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Abstract

We investigate the singularity formation of a 3D model that was recently proposed
by Hou and Lei in [§] for axisymmetric 3D incompressible Navier-Stokes equations with
swirl. The main difference between the 3D model of Hou and Lei and the reformulated
3D Navier-Stokes equations is that the convection term is neglected in the 3D model.
This model shares many properties of the 3D incompressible Navier-Stokes equations.
One of the main results of this paper is that we prove rigorously the finite time sin-
gularity formation of the 3D model for a class of initial boundary value problems with
smooth initial data of finite energy. We also prove the global regularity for a class of
smooth initial data.
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1 Introduction

The question of whether a solution of the 3D incompressible Navier-Stokes equations can
develop a finite time singularity from smooth initial data with finite energy is one of the
most outstanding mathematical open problems [4, 13| [16]. Most regularity analysis for
the 3D Navier-Stokes equations relies on energy estimates. Due to the incompressibility
condition, the convection term does not contribute to the energy norm of the velocity field
or any LP (1 < p < 00) norm of the vorticity field. As a result, the main effort has been to
use the diffusion term to control the nonlinear vortex stretching term without making use
of the convection term explicitly.
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In a recent paper by Hou and Lei [§], the authors investigated the stabilizing effect of
convection by constructing a new 3D model for axisymmetric 3D incompressible Navier-
Stokes equations with swirl. Specifically, their 3D model is given below.

Oy = v(32 + 20, + 0Py + 2000, (1)
3
w1 = I/(@E + ;ar + 83)‘”1 + az((u1)2)’ (2)
3
—(0F + ;ar + 021 = wy. (3)

Note that (I)-(3) is already a closed system. The only difference between this 3D model
and the reformulated Navier-Stokes equations is that the convection term is neglected in the
model. If one adds the convection term back to the left hand side of ([Il) and (2]), one would
recover the full Navier-Stokes equations. This model preserves almost all the properties of
the full 3D Navier-Stokes equations, including the energy identity for strong solutions of
the 3D model and the divergence free property of the reconstructed 3D velocity field given
by v? = ruy, v = —0,(r¢y), uF = %8r(r2w1). Moreover, they proved the corresponding
non-blowup criterion of Beale-Kato-Majda type [1] as well as a non-blowup criterion of
Prodi-Serrin type [14, [I5] for the model. In a subsequent paper, they proved a new partial
regularity result for the model [9] which is an analogue of the Caffarelli-Kohn-Nirenberg
theory [2] for the full Navier-Stokes equations.

Despite the striking similarity at the theoretical level between the 3D model and the
Navier-Stokes equations, the former has a completely different behavior from the full Navier-
Stokes equations. In [§], the authors presented numerical evidence which supports that
the 3D model may develop a potential finite time singularity. They further studied the
mechanism that leads to these singular events in the 3D model and how the convection
term in the full Navier-Stokes equations destroys such a mechanism (see also [5]).

One of the main results of this paper is that we prove rigorously the finite time singularity
formation of this 3D model for a large class of initial boundary value problems with smooth
initial data of finite energy. In our analysis, we consider the initial boundary value problem
of the generalized 3D model which has the following form [8] (we drop the subscript 1 and
substitute (3)) into ([2)):

Ut = 2’LL¢Z, (4)
—AYy = (u?),, (5)

where A is a n-dimensional Laplace operator with (x, z) = (21, 22, ..., Tn—1, 2). Our results
in this paper apply to any dimension greater than or equal to two (n > 2). To simplify our
presentation, we only present our analysis for n = 3. We consider the generalized 3D model
in both a bounded domain and in a semi-infinite domain with mixed Dirichlet and Neumann
boundary conditions. One of the main results of this paper is the following theorem.



Theorem 1.1 Let Qx = (0,a) x (0,a), Q = Qx x (0,b) and ' = {(x,2) | x € Qx, z =0}.
Assume that ug > 0 for (x,2) € Q, uplaq = 0, and ug, Yo, € H*(Q). Moreover, we assume
that 1 satisfies the following mixed Dirichlet Neumann boundary condition:

¢|8Q\F =0, (¥.+BY)r=0, (6)

wzth /3 > & <M>‘ Deﬁne ¢(x’ y’ Z) — (w) Sin (7TZE1) Sin (7TZE2) whe,r.e

a 1—e—27b/a a a
b —ab

o satisfies 0 < o < /27 /a and 2 (%)2 aea# = (6. If ug and g satisfy the following

(eab _;’_efab)
condition:

/(log up)pdxdz > 0, / Yo, pdxdz > 0, (7)
Q Q

then the solution of the 3D model ([{)-(3) will develop a finite time singularity in the H?
norm.

The analysis of the finite time singularity for the 3D model is rather subtle. The main
technical difficulty is that this is a multi-dimensional nonlinear nonlocal system. Currently,
there is no systematic method of analysis to study singularity formation of a nonlinear
nonlocal system. The key issue is under what condition the solution w has a strong alignment
with the solution 1, dynamically. If v and v, have a strong alignment for long enough
time, then the right hand side of the u-equation would develop a quadratic nonlinearity
dynamically, which would lead to a finite time blowup. Note that v is coupled to w in
a nonlinear and nonlocal fashion. It is not clear whether v and 1, will develop such a
nonlinear alignment dynamically. As a matter of fact, not all initial boundary conditions
of the 3D model would lead to finite time blowup. One of the interesting results we obtain
in this paper is that we prove the global regularity of the 3D inviscid model for a class of
smooth initial boundary data. Moreover, we obtain a relatively sharp global bound on the
H?-norm (s > 4) of the solution in terms of its initial condition.

One of the main contributions of this paper is that we introduce an effective method of
analysis to study singularity formation of this nonlinear nonlocal multi-dimensional system.
There are several important steps in our analysis. The first one is that we renormalize the
u-equation so that the right hand side of the renormalized u-equation becomes linear. This
is accomplished by dividing both sides of () by v and introducing log(u) as a new variable.
This is possible since ug > 0 in  implies that « > 0 in  as long as the solution remains
smooth. The renormalized system now has the form:

(log(u))t = 29, (X7 Z) €, (8)
This idea is similar in spirit to the renormalized Boltzmann equation introduced by DiPerna

and Lions in their study of the global renormalized weak solution of the Boltzmann equa-
tions [3]. The second step is to work with the weak formulation of the renormalized model



[®)-(@) by introducing an appropriately chosen weight function ¢ as our test function. How
to choose this weight function ¢ is crucial in obtaining the nonlinear estimate that is re-
quired to prove finite time blowup of the nonlocal system. Guided by our analysis, we look
for a smooth and positive eigen-function in 2 that satisfies the following two conditions
simultaneously:

— A = Mo, 83@5 = Ao, for some A\, A2 >0, (x,2)€ Q. (10)

The function ¢ defined in Theorem 1.1 satisfies both of these conditions. We remark that
such eigen-function exists only for space dimension greater than or equal to two. In the
third step, we multiply ¢ to ([8) and ¢, to (@), integrate over 2, and perform integration by
parts. We obtain by using (I0) that

d
Ezjgﬂogu)¢dxdz - 2/g¢¢¢dxdz, (11)

Mi/%MMZ:&/ﬁMMA (12)

All the boundary terms resulting from integration by parts vanish by using the boundary
condition of 1, the fact that u|,—9 = u|,—, = 0, the property of our eigen-function ¢, and
the specific choice of a defined in Theorem 1.1. Substituting (I2]) into (II]) gives the crucial
estimate for our blowup analysis:

d? 2)o
W/Q(logu)qﬁdxdz = )\—1/QU2¢dxdz. (13)

Further, we note that

/log(u)qbdxdz < /(log(u))+¢dxdz§ / updxdz
Q Q

Q

1/2 1/2 9% 1/2
2 _ 2
< </Q (bdxdz) </Q ou dxdz) = /e </Q ou dxdz) : (14)

Integrating (I3]) twice in time and using (I4]), we establish a sharp nonlinear dynamic

estimate for ( fQ ¢u2dxdz)1/ 2 which enables us to prove finite time blowup of the 3D model.

This method of analysis is quite robust and captures very well the nonlinear interaction
of the multi-dimensional nonlocal system. As a result, it provides a very effective method
to analyze the finite time blowup of the 3D model and gives a relatively sharp blowup
condition on the initial and boundary values for the 3D model. Using this approach, we
prove finite time blowup of the 3D model for a large class of initial boundary value problems
in both bounded and semi-infinite domains. We have extended this method of analysis to
study a generalized 3D model by changing the sign in front of the Laplace operator in ().

We also study singularity formation of the 3D model with 5 = 0 in (@). This case is
interesting because the strong solution of the corresponding 3D model satisfies an energy
identity. In this case, we can establish a finite time blowup under an additional condition :

/Oa /0“(711 — to)|r sin <7r7331) sin (%) dx < co/Qzﬁqudedz,
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as long as the solution remains regular, where ¢y > 0 depends only on the size of the domain.

We remark that although the 3D model using the mixed Dirichlet Neumann boundary
condition with § # 0 does not conserve energy exactly, we prove that the energy remains
bounded as long as the solution is smooth and § < ¢y for some ¢y > 0. We also establish
the local well-posedness of the initial boundary problem with the mixed Dirichlet Neumann
boundary condition. Our numerical study shows that the energy is still bounded up to
the blowup time even if 3 > ¢y. Our numerical study also suggests that the nature of the
singularity in the case of § > ¢g is qualitatively similar to that in the case of 3 < ¢g.

Another interesting result is that we prove finite time blowup of the 3D model with
partial viscosity. Under similar assumptions on ug, ¢ and wq as in the inviscid case and by
assuming that w satisfies a boundary condition similar to ¢, we prove that the 3D model
with partial viscosity

Ut = 2’LL¢Z, (15)
w = (u), +vAw, (16)
_A¢ = W, (17)

develops a finite time singularity. We conjecture that the fully viscous 3D model would
also develop a finite time singularity. For the fully viscous model, we need to propose a
boundary condition for u. Currently we have not been able to prove finite time blowup of
the fully viscous model using our method of analysis unless we impose a Dirichlet-Neumann
boundary condition on the renormalized variable log(u), which is not very natural.

We remark that Hou, Li, Shi, Wang and Yu [10] have recently proved the finite time
singularity of a one-dimensional nonlinear nonlocal system:

up = 2uv, v = H(u?), (18)

where H is the Hilbert transform. This is a simplified system of the original 3D model
along the symmetry axis. Here v plays the same role as v,. The singularity of this nonocal
system is remarkably similar to that of the 3D model. The stabilizing effect of convection
has also been studied by Hou and Li in a recent paper [7] via a new 1D model which can
be used to construct a family of exact solutions of the 3D Euler or Navier-Stokes equations.
They showed that convection plays an essential role in canceling the destabilizing vortex
stretching in the new 1D model and obtained an a priori pointwise estimate for a Lyapunov
function which characterizes the derivatives of the vorticity in their model.

The rest of the paper is organized as follows. In Section 2, we study some properties of
the 3D model. In section 3, we prove the finite time blowup of the inviscid 3D model with
mixed Dirichlet Neumann boundary conditions. In Section 4, we analyze the finite time
blowup of the 3D model with partial viscosity. Section 5 is devoted to analyzing the finite
time blowup of the 3D model with boundary conditions that conserve energy. We prove the
global regularity of the 3D model for a class of smooth initial boundary value problems in
Section 6. A technical lemma is proved in Appendix A.



2 Properties of the 3D model

2.1 Local well-posedness in H®

In this section, we will establish the local well-posedness of the initial boundary problem of
the 3D model with the mixed Dirichlet Neumann boundary condition. We will present our
analysis for the semi-infinite domain using the Sobolev space H®. The same result is also
true in a bounded domain.

Consider the 3D model with the following mixed initial boundary condition:

up = 2w, _ N
{—A% — (w?), (x,2) € Q= Qx x (0,00) (19)

Yloor =0, (¥ + BY) [r =0,
1/1‘t:0 - ¢O(Xa 2)7 u‘t:o - UO(X7 Z) 2 07
where x = (z1,22), Qx = (0,a) X (0,a), ' ={(x,2) | x € Qx, 2 =0} and A = Ax + 8‘9—222 =
92 92 92
o2 + 922 + 52
The local well-posedness analysis depends on an important property of the elliptic op-
erator with the mixed Dirichlet Neumann boundary condition.

Lemma 2.1 There ezists a unique solution v € H3(Q)) to the boundary value problem:
—Av = f, (X7 Z) €, (20)
vlponr =0, (vz + Bo)lr =0, (21)

ifB€Sw={818%" foralk ez%, fe H Q) with s > 2 and flag\p = 0.
Moreover we have

[Vl s @) < Csll fllms—2) (22)
where Cs is a constant depending on s, |k| = \/k} + k3.
We defer the proof of Lemma Z1] to Appendix A.

Remark 2.1 We remark that we can prove the same result as in Lemma[21l for a bounded
domain Q = Qx x (0,b) with the same boundary condition by assuming that 3 € Sy where

k k 1 —2|k|wb/a
] pa g TIEL (1 for allk € Z2). (23)
1 — o—2Ik[wb/a

a a

Sy={818#

We also need the following well-known Sobolev inequality [12].

Lemma 2.2 Let u,v € H*(Q2) with s > 3/2. We have

luvll s ) < ellullas @ vl s @) (24)



Now we can state the local well-posedness result for the 3D model with the mixed
Dirichlet Neumann boundary condition.

Theorem 2.1 Assume that ug, v, € H*(Q), s > 3/2, and uglgg = 0. Moreover, we
assume that B € Sy (or Sp) as defined in Lemma [2] and 1) satisfies the following mized
Dirichlet Neumann boundary condition:

Yloonr =0, (¥, + BY)|r = 0. (25)

Then there exists a finite time T = T (|luollgs(), Yozl ms()) > 0 such that the system
{#)-(3) with boundary condition (23) has a unique solution, u,v, € C*([0,T), H*(12)).

Proof Let w = u?, then we obtain an equivalent system for w and v as follows:

wy = 4w, (26)

Using Lemma 2.1l and Lemma [2.2] we get
lwellgs < csllwllas l[v:las, (28)
[ell s+ < esllwzl| g < esllw]as. (29)

On the other hand, for any o = (a1, a2, a3) with a; > 0 (j = 1,2, 3), we have

d
3 (0%, 0%) = 2(0%, 0%) < 2[[0%wt]| 2(|0%]l 2. (30)
Summing over |a| < s gives
d
vl < 2lvelas ol (31)
which implies
d
qlvllas < lloeller-. (32)
Using (32)), we obtain
d d
lwellers = —llwllas,  ¥elgsn 2 el = Zllva]ms. (33)
Substituting (33)) into (28))-(29), we get
d
vl < clwllas ¢zl (34)
d
el = csllwlas (35)

From the above a priori estimate, we can prove the local well-posedness of the 3D model
with boundary condition (25]). O

Remark 2.2 We remark that the above analysis can be easily modified to prove the local
well-posedness of the initial boundary value problem of the partial viscous system (I13)-(17)
for initial condition ug, o, € H*(Q) and wy € H*~1(Q) with s > 3/2 (see also [6]).



2.2 Bounded energy for the 3D model with mixed boundary conditions

Proposition 2.1 Let Q@ = Qx x (0,0) and T' = {(x,2) | x € Qx, z = 0}. Assume
Ug|2=0 = uo|2=p = 0, ug, o, € H?(Q) and 1 satisfies the following mized Dirichlet Neumann
boundary condition:

¢|8Q\F =0, (¢z + ﬁ?/))h-* =0. (36)
Then the strong solution of the 3D model (f)-(3) satisfies the following identity

d a a
pr (/Q (u2+2|w|2)dxdz—2ﬁ/o /0 ¢2|Z:0dx> = 0. (37)

Moreover, we have
/Q (u? + 2(1 — Bb)|V|?) dxdz < /Q (ug + 2|Vpo|?) dxdz — 25/ / Y|.—odx.  (38)
0 0

Remark 2.3 One immediate consequence of the above proposition is that if § < 1/b, both
Jo udxdz and [, |Vi|*dxdz are bounded.

Proof Multiplying @) by u and integrating over € yields
d
—/ uldxdz = 4/ u?e,dxdz. (39)
Next, we multiply (Bl) by ¢ and integrate over (2 to obtain
- / Apppdxdz = / (u?) , dxdz. (40)
Q Q ?
Integrating by parts and using boundary condition (25]), we have
d
—/ |V¢|2dxdz—|—2/ Yot ,=odx = —2/ u?e,dxdz. (41)
dt Jo O Q

Multiplying (41]) by 2 and adding the resulting equation to (39) gives
d 2 2
— [ (v +2|VY[*)dxdz = —4 | u)|—odx
dt Jq O
= 45/ V)] .=odx
Qx
= 25 [ wlsdx (42)
= dt . z=0 9

which gives ([87). On the other hand, we have the following estimate

2

/wa%:odx - | </bwzdz> dx

Qx 0
b
b / Y2dzdx < b / |Vep|2dxdz. (43)
Qx J0O Q

IN
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This implies that

/ (u? +2|Vy?) dxdz — 28 [ ?|.—odx 2/ (u? 4 2(1 — Bb)|V|?) dxdz. (44)
Q Q

Qx
Combining [B7) with (44)), we obtain

/ (u? +2(1 — B8b)|V|?) dxdz < / (u§ + 2|Vpo|?) dxdz — 26/ V3|.—odx.  (45)
Q Q Qx

This completes the proof of Proposition 211 d

3 Blow-up of the 3D inviscid model

In this section, we will prove that the 3D model (I9) develops a finite time singularity for
a class of smooth initial data with finite energy. The finite time blowup is proved in a
semi-infinite and a bounded domain with mixed Dirichlet-Neumann boundary conditions.

3.1 Blow-up in a semi-infinite domain

First, we consider the initial boundary value problem ([I9)-(20) in a semi-infinite domain
with © = Qx x (0,00). The main result is stated in the theorem below:

Theorem 3.1 Assume that uglag = 0, ugla > 0 and ug, VYo, € H*(Q). Further we assume

2
that 3 > \/;W and 3 € Sy as defined in Lemma 2. Choose o = %%z, and define
O(%,2) = e h1(x), ¢1(x) =sin T Lsin T2, (x,2) €O, (46)
A / (log ug)pdxdz, B =2 / Yosddxdz, D ma’/? I / R
- 0 ) - OZ b - —7 o - T
Q Q a(2 (%)2—a2) 0o Vai+1

If A> 0 and B > 0, then the 3D model ({19)-(20) will develop a finite time singularity in
the H?-norm no later than

. [2DBarx\ '}
™= (== Ie.
3 2a

Proof By Theorem 2.1 we know that there exists a finite time 7" > 0 such that the
system (Id) has a unique smooth solution, u,v, € C1([0,T), H%(2)). Let T}, be the largest
time such that the system (I9) with initial condition ug, o has a smooth solution u,, €
C([0,Ty); H*()). We claim that T}, < co. We prove this by contradiction.

Suppose that T, = oo, this means that for the given initial data ug, 1, the system (I9)
has a globally smooth solution u,, € C1([0,00); H?(2)). Multiplying ¢. to the both sides
of (B) and integrating over Q, we get

— / A, dxdz = / (u?), ¢-dxdz. (47)
Q Q

9



Note that u|sn = 0 as long as the solution remains smooth. By integrating by parts and
using the boundary condition on ¢ and the property of ¢ to eliminate the boundary terms,
we have

_ /Q VuAddxdz — /Q st~ /Q o= /Q Podxdz.  (48)

Substituting ¢ into the above equation, we obtain

2
<2ai2 - a2> % /Q bupdxdz = o? fyudxdz — fo (ovu + %Zwt)(zzo 1 (x)dx
— a? [ ulpdxdz + [, (aﬁ - 2@#) bels—odr (x)dx. (49)

By the definition of «, we have

o2 o2 Vor
aﬂ—?:O, anda:W<T, (50)

since [ > % Thus the boundary term on the right hand side of (49) vanishes. We get

d / Vopdxdz = _ @ / updxdz (51)
dt Jo 2(x)? — a2 Jo '
Next, we multiply ¢ to (§) and integrate over 2. We obtain
4 (logu)pdxdz = 2/ P, pdxdz. (52)

Combining (5I) with (52)), we have

2

d 202
@/ﬂ(logu)qﬁdxdz

2(5)" ~a?

Integrating the above equation twice in time, we get

2 t S
/(log u)pdxdz = #/ / </ u2¢dxdz> drds + A+ Bt
9) ) —a=Jo Jo 9)
2@2 t S
2 g —a*Jo Jo Q

Note that u > 0 for (x,2) € Q and ¢t < Tj. It is easy to show that

/ u?pdxdz. (53)
Q

/(logu)gbdxdz < /(logu)+¢dxdz§/u¢dxdz
Q Q

Q

1/2 1/2
< < /Q ¢dxdz> < /Q u2¢dxdz>

1/2
= \/2577 (/Q u2¢dxdz> , (55)

10




where (logu)™ = max(logu,0). Combining (54]) with (55) gives us the crucial nonlinear
dynamic estimate:

1/2 \/aﬂ_
< /Q u2¢dxdz> 22( — / / ( / 2¢dxdz> drds+ Bt (56)

Define
_ 7.‘.()[5/2 t S ) \/a,n_
F(t) = —a(2 (§)2 e /0 /0 </Qu ¢dxdz> drds + “oq Bt. (57)

var

Then we have F'(0) = 0 and F;(0) = 2—B > 0. By differentiating (57) twice in time and
a
substituting the resulting equation into (50]), we obtain

&2F 5/2
~ = - / W2pdxdz > DF?, (58)
dt a2(Z)" —a?) Jo
7.‘.045/2 . Ja
where D = W Note that Ft =D fo (fQ u2¢dxd2) ds+ 2aﬂ-B > 0. Multlplylng
a2(7) —«
F; to (B8) and integrating in time, we get
dF 2D
—F34+C, 59
dt = 3 + (59)

s am? _,
where C' = (Fy(0))* = a2 B*. Define
a

T g 30\ V3
I(a;):/ A J:<—> .
0 VyP+1 2D
Then, integrating (B9) in time gives

1< §)>>Q, vt € [0,77]. (60)

Note that both I and F are strictly increasing functions, and I(x) is uniformly bounded for
all x > 0 while the right hand side increases linearly in time. It follows from (G0) that F'(t)
must blow up no later than

I
VC

This contradicts with the assumption that the 3D model has a globally smooth solution.

I,=T".

This contradiction implies that the solution of the system (I9) must develop a finite time
singularity no later than 7. (]

11



Remark 3.1 As we can see in the proof of Theorem [31], the same conclusion still holds if
we replace the boundary condition

(¢z + ﬁ¢)|z=0 =0,

by the following integral constraint
Y, + BY)|,_ sin 7 gin T2 4x — 0.
z=0
Ox a a
3.2 Blow-up in a bounded domain

In this subsection, we will prove finite time blow-up of the 3D model in a bounded domain.
First, we formulate the initial boundary problem of the 3D model as follows:

{ v ?Z;”) L (x2) € Q= 0xx (0,0), (61)
Yloovr =0, (Y. + BY) r =0, (62)

Yli=o = Yo(x,2), ult=0 = uo(x,2) >0,

where x = (x1,22), Qx = (0,a) x (0,a), I' = {(x,2) € Q| x € Qx, 2 =0}. We can get a
similar blow-up result which is summarized below:

Theorem 3.2 Assume that uglog = 0, uglo > 0, and ug, Yo, € H*(Q). Further, we assume
NoT (e\/iwb/a 4 e~ V2mb/a

that 3 € Sy as defined in Lemma [2.1] and satisfies 5 > anbla e—\/inb/a) . Define

e—(z=b) 4 ga(2=b) T, TXo

h(x,2) = 5 sin — sin — (x,2) € Q, (63)
where o satisfies 0 < a < /27 /a and 2 (g)2 % =[f. Let
mad/? ° dx
A :/(loguo)(bdxdz, B = 2/ Yo.¢dxdz, D=—m——, Iy :/ S
Q Q a2(Z)” —a?) 0 3+ 1

If A> 0 and B > 0, then the solution of (61])-([62) will blow up no later than

~1/3
T — 2DB \/ar I
3 2a

Proof We follow the same strategy as in the proof of Theorem Bl By Theorem 2.1],
we know that there exists a finite time 7" > 0 such that the system (6I) has a unique
smooth solution, w,v, € CY([0,T), H*()) for 0 < t < T. Let T} be the largest time
time such that the system (I9) with initial condition wug, ¥y has a smooth solution w, 1), €
CY([0,T}); H%()). We claim that T; < co. We prove this by contradiction.

12



Suppose that T, = oo, this means that for the given initial data ug, 1, the system (&)
has a globally smooth solution u,, € C1([0,00); H?(2)). Multiplying ¢, to the both sides
of the i-equation and integrating over €2, we get

- / A dxdz = / (uz)z ¢,dxdz. (64)
Q Q
Note that ulgo = 0 as long as the solution remains smooth. By integrating by parts and

using the boundary condition on % and the property of ¢ to eliminate the boundary terms,
we have

. . o _ 2
/Q ouAddxdz /Q ot /Q gl /Q P dxdz. (65)

Substituting ¢ to (65]) and using the boundary condition for 1), we obtain

@g—&>%4%wmz

= 042/Qu2<;5d>cdz—/Q < ( > +— ( b 4 e ab) T/Jt> ¢1(x)dx
x z=0

_ QQA;B¢¢dz+ﬂL <—( ) (ab+e—w)>¢ﬂﬁ£¢gxmx

ab —ab
= a2/(2u2¢dxd2 + % ( —Oéb < ﬁ) ¢t’z=0¢1(x)dx, (66)

T\2 e 4 e
where ¢1(x) = sin Tt sin 22, Let h(a) = 2 (—) Direct computations
a/ «

(eab _ e—ab) :
show that %h(a) < 0 for all > 0. Thus we have

V2r <e\/§“b/“ + e_\/i“b/“> _ (\/577

a e\/iwb/a _ e—\/iwb/a a

V2m

a

><m@<hmg:m,o<a< (67)

Since 8 > h (*f”> by assumption, we can choose a unique o with 0 < a < @ such that

271'2 eab 4 e—ab
a2 afeob —eab) b. (68)
With this choice of «, the boundary term in (66 vanishes. Therefore we obtain

o?

d _ 2
&/sz(lﬁdXdZ = 2(5)27_042/9?1 ¢dxdz. (69)

Next, we multiply ¢ to (§]) and integrate over Q2. We get
d
— [ (logu)pdxdz = 2 [ ,¢pdxdz. (70)

13



Combining (70) with (69), we get

& / (log ) pdxd 207 / 2pdxd (71)
— ogu)pdxdz = ———— | u ¢pdxdz.

dt? Jg 2 (5)2 —a?Ja

Now we can follow the exactly same procedure as in the proof of Theorem [3.I] to prove that
the 3D model must develop a finite time blow-up. O

Remark 3.2 We remark that the same conclusion is still true if we replace the Dirichlet
boundary condition |,—, = 0 by the Neumann boundary condition ¥,|,—, = 0. The only
difference is that the weight function ¢ is now changed to

—a(z—=b) _ a(z—b)
d(x,2) = ¢ 5 ¢ sin% sin %, (x,2) € Q, (72)

where 0 < o < /27 /a, and (3 satisfies a variant of (Z3) in Lemma 21 and
2 V2mb/a _ ,—+/27b/a 9
V2m (e ¢ <B<2 (%) . (73)

a eﬂﬂb/a + e—\/iwb/a

We omit the proof here.

3.3 Blow-up of a generalized 3D model

In this section, we study singularity formation of a generalized 3D model by changing the
sign of the Laplace operator in the i-equation (Bl). Specifically, we consider the following
generalized 3D model:

Ay = (v%),

The boundary and initial conditions are below

{ u = 2u, (x,2) € Q= Qy x (0,a) = (0,a) x (0,a) x (0,a). (74)

7“89\1" =0, ¢z|1" =0, I'= {(Xv Z) |X €Qx, 2=0,0rz= a} (75)
Yl=0 = Yo(X, 2), ult=0 = uo(x,2) > 0.

In this subsection, we will generalize the singularity analysis presented in the previous
subsection to prove that the solution of the generalized 3D model will develop a finite time
singularity. The main result is summarized in the following theorem.

Theorem 3.3 Assume that ug|oq = 0, uglg > 0, and ug, o, € H?(Y). Further, we define

$(x,2) =sin %331 sin %TZ sin %Z, (x,2) € Q. (76)

Let
A:/(loguo)qﬁdxdz, B:2/ Yo.bdxdz, I, :/oo dix
. Q o vai+l
If A >/ 0 and B > 0, then the solution of (74)-(73) will blow up no later than T* =
(£) L.
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Proof We prove the theorem by contradiction. Suppose that the system (74) has a
globally smooth solution, u,, € C*([0,00); H*(2)). Multiplying ¢. to the both sides of
the 1-equation and integrating over 2, we get

— / A, dxdz = / (u?), ¢-dxdz. (77)
Q Q

Note that u|so = 0 as long as the solution remains smooth. By integrating by parts and
using the boundary condition on ¢ and the property of ¢ to eliminate the boundary terms,

we have
— / V1 Apdxdz = / ¢, dxdz. (78)
Q Q
Substituting ¢ to (8)) and using the boundary condition for 1), we obtain
d 1 9
a/ﬂipzqﬁdde— g/ﬂu odxdz. (79)
Next, we multiply ¢ to (§) and integrate over Q2. We obtain
i/(10gu)<;5dxdz=2/ Y, pdxdz. (80)
Combining (79) with (80), we obtain
d—2/(lo u)pdxdz = g/ u? pdxdz (81)
a? Jo 08 ~ 3/, '

Integrating the above equation twice in time, we get

/Q (log u)pdxdz = g /0 t /0 ) < /Q u2¢dxdz> drds + A + Bt. (82)

Using (82)), following the same argument as in Theorem [B], we can prove that the solution
of the initial boundary value problem (74]) blows up no later than 7. 0

4 Blow-up of the 3D model with partial viscosity

In this section, we prove finite blow-up of the 3D model with partial viscosity. Specifically,
we consider the following initial boundary value problem in a semi-infinite domain:

ug = 2ui,
wy = (u2)z +rvAw , (x,2) € Q=Qx x (0,00), (83)
Ay = w.

The initial and boundary conditions are given as follows:

Ylooar =0, (2 + BY) [r =0, (84)
wloonr =0, (w2 +w) r =0, (85)
wli=o = wo(x,2), uli=0 = uop(x,2) >0, (86)
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where I' = {(x,2) € Q | x € Qx, z=0}.
Now we state the main result of this section.

Theorem 4.1 Assume that uglpn = 0, uglg > 0, and ug,vo. € H%(Q), wy € HY(Q).
Further, we assume that 8 € S as defined in Lemma 2] and § > ‘/5“, v = %%z Let

a

d(x,2) = e “sin % sin %, (x,2) € Q, (87)

where o = é%z satisfies 0 < a < \/2m/a. Define

2
A= /(loguo)quxdz, B = —/ wop.dxdz, D=—m—, (88)
Q Q 2(Z)" —a?
0o 312 —-1/3
I :/ I S (M) I (89)
o VvVao+1 12a

-1
If A>0, B>0, and T* < (log?2) <I/ (26%2 - az)) , then the solution of model (83) with
initial and boundary conditions (87)-(80) will develop a finite time singularity before T*.

Proof Again, we prove by contradiction. Assume that the 3D model with the initial
boundary conditions (84)-(86]) has a globally smooth solution, u, 1, € C*([0,00); H(Q)),
w € CY([0,00); H'(2)). Multiplying ¢ to the both sides of the 1-equation and integrating
over €2, we get

- / AYp,dxdz = / w¢,dxdz. (90)
Q Q
By integrating by parts and using boundary conditions (84])-(85]) and the property of ¢, we
obtain
/ Y, Apdxdz — V0| ,—odxdz — / YAxP|,—pdxdz = / wo,dxdz. (91)
Q o Qx Q

Substituting ¢ defined in (87) into the above equation, we have
¢1(x)dx

2 2
- <2ai2 - a2> / boddxdr = / wedxdz — / (wz + 2%1/;)
Q Q Qx a 2=0

2 2
— [tz [ (0825 ) vlaontix, 02

TELL iy TE2 : V2m
Thsin 722, Since 3 > ¥ F, we can choose
272 Vor
a=—< 93

where ¢1(x) = sin

to eliminate the boundary term in (02)). This gives rise to the following identity:

1
Lpdxdz = ———— dxdz.
/Qw(bxz 2(%)2_a2/52w¢ xdz (94)
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Next, we multiply ¢, to the both sides of the w-equation and integrate over €2

/thSzdxdz :/ (u2)z¢zdxdz+u/ Awd,dxdz. (95)

Q Q Q

Integrating by parts and using u|spq = 0, we obtain

i wo,dxdz = —/ w2, dxdz + v <—/ Wy, —0dx + / Wz | r—odx + / qubdedz)
dt Jg Q x Ox Q

2 2
= —a2/ updxdz — v (% - a2> / we,dxdz + u/ (aw, + a?w)|,—o¢1(x)dx
Q a Q

x

2

= —a? /Q wpdxdz — v <2ai2 - a2> /Qw(ﬁzdxdz + V/ ala — y)w| =01 (x)dx

Qx
2 2 2 2
= -« updxdz —v | —5 —«a wae,dxdz, (96)
Q a Q

where we have used a = 7 to eliminate the boundary term in the above estimates. Solving
the above ordinary equation for fQ wo,dxdz gives

t
/w@dxdz = e_)‘t/ wop,dxdz — a2/ e ME=9) (/ u2¢dxdz> ds, (97)
Q Q 0 Q

where A = v (2(1%2 - a2). Using the renormalized u-equation (8)), (@4 and (@7]), we obtain

4 /Q (logu)pdxdz = 2 /Q V. pdxdz (98)

dt
2 t
= —a <—e_>‘t/ wod.dxdz + ozz/ e A=) </ u2¢dxdz> d8> .
2 (g) —a? Q 0 Q

Integrating the above equation in time, we get

Y
/Q(logu)qbdxdz = /Q(loguo)qbdxdz— 2(”)§_a2 <1 /\e > <—/Qwo¢dedZ>

2@2 t s ¢
+— / / e~ M=) </ u2¢dxdz> drds. (99)
2(Z)" —a?Jo Jo Q
log 2

Let Ty = N then e=* > 1 over the interval [0,7y]. Note that & <1_e)\7”> =eM>1

for 0 <t < Tp. This implies that 1“;:” > % for 0 <t < Tpy. Thus we have from (Q9)) that

t s
/(log u)pdxdz > A+ 1DBt + 1Doz2 / / </ u2¢dxdz> drds, (100)
Q 2 2 0 Jo \Ja

for all t € [0,Tp]. Now we can follow exactly the same procedure as in the proof of Theorem
B to prove that the 3D model must develop a finite time blow-up before

a3rD2B\ " ?
T = ———— Io. 101
< " ) . (101)
Since T™ < Ty, we conclude that the solution must blow up before T*. O
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Remark 4.1 We can also prove the finite time blow-up of the 3D model with partial vis-
cosity in a bounded domain following a similar argument. We omit the analysis here.

5 Blow-up of the 3D model with conservative boundary con-
ditions

In this section, we will consider boundary conditions for ¢ that will conserve energy. Under
some additional condition, we can prove that the solution of the 3D model with conservative
boundary conditions will also develop a finite time singularity.

5.1 Blow-up in a semi-infinite domain

Consider the following initial boundary value problem:

= 2uy,
{ —AZE - (Z;/’) , (2,2) € Q= Oy x (0,00), (102)
Ylooar =0, [ =0, (103)

1/1‘t:0 = ¢0(X7 Z)a U’t:O = U()(X, Z) 2 07
where Qx = (0,a) x (0,a), and T' = {(x,2) € Q| x € Qx, z=0}.
Theorem 5.1 Assume that uglon = 0 , uolq > 0, and ug, o, € H*(Q). Let
™I T

d(x,2) = e “*sin — sin 72, (x,2) €9, (104)

with a = 7, and

A:/(loguo)qbdxdz, B:2/ Yo, pdxdz,
Q Q

2
r(t) = L/@ (¥ —1g)|2=0 sin 72 gin T2 4%

2(5)" - o? “ e

IfA >0, B>0 andr(t) < % as long as u,y remain reqular, then the solution of (102)-
[I03) will develop a finite time singularity in the H? norm.

Proof We prove the theorem by contradiction. Assume that the initial boundary value
problem has a globally smooth solution, u,v, € C*([0,00); H?(R2)). Multiplying ¢, to the
both sides of the i-equation and integrating over €2, we get

— / A, dxdz = / (u?), ¢-dxdz. (105)
Q Q

Note that u|,—9 = 0 since ug|.—9 = 0. By integrating by parts and using the boundary
condition of ¢ and the property of ¢, we have

[ batotxds— [ padulcodxdz [ didolpdxdz = [ aoudxdz (100
Q Qx QX Q
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Substituting ¢ defined in (I04]) into the above equation, we have

(2 (2)2 - a2> %/ﬂwzqﬁdxdz ~a / w?pdxdz — 2 / Dt 501 (x (107)

7r:v1 7rm2

where ¢1(x) = sin 2L sin ™22 Finally we have

2

d _ @ 2 2 (%)2
&/Q?ﬁqud)(dz = W/Qu qbdXdZ — W/Qx T[)t|Z:0¢1(X)dX. (108)

Next, we multiply ¢ to (8) and integrate over 2. We get

d
= /Q (log u)pdxdz = 2 /Q o pdxdz. (109)

Combining (I08]) with (I09), we obtain
2

9 2 4 (T 2
F7e) /(logu)gbdxdz #/Qu%ﬁdxdz— 2(9(27“)_042/Qx Ui]2=0d1(x)dx  (110)

2(5)" —a?

Integrating the above equation in time and using the assumption that r(t) < g,

/Q (logu)pdxdz = 2(;);% /0 t /0 ’ < /Q u2¢dxdz> drds + A+ Bt
—#/(/ (0 = i)t () ) ds
> ;O‘ a2// </ 2¢dxdz>d¢ds+A+%Bt. (111)

Using (I11J), following the same argument as in the proof of Theorem [B.Il we can prove

we get

that the solution of the initial boundary value problem of the 3D model blows up in a finite
time. O

5.2 Blow-up in a bounded domain

In this subsection, we will prove the finite time blow-up of the 3D model with a conservative
boundary condition in a bounded domain. Specifically, we consider the following initial
boundary value problem:

{ —AZZ i ?Z;/})ZZ ;o (%,2) € Q= Qyx x (0,b), (112)
Ylooar =0, [ =0, (113)

1/1‘t:0 = ¢O(Xa 2)7 U’t:O = ’LL()(X,Z) 2 07

where x = (z1,22), Qx = (0,a) x (0,a), I' ={(x,2) € Q| x € Q, z=0o0r z = b}.
The main result is stated in the following theorem.
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Theorem 5.2 Assume that uglog =0 , uola > 0, and ug, o, € H*(Q). Let

—a(z—b) _ a(z—b)
¢ 5 ¢ sin%xl sin %332, (x,2) € Q, (114)

¢(X7 Z) =

with o = 7, and

A= /(loguo)quxdz, B :2/ o, pdxdz,
Q Q

2 eab_ —ab)

S|

e

r(t) = 2(

( . TX1 . TX2 B
- z= —sin —dx < —.
Sy 0 i lmasin T T <

IfA >0, B>0andr(t) < % as long as u, ¥ remain reqular, then the solution of ({112)-

(I13) will develop a finite time singularity in the H? norm.

Proof We prove the theorem by contradiction. Assume that the initial boundary value
problem has a globally smooth solution, u,v, € C*([0,00); H?(R2)). Multiplying ¢, to the
both sides of the i-equation and integrating over €2, we have

— / Ay dxdz = / (u?), ¢-dxdz. (115)
Q Q

Note that u|p = 0 as long as the solution remains regular. By integrating by parts and
using the boundary condition of ¥ and the property of ¢, we get

- / Yo Apdxdz + / Vi A2 b dxdz = / u’¢,.dxdz. (116)
Q Qx Q

Substituting ¢ to the above equation, we obtain

<2 <g>2—0z2> %/Q&qudxdz = ozz/ﬂuzqﬁdxdz

— <Z)2(e°‘b — e ; Yi|=0¢1(x)dx, (117)

a
where ¢;(x) = sin T2t sin 722, Thus we have
2

d «o (—”)2(6
— ,odxdz = ————— 2pdxdz — ¢
t/qpquz 2(2)2 2/u¢xz 2(2)2

ab

—ab
—ZQ )/Qx Pt .=01 (x)dx. (118)

Next, we multiply ¢ to (§) and integrate over Q2. We have

d
E/Q(logu)qﬁdxdz :2/91/12¢dxd2. (119)

Combining (II8]) with (II9), we obtain

2

d / 202 9 2
— log u)pdxdz = 7/ u“pdxdz —
d Q( ) 2 (%)2 —a?Ja

m\2 (_ab —ab
(E (& e

( _
2(3)° - a?

)/Qx th‘zzo(ﬁl(x)dx. (120)



. . . . . . B
Integrating the above equation in time and using the assumption that r(t) < 7,

2 t s
/(logu)qﬁdxdz = 2+/ / </ u2¢dxdz> drds + A+ Bt
) 2(Z)"—a%Jo Jo \Ja
b

2(0) (e - e / t < / D !z:om(x)dx) ds

2(2) o

a

20 b 1
f/ / (/ u2¢dxdz> drds + A+ - Bt. (121)
2(2)"—a2Jo Jo \Ja 2

Using (I2I]) and following the same argument as in the proof of Theorem [BI], we can prove

we get

that the solution of the 3D model will develop a finite time singularity in the H? norm. [J

5.3 Blow-up of the 3D model with other conservative boundary condi-
tions

The singularity analysis we present in the previous subsection can be generalized to study
the finite time blow-up of the 3D model with the same boundary condition along the x; and
xo directions as in Section [£.2] but changing the Neumann boundary condition along the 2-
direction to a periodic boundary condition. The assumption on ug and 1y remains the same
as in Section (.21 In this case, we can prove the finite time blow-up of the corresponding
initial boundary value problem with two minor modifications in the statement of the blow-
up theorem. The first change is to replace ¢ by the following definition:

=% 4 g—a(=b) L T

o(x,2) = 5 sinT sin 72, (x,2) € 2= (0,a) x (0,a) x (0,b), (122)
with o = Z. The second change is to modify the definition of r(t) as follows:
20((1 — e B
r) = 22 —e7) / (2 — t02) oo sin 2L sin T2 < B
2(Z)" —a? Jo a a 2

where A and B are the same as in Theorem 5.2 If A > 0, B > 0 and r(t) < % as long
as u, 1 remain regular, then we can prove that the solution of the corresponding initial
boundary value problem will develop a finite time singularity in the H? norm.

The same singularity analysis can be applied to study the finite time blow-up of the
3D model with the same boundary condition along the x; and z9 directions as in Section
(.2 but changing the Neumann boundary condition along the z-direction to the Dirichlet
boundary condition. The assumption on ug and 1y remains the same as in Section In
this case, we can prove the finite time blow-up of the corresponding initial boundary value
problem with two minor modifications in the statement of the blow-up theorem. The first
change is to replace ¢ by the following definition:
e(z=b) 4 g—alz—b) T T

5 sinTSinT{ (x,2) € Q= (0,a) x (0,a) x (0,b), (123)

@(X, Z) =
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with o = Z. The second change is to modify the definition of r(t) as follows:

a(eab _ e—ab) Coqm . T B
— 2 5 - = — hdx < =
9 (£)2 o2 /x(l/Jz Y02 )|2=0 sin a sin a x < 5

a

r(t) =

where A and B are the same as in Theorem 52l If A > 0, B > 0 and r(t) < £ as long
as u,v remain regular, then we can prove that the solution of the corresponding initial
boundary value problem will develop a finite time singularity in the H? norm.

Remark 5.1 All the results in this section can be generalized to a cylindrical domain € in
high dimension space RN, with Q = {(x, 2)| x€Q CRY"L 2 € a,b] C R}. In this case,
the weight function ¢(x,z) is chosen to be the product of two functions:

P(x,2) = pr(x)n(2). (124)

Here the eigen-function, n(z), is the same in the Eulerian coordinate in the previous sections.
The eigen-function, ¢1(x), defined in the x space, is chosen to be the first eigen-function of
the following eigenvalue problem:

—Axp1 = Ag, (125)

b1loa. = 0, (126)

with X > 0, where Ay is the N — 1 dimensional Laplace operator, Ay = 6%25 4+ 4 8—:(22—.
1 N-1

6 Global regularity of some initial boundary value problems

In this section, we will prove the global regularity of the 3D model for a special class of
initial and boundary conditions. To simplify the presentation of our analysis, we use u? and
1, as our new variables. We will define v = 1, and still use u to stand for u2. Then the 3D
model now has the form:

{_A? _ iuv , (x,2) €= (0,9) x (0,0) x (0,9). (127)

We choose the following boundary condition for v:

vlon = —4, (128)

and denote v|i—o = vo(x, z) and u|—p = up(x, z) > 0.
In our regularity analysis, we need to use the following Sobolev inequality [12]:
Lemma 6.1 For all s € Z", there exists Cs > 0, such that, for all u,v € L>° N H*® (RN),
1/2

Yo o) = 0%u-olia | < Cs(lullillollas + IVollpellull o). (129)

0<|a|<s
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Now we state the main result of this section.

Theorem 6.1 Assume that ug,vo € H*() with s > 4, uglog = 0, and vg < —4 over €,
then the H® norm of u,v remains bounded for all time as long as the following holds

6(4Cs + 1) (lvoll = + Cs|luolla=) < 1, (130)

where C is an interpolation constant. Moreover, we have |[ul| L < |uo|lpee™, [Jul|gs(o) <

uollgrsye™™ and |[v]|gs(q) < C for some constant C' which depends on ug,vo and s only.

Proof First, we note that (I30) implies that 2Csd||vo||gs < 3. By using an argument
similar to the local well-posedness analysis, we can show that there exists Ty > 0 such that
||u|| s and ||v||gs are bounded, v < —2 on €2, and 2C0||v||gs < 1 for 0 < t < Tp.

Let [0,T") be the largest time interval on which ||u|| s and ||v||gs are bounded, and both
of the following inequalities hold:

v< -2 over Q, 2Cs|v|mgs <1.

We will show that T' = oo.
For oo = (a1, 0, 3) with a; > 0 (j =1,2,3) and |a| < s, we have for 0 <t < T that
d (6% (6% (0% (0%
&@ u,0%) = 8(0%(uv),0%u)
= 8(0% - v,0%) + 8 (0 (uv) — 0% - v, 0%u)
= 8/ |0%u|?vdxdz 4 8 (0% (uv) — 0%u - v, D%u)
Q

IN

—16/ 0°udxdz + 80% (uv) — 0%u - ol 2| 0%ull 2. (131)
Q
Using Lemma [6.1], we get
d
el < =8llullms + Cs (Jullelvllas + [[Vollzoellull 1) - (132)
Since u|pn = uglan = 0, we obtain
z
u(x,z,t) = / Ou(x, 2 t)dz
0

z prr o
= / / / 0y Oy Ou(zh, xy, 2, t)dz, dos’ds’
o Jo Jo

< 53/2”8x1axzazUHL2 < d||ullus, (133)

since s > 4. Notice that vy,|,—¢ = 0, so we have

z 4
Vg :/ Vg, dz’ < / Vg2 |d2" < 6|[vg, || oo (134)
0 0
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Similarly, since v,|;,—9 = 0, we have

T1 )
vo= [onpeded < [ fuugelder’ < 8ol (135)
0 0

Combining (I34]) with (I33]), we get

[90le < 8 ma((oa,s L) (136)

Since s > 4 > 2 + 3/2 by our assumption, we obtain by using the Sobolev embedding
theorem [12] that

HUJ:Z-ZHL"O < CSHUI@-ZHHS*Z < Csllvllas- (137)

It follows from (I36]) and (I37]) that

VoL < Csdl|v]|gs- (138)
Combine (I32)-(133]) with (I38)), we obtain
d
gl = (=8 +2Cs0||vl[m=) llulla=- (139)

Since 2C;4||v||gs < 1 for t < T by the assumption of T, we have for t < T that
ullrs < lluollmse™™. (140)
Note that
d
T (0%, 0%) = 2 (0%, 0%v) < 2[|0%|| p2]|0%|| 2. (141)
Recall that Av; = u,,. We can easily generalize the proof of Lemma 2.1] to show that
[vell s < Cslluzzll o2y < Csllullgsq)- (142)
Using (142]), we get
d, o
lollzs < 2lvellasllollms < 2Cs[ull s [lol - (143)
Substituting (140) to the above equations, we get for ¢ < T that

d _
EH’UHHS < Csllullas < Collugl|ase™™. (144)

Integrating the above inequality in time, we obtain the estimate of ||v|| s over [0,T'):

IN

t
lolme < llvollas + Csluolas / 5 ds
0

IN

C
[[voll s + TSIIUOHHS < lvollzs + Cslluol| - (145)
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Since v|gn = —4, we can use the the same argument as in the proof of (I33) to show that
v+ 4] < 6|vllms < 6 (Jvollms + Cslluollzs) , (146)
where we have used (I45]). Now we have for ¢ < T that

v < —4 406 (||voll s + Cslluol|m=) ,
2035||U||Hs < 2035(||U0||Hs + C’s||u0||Hs) .

By our assumption on the initial data, we have
(4C5 + 1) (|lvollms + Cslluolm=) 6 < 1. (147)
Therefore, we have proved that if
v<—-20n and 2C|v|gs <1, 0<t<T, (148)

then we actually have
1
v<-3on and 2C0|v|gs < 2 0<t<T. (149)

This implies that we can extend the time interval beyond T so that (I48)) is still valid. This
contradicts the assumption that [0,7") is the largest time interval on which (I48]) is valid.
This contradiction shows that 7" can not be a finite number, i.e. (I48)) is true for all time.
This implies that ||u| g ) and ||v]|s(q) are bounded for all time. Moreover, we have shown
that [ullze < [luollee™™, llull sy < luollms@)e™™ and [[v]l (o) < llvollzs + Cslluol s

O

Appendix A. Proof of Lemma [2.7]

Proof of Lemma [2.7] We present the proof for the case of a = w. The case of a # 7
can be proved similarly. First, we perform the sine transform along x and z» directions to
both sides of ([20). We have

|k7|2’[)(k7¢ Z) _{)zz(ka Z) = f(k‘,Z), (A'l)
where k = (k1, k2), |k| = /K% + k3, and the sine transform of v is defined as follows:
2 2 ™ s
0(k,z) = <;> / / v(x1, X2, 2) sin(kyz1) sin(kexs)dridz,. (A-2)
o Jo
Applying the sine transform to the boundary condition gives

({)z(k> Z) + ﬁ@(kv z))|Z=O = 0. (A'3)
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The second order ODE (A-1]) can be solved analytically. The general solution is given by

0(k, z) = & <__/ fe M g2 4+ ¢y (k )> c k|z< / fe®# a2 + Cy(k )). (A-4)

The boundary condition (A=3]) and the constraint that v € L?(2) determine the constants
C4 and (5 uniquely as follows:

1 [~ / k
i) =5 [ Rk o) = ey, (A-5)
2Jo k| — B
Let x(z) be the characteristic function
0, <0
— 9 ) A_
(@) {17 Ty (A6)
Then v(k, z) has the following integral representation (note that 3 # |k| by our assumption):
1 RPN /
o - —|k|(2'—2) _ —|k[(z—2") /
Bk, 2) 2|k|/ Pk, )e (2 — 2)de! +2|k|/ F(k, 2)e (2 — )z
L / k(e
Flk, z)e~FlG+20 g
TTRITRT = B)
— VK1 (2 — il VK (2 —
2|k:|/ fk‘z 1(2 — 2)d? +2|k:|/ fk‘z 1(z — 2d?
+W/ Flk, 2) Ko (= + #)d2, (A-7)

where K1(z) = e Fl2x(2), Ky(z) = e~ l¥I*. Using Young’s inequality (see e.g. page 232 of
[11]), we obtain:

1 k| + 5
g7 (211000 + 2 (e Vel ) 175t

1 El+ B8, -~
: k_< Hk‘;—ﬂ>Hf(k")”“[0m>§‘k,gllf( Mrziomeys (A-8)

IN

[0(k, )l 2[0,00)

where M = max
k1,k2>0

Next, we estimate UZ( ) Differentiating (A-=4]) with respect to z, we get

vy(k,z) = _%/ f(k; 2)e —lkl(z'=2) g / f k, 2) o~ IkIGz=2") g/

|kl + 8 e lHl(+2) i
i / (k) i (A-9)

> < 0o since 3 # |k| for any k € Z? by our assumption.

Following the same procedure as in our estimate for v(k, z), we obtain a similar estimate
for v,(k, 2):

~ 1 kl+ 0 -
196 Mz = i (1 |15 ) 170 DMz < Gl Fh ooy (410
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Let oo = (a1, a2, 3) with a; > 0 (j = 1,2,3). We will prove [|0%v]|7, < M2HfHH‘ oo for
all |a| > 2. We will prove this using an induction argument on ag. First, we establish this
estimate for a3 = 0 and a7 + a9 > 2. Below we use the case of ;1 > 1 and ag > 1 as an
example to illustrate the main idea. By using the Parseval equality and (A=8]), we obtain

10°0)220y = 22k2a1k2a2/ Bk, 2)[2d>

kl lkz 1

= Z Z kzo‘lkgaQH )HLZ[OOO

k1=1ko=1

IN

S5 MR R K Y F (R )20 00

k1=1 kz—l

Z Z Hkal lkocz 1 ( 7.)”%2[0700)

k1=1ko=1
= M2og 0y fl ey < Mo

IN

@ (A-11)

Similarly, we can prove (A-IT]) for @z = 0 and ay + ag > 2 by distributing the appropriate
order of derivatives to z1 and/or zo direction.

Using ([A-10) and following the same procedure as in the proof of (A-11l), we can prove
(A-11)) for the case of ag = 1 and oy + g > 1. Finally, using (A-I]) and differentiating (A-I])
with respect to z as many times as needed, we can prove

1001220 < Call 112y (A-12)

for all a3 > 2 and a3 + g > 0 by using an induction argument and (A-11]) for a3 = 0 and

ag = 1. Using (A-12)) and (A-T), we obtain
vl zrs @) < Csllfllas—2(0) (A-13)

for all s > 2, where Cy is a constant depending only on s. The uniqueness of the solution
follows from the solution formula (A=4)) and (A-5]). This completes the proof of Lemma 211
O
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