hz . f)(e) Db x DI Z (02— 20 (ks + Ao (DRD

which can be evaluated by Fast Fourier Transform with O(N?log N) operation
count.

7. Stability of the modified point vortex method for 3-D water waves. In
this section, we will analyze stability the modified point vortex method. We first
consider the linear variation of the modified point vortex method approximation to
the tangential and normal velocity integral, i.e. the terms x,,-wo,l = 1,2 and wg-n.
Denote the errors in x;, ;5 and o5 by X5 = x5 —x(0y), Vi = V5 —v(ey),l =1,2, and
¢J ®; — ¢(ay) respectively. Eppm(§), Enem( ), and Elocal( ) are defined similarly.
We sometimes also use the notation, Er(f)(j) = f(o;) — f; when the quantity f
consists of several terms. Further, we define

Blos) = (—xa, [ [ ey x VaGixt) - xtade’

+DI'x; - an x Vo G(xi — x5)h?
J#A

—Vi Z N, - Vo G(xi — x;)h* | + (B — BF)
#i
E\  +E!

pvm near?

1=1,2, (79)
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and

) = (n(@): [ [ aa) x VGt - x(@)id’

+n; - an X Vo G(x; — xj)h2
i#i

_IIT\]Ti-I 3 VaGxi - x5) x Njh? | + (B, — BR)
R

B+ En

puvm near’

(80)

where B},l = 1,2,n denotes the point vortex method approximation of B;, and
B} denotes the spectral approximation of B; using the exact Fourier symbols of
B;. Stability analysis of our approximations to the tangential and normal velocity
integrals is to estimate F; and Ey in terms of x; and 3, etc.

The first term on the right hand side of (79) and (80) measures the stability
error due to the point vortex method approximation of the velocity integral. So we
call it E!, . (I =1,2) and E™. The second term on the right hand side is due to
the contribution of a near field correction. So we term it E',, . (I = 1,2) and E™.

We first study the linear variation of Ezl, Il = 1,2. Direct calculations show

vm?

that the linear variation of Efwm,l = 1,2, denoted as Efwm, is given by
N; ,
T (vl ), + 'YQng}L)D{LXi
+O(h) (%) + Ao (1), (81)
N; .
+7 (yuHY, + Vzngh)DSXi
+O(h) () + Ao(Xi), (82)
: . : N; : .
) = w0 (2 500) 4 2, ()

—yuDix; - (Hf,thf + Hg,hDg)ki
—y2: Db - (HY, DY + HY , DY)
+A_1(%) + Ao(%i), (83)

where vli = y(a;) (1=1,2), K is a point vortex method approximation of K;
(1=1,2,3,4), wh is a point vortex method approximation of wg, Ag is a bounded
operator from [P to [P, and A_; is a smoothing operator of order one, i.e. DlhA_l =
A_1(Dl") = Ag. We defer to Appendix C to give a more detailed derivation of the
above error estimates.

Next we estimate the linear variation of the near field term E,,.,,. Direct calcu-
lations show that the linear variation of Eycq,, denoted as B, (1=1,2) and E®

near near’
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is given by

Bl = N (g3 H3 ) Dlik;

near(l) - 7 ! (’711 1,h + Y2i 2,h) 1Xi

N; -
5 (viHY, + 'Y2iH§’h)DiXi

+O(h) (%) + Ao (%) (84)
E2 () = N7

near

(yiH; 4 v2iHs ) Dy

N; .
5 (yuHY ), + 72 HE ) D%

+O(h) (i) + Ao (i) (85)
: . N; s . s .
E’r]:ear(l) = | 21| (Hi,h(yli) + Hé,h(VQi)

—yuDyxi - (Hf DY + Hs , D )%;

—y2i DYX5 - (HY , DY + Hs ,, D5)%;)
|N; . .

_T| (Hf,h(%i) + Hy j,(21)

DX (Hf,thf + HY ), D3)%;

Y2 Dy - (H{),hDiL + thDg)jq)
+A_1 () + Ao(xi) - (86)

Again, we defer to Appendix C to give a more detailed derivation of the above error
estimates.

By adding E'lem and Efwar (I = 1,2) and adding E;}vm and E,‘l‘ear, we obtain
after some cancellations that
By (1) + By (i) = DY - wi + Ki'1 — K3
+% ~(aHy ), + 72iH§,h)D{L5‘i
+O(h) (%) + Ao(x1), (87)
Em(i) + E2.0.(0) = Di%ki-wi+ K§ — K4
+% (i3 g + vaiHS ) Dh %
+O(h) (1) + Ao (Xi), (88)

. Ni| s (s s ¢
- wi + | 5 | (H3 (i) + Hs p, (F21)
—yuDix; - (Hf,hDiL + Hf,hDg)Xi

—y2i D55 - (HY ), DY + H 5, D)%)

+A_1(91) + Ao(%i)- (89)

E;;vm (i) + E:zlear (i)

Projection of errors into local normal and tangent vectors.

As we can see from (87)—(89), the leading order error terms of the tangential and
normal velocity components can be naturally expressed in terms of the local normal
and tangent vectors. This suggests that we project the interface errors into the local
normal and tangent vectors instead of using the original (z,y, z) coordinate. In the
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local normal and tangent coordinates, the equations that govern the growth of the
leading order errors greatly simplify and we can identify cancellation of interface
errors in certain tangent direction. This makes it easier to obtain stability by
performing energy estimates.

On the other hand, we have from (59) that

: i s
Db = 54 PRE(Dlx, - w — )+ (B — B)
+ PLEr((Dhx;-w{ — CY) + (Bs — BY)), (90)

where Er(f) = f(oj) — f; denotes the error of f. Using (87) and (88) , and the
definition of Epym, (1) and Epeqr (i), we get

I . : . N; s R )
(2 + Ay + O(h)) Y= — V% wi + 5 (yuH3p +viH; ) V" % (91)

where Ay, is two by two matrix, Ay = (a?j) with a;; given by
h h 1-h h 1-h h h 7-h h 1-h
aiy = Py Ky + Py Ky, afjy = Pii Ky + Po Ky,

ahy = P} K] + PhKY, ahy = P} K} + PLK)

We can show that 37 + Aj, + O(h) is invertible by using the invertibility of the
corresponding continuous operator and the fact that the kernel of A;, approximates
that of A to the leading order. The following lemma, which is proved in Appendix
A concerns the solvability of (91).

Lemma 7.1. Given x(a,t) smooth for 0 <t < T, the operator I +2Ay, is invertible
for h sufficiently small, and the norm of (I+2Ap)~" as an operator on L3 is bounded
uniformly in h and t.

Since K; is an integral operator with weakly singular kernel, one can verify that
K['(¢) is a smoothing operator of order one, i.e. K/'(¢p) = A_1(¢) (I = 1,2,3,4).
We defer to Appendix B to prove this property (see also [4] for proof of a similar

result). We can show that the invertibility of (37 + Aj) and the fact Kl (¢) =

A71(¢) (l = 17 2a 3a4) lmply

Yii
2

Djf i — (Dlh’.‘i - wo (o) + % (yuHi g, + 72iH5,h)D{LXi>
+ Ao(¢s) + Ao (%:), (92)
which can be rewritten as
% = D}Fi + Epocar(as) - %;) + % (yiH§ ), + y2iHs ) Dk
+A0 (%) + Ao (FY), (93)

where

B = ¢i — w(m) - %, (94)
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and
Elocal(a) = W(Ck) - Wo(a)
= ¢alle + ¢a1XZQ + (wo - n)n
—((Wo - Xa, )%, + (Wo - Xa,)X5, + (Wo - 1))

= ((d)al Wo - Xal) (¢a2 Wo - Xaz)ng
V1« V2
= ?Xal + ?Xag . (95)

It follows from (93) that A_;(%;) = Ag(F}) + Ao(X;). From the definition of Ejycqr,
we have

. 1 X K
Eiocal - Xi 3 (Vi DX} + 72 Dx]) - %5 (96)
Substituting (93) into (89) and using (96), we obtain after some cancellations that
Epyn(i) + Efuo, (i) = n-wg +[Dixi x Dyxil(H , DY + H ), D)
12
b a4 ) (7, DY+ DR
+ Ao(ki) + Ao(F). (97)
Furthermore, direct calculations show that
Elocal(i) ‘n; = 2"1)&l|2 ((DSX X Il)i X Dgxi . DiL).(i — (DQLX X l’l)i X D?Xi . DSX,)
+2|§f|2 ((n x DPx); x Dlx; - Diks — (n x DI'x); x Dlix; - D)
i .
= 2‘N |2 (|D2X1| Dlxl_(DgXi'D?Xi)'Dgxi)
V2i . .
+2N Eha i - (| D3| Dh%; — (Dix; - Dix;) Di%;) . (98)

Using (97), (98) and Lemma 4.2, we obtain after canceling the local terms that
Wi n; = Er(Di¢;:Dix} + Dy¢;Diyx; + (wii -nf — Ol + B — Bl)n;) -
= Br(DYeiDyx) + DydiDyxy) - mi + Ep, (1) + Efg, (1)
(D%D?x* + Dy Dyx)) - By + B (1) + B, (1)

= —Eocar - 0 — (W - DIx;) D%} + (wli - Dyx;) Dhx}) - iy + ER,,, (i)
+ER (1)

= Elocal - Dj — Wy -1 + E;?’Um( i) + Efg (i)

= |Dix; x Dixi|(H; ,DY + H3 . DY) Fy + Ao(%) + Ao(F). (99)

Here Er(f) = f(a4)— fj as it was defined earlier. This completes our error estimate
for the normal velocity component.

The error estimate for the tangential velocity component is much easier. Note
that equation (57) implies

Dlhdh = Dthi * Wij.
Thus we have

Di'di = Di'%; - wi + Dp'x; - Wi, (100)
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which implies
wi - DI'x(a;) = DI (F) + Ao(%;). (101)
This completes the error estimate for the tangential velocity component.

Derivation of the error equations in the normal and tangent coordinates.

We are ready to perform energy estimates to obtain stability. As in the 2-
D case [5], we need to first derive the error equations in the local normal and
tangent coordinates. Let t', t2, and n be the local unit tangent and normal vectors
respectively. Denote by it =%t (I1=1,2), and #™ = x - n. After projecting the
error equations into the local tangent and normal vectors, we obtain

dit' 1 :
= DIMEy + Ao (x 102
9t 1 .
i = DEFy + Ay (% 103
oim . _ .
8; = |Dix; x Dixi| (Hy, DY + Hs DY) Fy + Ag(%) + Ag(F), (104)

where we have used (99)-(101).
we will need to express the evolution equation for Fj in the new variables. From
the definition of F; (see (94)), we have

(F)e = () — wlas) - (ki) — wi(es) - %, (105)

To evaluate (q'Si)t, we compare the continuous Bernoulli equation with its discrete
approximation, i.e.

) = Slwif’ —g-x, (106)
(Bles)e = glwla)]* — g x(a). (107)
Subtracting (107) from (106), we obtain
(i) = Wi - wils) — g %5 + =|wil. (108)
Substituting (108) into (105), we have after some cancellations
(F) = —(wilos) +8) %+ 5wl (109)

Noting that the Lagrangian velocity w satisfies the Euler equations in the fluid
domain in the form

w, =—-Vp—g.
Thus we have
(Fi): = Vp-%ki+ %|Wi|2~ (110)
Moreover, p = 0 on the interface so that Vp is in the normal direction. We have
Vp - %; = —c(ay)%], (111)
where c(a) = —Vp-n = (w; + g) - n. Hence the evolution equation for ' becomes

. 1
(B = —clai? + 5lwil* (112)
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Now the whole set of evolution equations for it (1=1,2), 2", and Fis given by

it 1 :
= DI'E, + Ao(x 113
0}’ L phii+A (%) (114)
= i X
ot |Dhx;| 2 0
oin . , .
atl = |Di'x; x Dixi| (Hy, DY + H5 DY) Fy + Ag(%) + Ao(F)  (115)
. 1
(F)e = —clog)it+ 5|v'vi|2. (116)

Thus, we have reduced the error estimates for the full nonlinear, nonlocal water wave
equations into a simple linear and almost local system for the variation quantities.
The only nonlocality in the leading order terms comes from the discrete Riesz
transform Hy;, (I = 1,2). The lower order terms are nonlocal, but they are smoother
than the principal linearized terms. This simplification helps us identify and balance
the most important terms in our energy estimates.

The energy estimates (113)-(116) can be obtained directly. As in the two dimen-
sional case, the normal variation plays an essential role. The tangential variations
only contribute to the lower order terms. To see this, we make the following change
of variables for the tangential variations n'cfl and 3'6}32:

L tl |D{LXi X Dgxi|

st = gt [|DYx:|2Hf ), + (Dyxi - Dyx;)Hs ) &7 (117)

B T

. Dlx; x Dlbx; , .

§ = ot + 2B DIl oy 4 (Dl D ap (119
2 Xj

Using Lemma 4.2 and the identity (74), we have

A(|%a, [P Hy + (Xay - Xaz)H2)(f) Dif+Ao(f)  (119)

- [Xa; X Xa, |2

A(%a, [*Ha + (Xay - Xay ) H1)(f) Daf + Ao(f)- (120

B [Xa, X Xa, |2

It follows from (119) and (120) that the leading order terms in dé!/dt cancel each
other. We get

o} . :
i Ap(%x) + Ap(F), (121)
db? , :
7 Ap(Xx) + Ao (F). (122)
As a result, the error equations simplify further to the leading order,
o} . :
= 400+ An(E), (123)
do? _ :
T Ap(x) + Ap(F), (124)
a;‘ti = |Dix; x DExi|Aj E; + Ag(%) + Ao(F) (125)
. 1
(Fi)e = —clo)x + §|V'Vi|2, (126)

where A} = HihD{” + HQSJLDQ.
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Energy estimates and convergence analysis

In the above estimates, we only study the linear stability of the modified point
vortex approximation. To obtain convergence, we also need to obtain nonlinear
stability. To this end, we use Strang’s technique [24], which can be summarized
as follows. In proving convergence, there are two steps, consistency and stability.
In the consistency step, we usually use the exact solution of the continuum water
wave equations to construct “exact particles” x(qy,t) and vortex sheet strengths
vi(c4,t). Denote by R(t) (the consistency error) the amount by which these exact
particles fail to satisfy the modified point vortex equations. In our case, we have
R(t) = O(h3). Strang’s idea is not to use the exact particles, but to construct
“smooth particles” (x(a,t) = x(a4, t)+h3x3(u, t), Yi(ai, t) = vi(as, t)+h3y3 (s, t)
for some smooth x3 and 7;3) that are O(h3) perturbations of the exact particles,
which satisfy the discrete equations more accurately: R(t) = O(h") for r > 5 as
long as the continuous solution is sufficiently smooth. Existence of such smooth
particles is guaranteed by the existence of the error expansion we obtained for the
consistency error in section 5. The perturbed solution, x3 and ~;3, basically satisfies
the linearized water wave equations with coefficients depending the exact solution of
the water wave equations. Then, in the stability step, we bound e(t), the difference
between the smooth particles and the particles computed by the modified point
vortex method. As observed by Strang in [24], if the numerical method is linearly
stable, nonlinear stability can be obtained by using the smallness of the error e(t).
This greatly simplifies the nonlinear stability analysis.

To illustrate, we define

T* =sup{t |t <T, |[x[liz < 1%, [¥lliz < B*}.

Here the errors % and 4 are with respect to the “smooth” particles X(«,t) and the
smooth vortex vortex strengths §(c, t) [24, 4, 8]. Since h?|%;|> < ||x[|%, we conclude
that

1
%00 < E”X”” <h? fort<T*. (127)
Similarly we have
Flloc < A, fort < T,
and
he Loone 2m, . *
ID;'%]| 0o < EHDl X2 < ﬁHlez <2mh, 1=1,2, fort<T".
A typical nonlinear term has the following form:

. o~ 2
ENL = Vil % — X1 . 2
2 T —xlag) + (a5

We assume that the exact water wave solution is smooth and non-self-intersecting.
Thus we have

Ix(a;) — x(ay)| > clai — 5] > ch, for j #i.
Therefore, for h small and ¢ < T™*, we have from (127) that

. . C
x(cs) — x(a5)) + (ki — X5)| > clos — 5| — 2h* > 5 las — agl.
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Thus, for t < T*, we get
Ch? c
< —

IEN Jliz < 1 loo 5[l maxs Y ———— <
— |y — qj] h
JF#
where we have used Young’s inequality. This shows that ENVE = Ag(x). Other
nonlinear terms can be treated similarly.
Combining the consistency and stability steps, we obtain the following new error
equations,

[HllocllXlliz < ClIx[l2,  (128)

dé} ' .

= = Ao(k) + Ao(F) +O(h), (129)
do? _ . )
a;f = |Dixs x Dixi|ALF + Ag(%) + Ao(F) + O(h"), (131)
ary R T

i —c(az)%;' + §\W,| , (132)

where we still use the same notation, x, to denote the error between the particles
computed by the modified point vortex method and the smooth particles x, and
r > 5 by construction.

To perform energy estimate, we first define a discrete H'/? norm. From (78), we
have

(Af)(@) = [ P e (133)
where g(&, ) is defined as
9(&, ) = m(|xaz|2§% — 2(Xay - Xa )€16a + [Xa, 2€5) 1 (134)

Introduce a function () defined as follows

(o) = / g6, 0) FE)Ede.

We can show that if f is a real function, so is 1. To see this, we compute the
complex conjugate of ¥». We have

W) = / 9(€, ) F(€)e ¢ dg = / o€ a)f(—Oe€ode  (135)
- / g(—€, ) F(©)e'Sde = b(a), (136)

—

where we have used the fact that g is an even function of £ and f(§) = f(—¢) since
f is real.

By using the same argument as in the proof of Lemma 3.2 in [18], we can show
that the A operator satisfies the following estimate:

(AL, 1) = (@, 9) = (Ao(f), /), (137)

where (f,g) is the usual inner product in L?, and A is a bounded operator in L2.
Furthermore, we assume that |(Ao(f), f)| < col|f||r2. Define a generalized H'/?
norm as follows:

1£172 = (A +dD)f, f),
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where d = ¢g + 1. It follows from (137) that

(A+dD)f, f) = (Af,f)+d(f. f)
(¥, 9) + (£, )
0.

Recall that ¢(a) = fg(ﬁ,a)f(g)eig"’df, and [g(&, )| < ¢l¢]'/?. Thus we also
have

2
>

(A+dD)f, £) < Ol fl22-

Since Aj is a spectral approximation of A, we can introduce a discrete H 1/2 norm
as follows:

11112 = (A5 +dD)f, )37, (138)

where (-,-);, is the inner product associated with the discrete (> norm. Then the
above derivation for the continuous case can be carried out in the same way for the
discrete norm.

By assumption of the theorem, the problem is well-posed. It has been shown by
Wu [26] that the coefficient ¢(«) in (126) is positive

c(a) > ¢p > 0.
To obtain our energy estimate, we multiply (129) by 4}, (130) by 62, (131) by
clos) __gn (132) by (A3 + dI)F;, we then add and sum in i. Let

‘D{in ><D£‘xi|

1/2
Py c(ai) n (2 SINID) $2004 (12 : 2
80 = 1 rrer ) R+ 18O + RO + 101

where
IIF(t)Ili,;/a = (A}, + dD)F(t), F(t))n-
We obtain
%%‘% (A5 F, ex™)), — (exP, (A5, + dI)F)p,
+ (10 + (f2, 070 + (f3, X™)n + (fa, (A5, + dD) )y, (139)
where

1£illiz < O™ iz + 118 2 + 182l + | Flli2 + 27), 5 =1,2,3,
and f4 = %|W1|2

Note that w; = 9%, Using the estimate on %t and the fact that [ %o < h? and

[I¥lcc < A for t < T*, we can show that ||W||s < ¢ h|log(h)|. Therefore, we obtain
[ (A} +dDF, [wil*)n] < (AT, + dD)El | []?]|2

< ch[og(m)| (A7 +dDE N (A, +dD)E e+ |Elis + [l +47)
It follows from the spectral property of A} that
(A}, + dD)F ;2 < Ch™ 2| F | e
h
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As a consequence, we get
(A, + dD)E, [Wil*)n] < ClE a2 (yo(t) + ch”).

Now we are ready to complete the convergence analysis. Note that the two
leading order terms in the righthand side of (139) containing the A7 operator cancels
each other and the entire right-hand side is bounded by yo(t)(yo(t) + Ch"). Hence
we obtain

W5 iy yo(6) (yo(t) + ),

dt
for some constant Cy. The Gronwall inequality then implies
yo(t) < C(T)h", t<T*. (140)

In terms of the original variables, we have
Il < BD)R",  ||4llie < B, ¢ <T7, (141)
where we have used (93) for 4. Since r > 5, for h small enough, we get
%l < B < 5%, |3l < BT < 22
It follows from the definition of T™ that
T =T.

This implies that estimate (141) is valid for the entire time interval 0 < ¢ < T.
Since the smooth particles and the smooth vortex sheet strengths are order O(h?)
perturbations from the exact particles and vortex sheet strengths, i.e. X(a,t) =
x(a, t)+0(h3) and 7 (a, t) = v, t)+O(R3) (I = 1,2) by construction, we conclude
that

x(t) = x(-,t)[i2 <CR*, 0<t<T, (142)
7e(t) = ()l < CR®, 0<t<T. (143)

This completes the convergence proof of the modified point vortex method for 3-D
water waves.

Appendix A. Proof of Lemma 7.1

Proof of Lemma 7.1: The invertibility of of I 4+ 2A4;, will follow from that of the
operator I 4+ 2A of which it is an approximation, where A is the two by two matrix
operator acting on periodic functions of a. We have discussed the invertibility of
I+ 2A, and now we treat Ay as a perturbation of A.

We would like to extend the discrete operator P K (v);,7,s,,k = 1,2,1 =
1,2,3,4 to a continuous operator in such a way that the L? norm of the extended
continuous operator is the same as the discrete 2 norm of the discrete operator and
that the extended operator P is a bounded operator. We do this in two steps. In
the first step, we extend f; = K lh(fyk) ; as a piecewise constant function in L? using
the same method as in Lemma 6.1 of [4].

In the second step, we will extend P2 f(a) for periodic function f defined in
[, 7)2. Keep in mind that we need to define our extension in such a way that the
L? norm of the extended operator should be the same as the discrete [ norm of
the original discrete operator. Let Bj = {a € [-m,7)? : 0 < a; — (aj); < h,l = 1,2}
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for j € I, where I is the two-dimensional integer set. Define the average of f over

B; as follows:
- 1
fi= —/ f(z)dx
1Byl s, (=)

Since f(c) is a piecewise constant function on Bj from our step 1, we have
fi=fs
Let Iy be a two-dimensional integer set defined by
Iy ={(1,52), | = N/2+1<j1 <N/2, =N/2+ 1 < jo < N/2}.
Using the discrete Fourier transform, we have

k) — 12 Z f_:ieik-aj,

jeIN

k) — 12 Z fjeikuj.

kely

and

Since f; = f;, we have ?(k) = f(k). Now we define the extension of P} as follows:

k1ks ;
Phf(@) = 3 G fge™e.

keln

We claim that
1Pl f(@)llze = [|Plf(eg)llie, (144)

for any piecewise constant function f(a).
Proof of (144): Using Parseval equality and the fact f(k) = f(k), we have

k1k2 pikeo
keln
_ Z ‘klk'g
|k?
keln
¥ ‘kle
keln

On the other hand, using the discrete Parseval equality, we get
kiks - pikea
1P fleg)ll: = 1) fao)e™ ;e

k|2
keln

kika »
> e flk

kel

Thus we have
IPLEN (ve)(@)le = IPLE] (w)jllie,  1=1,2,3,4.

Similar result applies to other P operators, r, s = 1, 2.
Next we will prove

IPEF(@)L2 < 1f]lz2, (145)
for any L? function f(a).
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Proof of (145): From the definition of the extension operator and using the
Parseval equality, we get

Riks % e ferk
IPf@IE: = 13 Gaf00eke s = 3 1520
keln kelyn
SPMUCISGS S S VIS
kelyn kely J€ln

Using (144)-(145), and arguing as in the proof of Lemma 6.1 in [4], we can show
that
|A— Anl[zz = O(h[loghl).

Finally, it follows from Theorem 1.37 in [7] that (31 + A" + O(h))~! exists and is
bounded since the unperturbed operator (%I + A)~! exists and is bounded.

Appendix B. Proof of K/"(¢) = A_1(¢) (I = 1,2,3,4)

Proof of KJ'(¢) = A_1(¢) (I =1,2,3,4).

Similar to the regularized Green’s function G}, in [4], we define

Gu(x) = —(dmr)"'s(r/h), v =x],
with s chosen so that s(r) is smooth and
[0, r<e/2,
5(r) = { 1, r>3c/4,
where the constant ¢ is chosen such that |x(«,t) — z(ca/,t)| > ¢|Ja — o’|. Therefore,
G}, is smooth, for h > 0 and we have G},(x) = h~1G1(x/h). Letting ¢ = AG;, we
find
P(x) = AGi(x) = —(4mr) 8" (r), v =|x],
and correspondingly
AGH(x) = Pn(x) = h 9 (|x|/h),

which approximates the Dirac delta function as h — 0.

Since VxGx(0) = 0 by the definition of GJ,, we can rewrite K as follows:

K@) = > Dixix Dixj- 7w G(xi — %)
JF#
= ZDlxl x Dix;j - Vs Gh(xi — Xj)h?

ZKh Xi,Xj)éth.
J

The following proof is similar to the proof of Theorem 5.1 in [4]. We first split
the regularized Green’s function into a far-field part and local part, in order to focus
attention on the latter. We wish to restrict the local analysis to a small neighbor-
hood of the singularity in which the coordinate mapping is well approximated by
its linearization. Let J(«) be the Jacobian matrix g—z at a. It can be shown that
there is some 0y small enough with §y < 7/2 so that for all a and o' satisfying
| — /| < §p we have

[T(a)(a = a)]/2 < [x(a) = x(a)] < 2|7 (e)(a — )]
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It follows from the above inequalities and the fact that the Jacobian matrix J(«) is
nonsingular that there exists 7o > 0 with 7y < 7/2 so that |x(a)—x(a’)| < 7 implies
la — &'| < §p. We can also assume that |J(a)(a — )| < §y implies |a — o] < do.
We now choose a cut-off function ¢ so that ¢(x) = 1 for x near 0 and ¢{(x) = 0 for
|x| > ro. We write the regularized Kernel function as K = (Kp, + (1 — () K},. The
far-field part K;° = (1—() K, is smooth. Consequently a discrete integral operator
with kernel D™ K7° (%3, x;) is 12-bounded, uniformly in h, where D™ is a derivative
operator of any order m. The local term K} when evaluated on the surface is

Kn(x(a), x(a'))¢(x(e) — x())

for |o —a/| < m; the remaining terms in the sum (those corresponding to |a — /| >
7) are zero because the small support of (. Thus the boundedness properties of
a discrete operator with D™ K, (x;,x;) reduce to consideration of D™ K} (xi, X;),
where K} (x;,x;) = Kp(xi, X3)C(x1 — X5)-

We now consider the boundedness properties of the operator K. Because of
the above remark, we can replace Kj, by K. We will make a Taylor expansion of
the kernel. We treat x; — x; as a perturbation of its linearization y;; = Ji(os — o),
where J; = J(oy). Thus we can write DGp(x; — X;j) as an expansion in terms
D™H1G,(yij)(zi)™, summed over m with remainder, where z;; = x(a;) — z(0) —
yij, and m is a multi-index. We can further expand zj; in powers of a; — aj,
quadratic or higher. We can also expand D>x; as Dox; plus powers of a; — aj. We
then have a linear combination of terms for Kj. A typical term for |a; — o] < 7 is
given by

D;’H'lGh(Ji(ai - O[j))(Oéi - ij)p-H. (146)

Here p,1 are some multi-indices, with |[p| > 2|m|,|l] > 0. For a discrete integral
operator with (146) as a kernel, we can derive boundedness properties of this opera-
tor by estimating the Fourier transform of the kernel aP*! DG}, (J;r) with respect
to . The relevant estimates have been stated in the lemma 5.3 in [4]. These es-
timates and the previous remarks show that the operator with kernel (146) gains
Ip| + |1] — |m]| derivatives, i.e., it is of order |m| — |p| — [1] in /2 in the sense defined
above. The first term, with m = p = 1 = 0 vanishes because D;x(c;) - N(az) =0
(I =1,2), and the others are of order —1 or less since |p| > 2|m|. This proves that
Kf(qﬁ) = A_l(ci)). Similar argument applies to K] for [ = 2,3, 4.

Appendix C. Derivation of (81)-(86)

Estimates for E! = (1=1,2)

pvm

By the definition of E},. (i), we have
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Em()) = Di%i- Y mj x VwG(xi —x;)h*
i
+D1xi ) (315D05%; = Aoy Dixg) X 7 Gxi = x5)h°
i
+D1xi - ) (n3D5%; — 193 Di%5) X 7 Glxi — x5)h°
i
+Dhx; - an x Er(vVxG(xi — x;))h?
i
11 Y Ny - Va G — x5)h
i
—Y1i Z(D}fXJ X DQXJ + D]fXj X DQLXJ) . Vx'G(Xi — Xj)h2
i
—i »_ Ny Br(ve Glxi — x3))0,
i

where Er(f) = f(a;) — f;. The first term is D}i; - wf; the second term is K'4q —
KI'45; the fourth and seventh terms cancel each other to the leading order; the
fifth term gives O(h)4;. Combining the third and sixth terms, we can obtain 1\2“ .
(71in,h + vgiH;h)D?iq to the leading order.

Similarly, we can derive (83) for 2, (i).

Estimates for £,

By the definition of E}, (i), we have

Ejr)lvm(i) = n- ZU_] X vx/G(Xi — Xj)h2
J#i
+n; - Z(’.YlngXj - ':YQjD{LXj) X Vx G(x5 — Xj)h2
J#i
0 Y (1iyDikG — 2, DY%g) X Ve Glxi — x5)h
J#i
+n5 - > my x Er(vseGxi — x3))h?
J#i
i
7ET( |N|) Z Vx’G(Xi — Xj) X NJh2
g
N ZVX/G(Xi — Xj) X (D{lxj X Dng + D?Xj % Dng)hQ
INi|
- ‘lzl | ZET(VX/G(Xi - Xj)) X Njh27
il

where we have used the notation Er(f) = f(a;) — fj. The first term is 0 - w; the
second term is |1\21‘| (H{,(511) + HE ,(%21)); the fourth and seventh terms cancel each
other to the leading order; the fifth term gives O(h)%; + O(h)A1 (%) = A_1(%) +

Ap(x). Combining the third and sixth terms, we obtain to the leading order the
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following error terms:
—yuDix{ - (HY , Dt + Hy, D)% — v Dyx{ - (HY ,, Dt + Hy, D3)%;.

Putting all the leading order estimates together, we get the desired estimates for
E® ..
pvm

Estimates for Ene,”

By the definition of E!_, (i), we have

: . N; R N; s
Bhoar@) = Br(Si) - (7 — 2,0l + Br(n) - (H3 — HE,) Dl

N; s ) N; s
+(771i) -Er(Hi, — Hf,h)DiXi + (7V2i) -Er(Hj ), — Hg,h)D{LXi
N; s . N; s )

(7710 : (Hl,h - Hf,h)D?Xi + (7’72i) : (Hz,h - Hg,h)D?Xiﬂ

where we have used the notation Er(f) = f(a;) — fj. The first term is O(h)(4:) +
O(h)A1(%x;) = O(h)(%;) + Ao(Xi); the second term is of the same order; the fifth
and sixth terms are the terms that we would like to get. We claim that the third
and fourth terms are O(h)A;(%;) = Ao(%i). Let us study the third term in some

details. It can be expressed as follows:

(%’Yu) (Dl - D) (Hs 11, — HY 11 ) Dixs

+(%%i) - (Dhxi - DY) (H; 1 5 — HY 15 ) Dix;
‘H%Vli) - (Dhx; - D{lki)(H‘fﬁth — Hf,th)D?Xi
+(%~m) - (Dhxi - DY) (H; 5 5, — HY gy ) Dix;

where the operator Hi jm,l,m = 1,2 is an integral operator with the following
kernel
(a1 — ah)(au — ap) (am — as,)
|r[® ’

and
r = DI'x;(ay — ) + Dhxi(as — o).

As a consequence, we can show that the third term is O(h)A; (%) = Ao(%;). Sim-
ilarly, we can show that the fourth term is of the same order. This completes the
derivation for E!_,.. Using a similar argument, we can derive (83) and (84) for
E2_. (i) and E?_ (i) respectively.

Acknowledgements: We would like to thank Professor Hector Ceniceros for
proof reading the original manuscript and for making several useful comments.
The research was in part supported by a grant from National Science Foundation
under the contract DMS-0073916, and by a grant from Army Research Office under
the contract DAAD19-99-1-0141. Pingwen Zhang also wishes to acknowledge the
support of the Special Funds for Major State Basic Research Projects G1999032804
from China.



34

THOMAS Y. HOU AND PINGWEN ZHANG

REFERENCES

[1] G. Baker, D. Meiron, and S. Orszag, Generalized vortex methods for free-surface flow prob-

lems, J. Fluid Mech., 123, 477-501 (1982).

[2] G. Baker, D. Meiron, and S. Orszag, Boundary integral methods for azisymmetric and three-

dimensional Rayleigh-Taylor instability problems, Physica D, 12, 19-31 (1984).

[3] G. Baker, and A. Nachbin, Stable methods for vortex sheet motion in the presence of surface

tension, SIAM J. Sci. Comp., 19, 1737-1766, 1998.

[4] J.T. Beale, A convergence boundary integral method for three-dimensional water waves,

Math. Comp., 70 (2001), 977-1029.

[5] J.T. Beale, T.Y. Hou and J.S. Lowengrub, Convergence of a boundary integral method for

water waves, STAM J. Numer. Anal., 33, 1797-1843 (1996).

[6] J. Broeze, E. F. G. Van Daalen, and P. J. Zandbergen, A three-dimensional equilibrium panel

method for nonlinear free surface waves on vector computers, Comput. Mech. 13 (1993), 12-
28.

[7] D. Colton and R. Kress Integral Equation Methods in Scattering Theory, Wiley, New Nork,

1983

[8] G.H. Cottet, J. Goodman and T. Y. Hou, Convergence of the grid free point vortex method

for the 3-D FEuler equations, SIAM J. Numer. Anal., 28 (1991), 291-307.

[9] G. Dahlquist, and A. Bjork, Numerical Methods, Prentice Hall, 1974.
[10] H. Dym and H. McKean, Fourier series and integrals , New York, Academic Press, 1972.
[11] J. W. Dold, An efficient surface-integral algorithm applied to unsteady gravity waves, J.

Comp. Phys., 103, 90-115 (1992).

[12] J. Goodman, T.Y. Hou and J. Lowengrub, The convergence of the point vortex method for

the 2-D Euler equations, Comm. Pure and Appl. Math., 43, 415-430 (1990).

[13] D. Haroldsen, Numerical study of three dimensional interfacial flows using the point vortex

method, Ph.D. thesis, Applied Math, Caltech, 1996.

[14] D. Haroldsen and D. Meiron, Numerical calculation of of three dimensional interfacial po-

tential flows using the point vortex method, SIAM J. Sci. Comp., 20, 648-683, 1998.

[15] T. Y. Hou, Numerical solutions to free boundary problems, Acta Numerica, 335-415 (1995).
[16] T.Y. Hou, G. Hu, and P. Zhang, Singularity formation in 3-D vortex sheets, submitted to

Phys. Fluids, 2001.

[17] T.Y. Hou, J.S. Lowengrub, M.J. Shelley, Removing the stiffness from interfacial flows with

surface tension, J. Comp. Phys., 114 (1994), 312-338.

[18] T. Y. Hou, Z.-H. Teng, and P. Zhang, Well-posedness of linearized motion for 3-D water

waves far from equilibrium, Comm. in PDE’s, 21 (1996), 1551-1586.

[19] T. Y. Hou and P. Zhang, A new stabilizing technique for boundary integral methods, Math

Comput., 70 (2001), 951-976.

[20] J. E. Romate, The numerical simulation of nonlinear gravity waves, Engeng. Analysis Bdry.

Elts., 7 (1990), 156-166.

[21] J. E. Romate and P. J. Zandbergen, Boundary integral equation formulations for free-surface

flow problems in two and three dimensions, Comput. Mech. 4 (1989), 267-282.

[22] A.J. Roberts, A stable and accurate numerical method to calculate the motion of a sharp

interface between fluids, LM.A. J. Appl. Math 31 (1983), 13-35.

[23] E. M. Stein, Singular Integrals and Differentiability Properties of Functions , Princeton

University Press (1970), 57-58.

[24] G. Strang, Accurate partial differential methods II: nonlinear problems, Numer. Math., 6

(1964), 37-46.

[25] W. Tsai and D. Yue, Computations of nonlinear free-surface flows, Ann Rev. Fluid Mech.

28 (1996), 249-278.

[26] Sijue Wu, Well-posedness in Sobolev spaces of the full water wave problem in 3-D, J. Amer.

Math. Soc., 12 (1999), 445-495.

Received for publication October 2001.

E-mail address: hou@ama.caltech.edu
E-mail address: pzhang@pku.edu.cn



