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Abstra t. Many problems of fundamental and pra ti al importan e have multiple
s ale solutions. The dire t numeri al solution of multiple s ale problems is diÆ ult
to obtain even with modern super omputers. The major diÆ ulty of dire t solutions
is the s ale of omputation. The ratio between the largest s ale and the smallest
s ale ould be as large as 105 in ea h spa e dimension. From an engineering perspe tive, it is often suÆ ient to predi t the ma ros opi properties of the multiple-s ale
systems, su h as the e e tive ondu tivity, elasti moduli, permeability, and eddy
di usivity. Therefore, it is desirable to develop a method that aptures the small
s ale e e t on the large s ales, but does not require resolving all the small s ale
features. This paper reviews some of the re ent advan es in developing systemati
multis ale methods su h as homogenization, numeri al samplings, multis ale nite
element methods, variational multis ale methods, and wavelets based homogenization. This paper is not intended to be a detailed survey and the dis ussion is limited
by both the taste and expertise of the author.
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Introdu tion

Many problems of fundamental and pra ti al importan e have multiple s ale
solutions. Composite materials, porous media, and turbulent transport in
high Reynolds number ows are examples of this type. A omplete analysis of these problems is extremely diÆ ult. For example, the diÆ ulty in
analyzing groundwater transport is mainly aused by the heterogeneity of
subsurfa e formations spanning over many s ales. This heterogeneity is often
represented by the multis ale u tuations in the permeability of media. For
omposite materials, the dispersed phases (parti les or bers), whi h may be
randomly distributed in the matrix, give rise to u tuations in the thermal
or ele tri al ondu tivity; moreover, the ondu tivity is usually dis ontinuous
a ross the phase boundaries. In turbulent transport problems, the onve tive
velo ity eld u tuates randomly and ontains many s ales depending on the
Reynolds number of the ow.
The dire t numeri al solution of multiple s ale problems is diÆ ult even
with the advent of super omputers. The major diÆ ulty of dire t solutions
is the s ale of omputation. For groundwater simulations, it is ommon that
?
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millions of grid blo ks are involved, with ea h blo k having a dimension of
tens of meters, whereas the permeability measured from ores is at a s ale of
several entimeters. This gives more than 105 degrees of freedom per spatial
dimension in the omputation. Therefore, a tremendous amount of omputer
memory and CPU time are required, and this an easily ex eed the limit of
today's omputing resour es. The situation an be relieved to some degree by
parallel omputing; however, the size of the dis rete problem is not redu ed.
The load is merely shared by more pro essors with more memory. Whenever
one an a ord to resolve all the small s ale features of a physi al problem,
dire t solutions provide quantitative information of the physi al pro esses at
all s ales. On the other hand, from an engineering perspe tive, it is often sufient to predi t the ma ros opi properties of the multis ale systems, su h
as the e e tive ondu tivity, elasti moduli, permeability, and eddy di usivity. Therefore, it is desirable to develop a method that aptures the small
s ale e e t on the large s ales, but does not require resolving all the small
s ale features.

The purpose of these le ture notes is to review some re ent advan es in developing multis ale numeri al methods that apture the small s ale e e t on
the large s ales, but do not require resolving all the small s ale features. The
ultimate goal is to develop a general method that works for problems with
ontinuous spe trum of s ales. Substantial progress has been made in re ent
years by ombining modern mathemati al te hniques su h as homogenization, numeri al samplings, and multiresolution. My le tures an be roughly
divided into ve parts. In Se tion 2, I will review some homogenization theory for ellipti and hyperboli equations as well as for in ompressible ows.
This homogenization theory provides the riti al guideline for designing effe tive multis ale methods. Se tion 3 is devoted to numeri al homogenization
for semilinear hyperboli systems using parti le methods and sampling te hniques. For hyperboli systems, it is important to ompute the adve tion of
small s ale information a urately and a ount for the nonlinear intera tion
properly. We also need to avoid ertain resonant sampling of the grid in order
to obtain onvergen e. In Se tion 4, we fo us on some re ent developments
of numeri al homogenization based on the multis ale nite element methods.
We also dis uss the issue of ups aling one-phase and two-phase ows through
heterogeneous porous media. In Se tions 5 and 6, I review the main ideas
behind the wavelet-based numeri al homogenization method and the variational multis ale method. There are many other multis ale methods whi h
we will not over due to the limited s ope of these le tures. The above methods are hosen be ause they are similar philosophi ally and the materials
omplement ea h other very well. This paper is not intended to be a detailed
survey of all available multis ale methods. The dis ussion is limited by s ope
of the le tures and expertise of the author.
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3

Review of Homogenization Theory

In this se tion, we will review some lassi al homogenization theory for ellipti
and hyperboli PDEs. This homogenization theory will play an essential role
in designing e e tive multis ale numeri al methods for partial di erential
equations with multis ale solutions.

2.1 Homogenization Theory for Ellipti Problems
Consider the se ond order ellipti equation


L(u" )  x aij (x=") x u" + a0 (x=")u" = f; u" j = 0; (2.1)
i
j
where aij (y) and a0 (y) are Y -periodi and satisfy aij (y)i j  i i , with
> 0, and a0 > 0 > 0. Here we have used the Einstein summation notation,
i.e. repeated index means summation with respe t to that index.
This model equation represents a ommon diÆ ulty shared by several
physi al problems. For porous media, it is the pressure equation through
Dar y's law, the oeÆ ient a" representing the permeability tensor. For omposite materials, it is the steady heat ondu tion equation and the oeÆ ient
a" represents the thermal ondu tivity. For steady transport problems, it is
a symmetrized form of the governing equation. In this ase, the oeÆ ient a"
is a ombination of transport velo ity and vis osity tensor.
Homogenization theory is to study the limiting behavior u" ! u as " ! 0.
The main task is to nd the homogenized oeÆ ients, aij and a0 , and the
homogenized equation for the limiting solution u





a
u + a0 u = f; uj = 0:
(2.2)
xi ij xj
De ne the L2 and H 1 norms over as follows

kvk20 =

Z

jvj2 dx; kvk21 = kvk20 + krvk20 :

Further, we de ne the bilinear form

a" (u; v) =
It is easy to show that

Z

a"i;j (x)

u v
dx +
xj xi

Z

a"0 uv dx:

(2.3)
(2.4)

(2.5)
1 kuk21  a" (u; u)  2 kuk21;
with 1 = min( ; 0 ), 2 = max(kaij k1 ; ka0k1 ).
The ellipti problem an also be formulated as a variational problem: nd
u" 2 H01
a" (u" ; v) = (f; v); for all v 2 H01 ( );
(2.6)
R
where (f; v) is the usual L2 inner produ t, fv dx.
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Spe ial Case: One-Dimensional Problem Let

a0 = 0. We have



= (x0 ; x1 ) and take



du
d
a(x=") " = f; in
;
(2.7)
dx
dx
where u" (x0 ) = u" (x1 ) = 0, and a(y) > 0 > 0 is y-periodi with period y0 .
By taking v = u" in the bilinear form, we have

ku" k1  :
Therefore one an extra t a subsequen e, still denoted by u" , su h that

(2.8)
u" * u in H01 ( ) weakly:
On the other hand, we noti e that
Z
1 y0
a" * m(a) =
a(y) dy in L1 ( ) weak star:
(2.9)
y0 0
It is tempting to on lude that u satis es:


du
d
m(a)
= f;
dx
dx
R
where m(a) = y10 0y0 a(y) dy is the arithmeti mean of a. However, this is not
true. To derive the orre t answer, we introdu e
du"
 " = a" :
dx
Sin e a" is bounded,"and u"x is bounded in L2 ( ), so  " is bounded in L2 ( ).
"
1
Moreover, sin e d
dx = f , we have  2 H ( ). Thus we get
 " !  in L2 ( ) strongly;
so that

1 "
 ! m(1=a) in L2( ) weakly:
a"
"
Further, we note that a1"  " = du
dx . Therefore, we arrive at

du
= m(1=a):
dx
"
d
On the other hand, d
dx = f implies dx = f . This gives


d
1 du
= f:
dx m(1=a) dx

(2.10)

This is the orre t homogenized equation for u. Note that a = m(11=a) is the
harmoni average of a" . It is in general not equal to the arithmeti average
a" = m(a).
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Multis ale Asymptoti Expansions. The above analysis does not generalize to multi-dimensions. In this subse tion, we introdu e the multis ale
expansion te hnique in deriving homogenized equations. This te hnique is
very e e tive and an be used in a number of appli ations.
We shall look for u" (x) in the form of asymptoti expansion
u" (x) = u0 (x; x=") + "u1 (x; x=") + "2 u2(x; x=") +    ;

(2.11)

where the fun tions uj (x; y) are Y -periodi in y.
Denote by A" the se ond order ellipti operator




"
a (x=")
:
(2.12)
A =
xi ij
xj
When di erentiating a fun tion (x; x=") with respe t to x, we have


1 
=
+
;
xj xj " yj
where y is evaluated at y = x=". With this notation, we an expand A" as
follows
A" = " 2 A1 + " 1 A2 + "0 A3 ;
(2.13)
where




aij (y)
;
(2.14)
A1 =
yi
yj








aij (y)
aij (y)
;
(2.15)
A2 =
yi
xj
xi
yj




aij (y)
+ a0 :
(2.16)
A3 =
xi
xj
Substituting the expansions for u" and A" into A" u" = f , and equating the
terms of the same power, we get

A1 u0 = 0;
(2.17)
A1 u1 + A2 u0 = 0;
(2.18)
A1 u2 + A2 u1 + A3 u0 = f:
(2.19)
Equation (2.17) an be written as




a (y)
u (x; y) = 0;
(2.20)
yi ij yj 0
where u0 is periodi in y. The theory of se ond order ellipti PDEs [35℄
implies that u0 (x; y) is independent of y, i.e. u0 (x; y) = u0 (x). This simpli es
equation (2.18) for u1 ,







u
aij (y)
u1 =
aij (y)
(x):
yi
yj
yi
xj
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De ne j = j (y) as the solution to the following ell problem







a (y)
j =
a (y) ;
yi ij yj
yi ij

(2.21)

where j is Y -periodi . The general solution of equation (2.18) for u1 is then
given by
u
u1 (x; y) = j (y) (x) + u~1(x) :
(2.22)
xj
Finally, we note that the equation for u2 is given by






a (y)
u = A2 u1 + A3 u0 f :
yi ij yj 2

(2.23)

The solvability ondition implies that the right hand side of (2.23) must have
mean zero in y, i.e.
Z

Y

(A2 u1 + A3 u0

f ) dy = 0:

This solvability ondition for se ond order ellipti PDEs with periodi boundary ondition [35℄ requires that the right hand side of equation (2.23) have
mean zero with respe t to the fast variable y. This solvability ondition gives
rise to the homogenized equation for u:






a
u + m(a0 )u = f ;
xi ij xj

R
where m(a0 ) = jY1 j Y a0 (y) dy and

1
aij =
jY j

Z

Y

(aij



j
) dy :
aik
yk

(2.24)

(2.25)

Justi ation of formal expansions The above multis ale expansion is

based on a formal asymptoti analysis. However, we an justify its onvergen e rigorously.
Let z" = u" (u + "u1 + "2 u2 ). Applying A" to z" , we get

A" z" = "r" ;
where r" = A2 u2 + A3 u1 + "A3 u2 . If f is smooth enough, so is u2 . Thus we
have kr" k1  :
On the other hand, we have

z" j = ("u1 + "2 u2 )j :

Thus, we obtain

kz"kL1( )  ":
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It follows from the maximum prin iple [35℄ that

kz" kL1( )  "
and therefore we on lude that

ku" ukL1( )  ":
Boundary Corre tions The above asymptoti expansion does not take
into a ount the boundary ondition of the original ellipti PDEs. If we add
a boundary orre tion, we an obtain higher order approximations.
Let " 2 H 1 ( ) denote the solution to

rx  a" rx " = 0 in ; " = u1(x; x=") on  :
Then we have
(u"

(u + "u1(x; x=") "" )) j = 0:

Moskow and Vogelius [52℄ have shown that

ku" u "u1(x; x=") + "" k0  C! "1+! kuk2+! ;
(2.26)
ku" u "u1(x; x=") + "" k1  C"kuk2;
(2.27)
where we assume u 2 H 2+! ( ) with 0  !  1, and is assumed to be a

bounded, onvex urvilinear polygon of lass C 1 . This improved estimate will
be used in the onvergen e analysis of the multis ale nite element method
to be presented in Se tion 4.

2.2 Homogenization for hyperboli problems
In this subse tion, we will review some homogenization theory for semilinear hyperboli systems. As we will see below, homogenization for hyperboli
problems is very di erent from that for ellipti problems. The phenomena
are also very ri h.
Consider the semilinear Carleman equations [14℄:

u" u"
+
= v"2 u2" ;
t
x
v" v"
= u2" v"2 ;
t x
with os illatory initial data, u" (x; 0) = u"0 (x), v" (x; 0) = v0" (x).
Assume that the initial onditions are positive and bounded. Then it an
be shown that there exists a unique bounded solution for all times. Thus we
an extra t a subsequen e of u" and v" su h that u" * u and v" * v as
" ! 0.
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m
Denote um as the weak limit of um
" , and vm as the weak limit of v" . By
taking the weak limit of both sides of the equations, we get

u1 u1
+
= v2 u2 ;
t
x
v1 v1
= u2 v2 :
t x
By multiplying the Carleman equations by u" and v" respe tively, we get
u2" u2"
+
= 2u" v"2 2u3" ;
t
x
v"2 v"2
+
= 2v" u2" 2v"3 :
t
x
Thus the weak limit of u2" depends on the weak limit of u3" and the weak limit
of u" v"2 .
Denote by w" as the weak limit of w" . To obtain a losure, we would like
to express u" v"2 in terms of the produ t u" and v"2 . This is not possible in
general. In this parti ular ase, we an use the Div-Curl Lemma [53,54,58℄ to
obtain a losure.
The Div-Curl Lemma. Let be an open set of RN and u" and v" be two
sequen es su h that

u" * u; in
v" * v; in


L2( ) N weakly;

L2 ( ) N weakly:

Further, we assume that

div u" is bounded in L2( )( or ompa t in H 1 ( )) ;

 2
 2
url v" is bounded in L2 ( ) N (or ompa t in H 1 ( ) N ):

Let h; i denote the inner produ t in RN , i.e.

hu; vi =
Then we have

N
X
i=1

ui vi :

hu"  v" i * hu  vi

weakly:

(2.28)

Remark 2.1. We remark that the Div-Curl Lemma is the simplest form of

the more general Compensated Compa tness Theory developed by Tartar
[58℄ and Murat [53,54℄.

Applying the Div-Curl Lemma to (u" ; u") and (v"2 ; v"2 ) in the spa e-time
domain, one an show that u" v"2 = u" v"2 . Similarly, one an show that u2" v" =
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u2" v" . Using this fa t, Tartar [59℄ obtained the following in nite hyperboli
system for um and vm [59℄:
um um
+
= mum 1 v2
t
x
vm vm
= mvm 1 u2
t
x

mum+1;
mvm+1 :

m+1
Note that the weak limit of um
" , um , depends on the weak limit of u" ,
um+1 . Similarly, vm depends on vm+1 . Thus one annot obtain a losed system for the weak limits u" and v" by a nite system. This is a generi phenomenon for nonlinear partial di erential equations with mi rostru ture. It
is often referred to as the losure problem. On the other hand, for the Carleman equations, Tartar showed that the in nite system is hyperboli and the
system is well-posed.
The situation is very di erent for a 3  3 system of Broadwell type [13℄:

u" u"
+
= w"2 u" v" ;
(2.29)
t
x
v" v"
= w"2 u" v" ;
(2.30)
t x
w"
w"
+
= u" v" w"2 ;
(2.31)
t
x
with os illatory initial data, u" (x; 0) = u"0 (x), v" (x; 0) = v0" (x) and w" (x; 0) =
w0" (x). When = 0, the above system redu es to the original Broadwell
model. We will refer to the above system as the generalized Broadwell model.
Note that in the generalized Broadwell model, the right hand side of the
w-equation depends on the produ t of uv. If we try to obtain an evolution
equation for w"2 , it will depend on the triple produ t u" v" w" . The Div-Curl
Lemma annot be used here to hara terize the weak limit of this triple
produ t in terms of the weak limits of u" , v" and w" .
Assume the initial os illations are periodi , i.e.
u"0 = u0 (x; x="); v0" = v0 (x; x="); w0" = w0 (x; x="):
where u0 (x; y); v0 (x; y); w0 (x; y) are 1-periodi in y.
There are two ases to onsider.
= m=n is a rational number. Let fU (x; y; t); V (x; y; t); W (x; y; t)g
be the homogenized solution whi h satis es

Case 1.

R
R
Ut + Ux = 01 W 2 dy U 01 V dy;
R
R
Vt Vx = 01 W 2 dy U 01 V dy;
Z
1 n
U (x; y + (
Wt + Wx = W 2 +
n 0

1)z; t)V (x; y + ( + 1)z; t) dz;
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where U jt=0 = u0 (x; y); V jt=0 = v0 (x; y) and W jt=0 = w0 (x; y). Then we
have

Case 2.

ku"(x; t) U (x; x" t ; t)kL1  C";
kv" (x; t) V (x; x+" t ; t)kL1  C";
kw" (x; t) W (x; x " t ; t)kL1  C":
is an irrational number. Let fU (x; y; t); V (x; y; t); W (x; y; t)g be

the homogenized solution whi h satis es

R
R
Ut + Ux = 01 W 2 dy U 01 V dy;
R
R
Vt Vx = 01 W 2 dy U 01 V dy;
R
 R

Wt + Wx = W 2 + 01 U dy 01 V dy :

where U jt=0 = u0 (x; y); V jt=0 = v0 (x; y) and W jt=0 = w0 (x; y). Then we
have

ku"(x; t) U (x; x" t ; t)kL1  C";
kv" (x; t) V (x; x+" t ; t)kL1  C";
kw" (x; t) W (x; x " t ; t)kL1  C":
We refer the reader to [37℄ for the proof of the above results.
Note that when is a rational number, the intera tion of u" and v" an
generate a high frequen y ontribution to w" . This is not the ase when
is an irrational number. The rational
ase orresponds to a resonan e
intera tion.
The derivation and analysis of the above results rely on the following two
Lemmas:
Lemma 2.1. Let f (x); g(x; y) 2 C 1 . Assume that g(x; y) is n-periodi in y,
then we have
Z b



Z b

Z



1 n
g(x; y) dy dx + O("):
f (x)g(x; x=") dx = f (x)
n 0
a
a
Lemma 2.2. Let f (x; y; z ) 2 C 1 . Assume that f (x; y; z ) is 1-periodi in y
and z . If 2 = 1 is an irrational number, then we have
Z b

a

f x; x1 +" 1 x ; x2 +" 1 x dx =


Z b Z

a

1Z 1

0 0



f (x; y; z ) dy dz dx + O("):

The proof uses some basi ergodi theory. It an be seen easily by expanding in Fourier series in the periodi variables [37℄. For the sake of ompleteness, we present a simple proof of the above homogenization result for
the ase of = 0 in the next subse tion.
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Homogenization of the Broadwell Model In this subse tion, we give a
simple proof of the homogenization result in the spe ial ase of = 0. The
homogenized equations an be derived by multis ale asymptoti expansions
[50℄.
Consider the Broadwell model
t u + x u = w2 uv in R  (0; T );
t v xv = w2 uv in R  (0; T );
t w = uv w2 in R  (0; T );

(2.32)
(2.33)
(2.34)

with os illatory initial values

u(x; 0) = u0 (x; x" ); v(x; 0) = v0 (x; x" ); w(x; 0) = w0 (x; x" );

(2.35)

where u0 (x; y); v0 (x; y); w0 (x; y) are 1-periodi in y. We introdu e an extra
variable, y, to des ribe the fast variable, x=". Let the solution of the homogenized equation be fU (x; y; t); V (x; y; t); W (x; y; t)g whi h satis es

t U + x U + U

Z

0
Z

1

V dy

Z

0
Z

1

W 2 dy = 0 in R  (0; T ); (2.36)

1
1
xV + V
U dy
W 2 dy = 0 in R  (0; T ); (2.37)
0
0
Z 1
t W + W 2
U (x; y z; t)V (x; y + z; t) dz = 0 in R  (0; T ); (2.38)
0
with initial values given by
t V

U (x; y; 0) = u0 (x; y); V (x; y; 0) = v0 (x; y); W (x; y; 0) = w0 (x; y):(2.39)
Note that U (x; y; t); V (x; y; t); W (x; y; t) are 1-periodi in y and the system
(2.36)-(2.39) is a set of partial di erential equations in (x; t) with y 2 [0; 1℄
as a parameter. The global existen e of the systems (2.32)-(2.35) and (2.36)(2.39) has been established, see the referen es ited in [32℄.

Theorem 2.1. Let (u; v; w) and (U; V; W ) be the solutions of the systems

(2.32)-(2.35) and (2.36)-(2.39), respe tively. Then we have the following error estimate
h

i

E (t)  5(M (T )2 + 2T K (T )M (T )) exp(6M (T )T ) " := C1 (T )";(2.40)
0max
tT
where the error fun tion E (t) is given by

E (t) = max
x2R

n

u(x; t) U (x; x " t ; t) + v(x; t) V (x; x+" t ; t)
+ w(x; t) W (x; x" ; t)

o
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and the onstants M (T ) and K (T ) are given by




juj; jv j; jw j; jU j; jV j; jW j ;
(2.41)
max
(x;y;t)2R[0;1℄[0;T ℄


j
xU j; jt U j; jxV j; jt V j; jx W j; jt W j : (2.42)
N (T ) =
max
(x;y;t)2R[0;1℄[0;T ℄

M (T ) =

This homogenization result was rst obtained by M Laughlin, Papani olaou and Tartar using an Lp norm estimate (0 < p < 1) [50℄. Sin e we need
an L1 norm estimate in the onvergen e analysis of our parti le method, we
give another proof of this result in L1 norm. As a rst step, we prove the
following lemma.

LemmaR2.3. Let g(x; y) 2 C 1 (R  [0; 1℄) be 1-periodi in y and satisfy the
relation 01 g (x; y ) dy = 0. Then for any " > 0 and for any onstants a and

b, the following estimate holds
Z b

a

g(x; x" ) dx

 B (g)" + jb ajB (x g)";

(2.43)

where B ( ) = max(x;y)2R[0;1℄ j (x; y )j for any fun tion  de ned on R  [0; 1℄.
Proof. The estimate (2.43) is a dire t onsequen e of the identity

g(x; x" ) =

Z

d x
g(x; s" ) ds
dx a

Z x

a

g s
(x; ) ds
x "

and the estimates
Z b

a

g(x; "s ) ds

 B (g)";

Z x

g s
(x; " ) ds
x
a

 B (x g)";

R
whi h follow from the 1-periodi ity of g(x; y) in y and that 01 g(x; y) dy = 0.
This ompletes the proof. u
t
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Proof (of Theorem 2.1). Subtra ting (2.36) from (2.32) and integrating the

resulting equation along the hara teristi s from 0 to t, we get

u(x; t) U (x; x" t ; t)
Z th

=

0Z

+

w(x t + s; s)2

th

0

Z th

0

i

W (x t + s; x "t+s ; s)2 ds
i

R1

W (x t + s; x "t+s ; s)2

2
0 W (x t + s; y; s) dy ds

u(x t + s; s)v(x t + s; s)
i

Z t

U (x t + s; x" t ; s)V (x t + s; x t"+2s ; s) ds
h

U (x t + s; x" t ; s) V (x t + s; x t"+2s ; s)
0
Z 1
i
V (x t + s; y; s) dy ds
0
:= (I)1 +    + (I)4 :

(2.44)

It is lear from the de nition of E (t) and M (T ) that

j(I)1 + (I)3 j  2M (T )

Z t

E (s) ds:
0
To estimate (I)2 , we de ne for xed (x; t) 2 R  [0; T ℄,

g(x;t)(s; y) = W (x t + s; x " t + y; s)2 :

Sin e the 1-periodi ity of W (x; y; t) in y implies
Z

0

1

W (x t + s; y; s)2 dy =

Z

0

1

we obtain by applying Lemma 2.1 that
Z th

W (x t + s; x " t + y; s)2 dy;
Z

1

i

g(x;t)(s; s" )
g(x;t)(s; y) dy ds
j(I)2 j =
0
0
 M (T )2 " + 2M (T )K (T )T ":
Similarly, we have

(I)4  M (T )2 " + 2M (T )K (T )T ":

Substituting these estimates into (2.44) we get

u(x; t)

U (x; x" t ; t)

 2M (T )

Z t

E (s) ds + 2M (T )2" + 4M (T )K (T )T ":
0
(2.45)
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Similarly, we on lude from (2.37)-(2.38) and (2.33)-(2.34) that
Z t

E (s) ds + 2M (T )2" + 4M (T )K (T )T ";
(2.46)
Z t
w(x; t) W (x; x" ; t)  2M (T ) E (s) ds + M (T )2 " + 2M (T )K (T )T ":
0
(2.47)

v(x; t)

V (x; x+" t ; t)

 2M (T )

0

Now the desired estimate (2.40) follows from summing (2.45)-(2.47) and using
the Gronwall inequality. u
t
Remark 2.2. The homogenization theory tells us that the initial os illatory
solutions propagate along their hara teristi s. The nonlinear intera tion an
generate only low frequen y ontributions to the u and v omponents. On
the other hand, the nonlinear intera tion of u; v on w an generate both low
and high frequen y ontribution to w. That is, even if w has no os illatory
omponent initially, the dynami al intera tion of u; v and w an generate a
high frequen y ontribution to w at later time. This is not the ase for the u
and v omponents. Due to this resonant intera tion of u; v and w, the weak
limit of u" v" w" is not equal to the produ t of the weak limits of u" ; v" ; w" .
This explains why the Compensated Compa tness result does not apply to
this 3  3 system [59℄.
Although it is diÆ ult to hara terize the weak limit of the triple produ t,
u" v" w" for arbitrary os illatory initial data, it is possible to say something
about the weak limit of the triple produ t for os illatory initial data that
have periodi stru ture, su h as the ones studies here. Depending on being
rational or irrational, the limiting behavior is very di erent. In fa t, one an
show that u" v" w" = u" v" w" when is equal to an irrational number. This is
not true in general when is a rational number.

2.3 Conve tion of mi rostru ture
It is most interesting to see if one an apply homogenization te hnique to
obtain an averaged equation for the large s ale quantity for in ompressible
Euler or Navier-Stokes equations. In 1985, M Laughlin, Papani olaou and
Pironneau [51℄ attempted to obtain a homogenized equation for the 3-D
in ompressible Euler equations with highly os illatory velo ity eld. More
spe i ally, they onsidered the following initial value problem:

ut + (u  r)u =

rp;

with r  u = 0 and highly os illatory initial data

u(x; 0) = U (x) + W (x; x="):
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They then onstru ted multis ale expansions for both the velo ity eld and
the pressure. In doing so, they made an important assumption that the mirostru ture is onve ted by the mean ow. Under this assumption, they
onstru ted a multis ale expansion for the velo ity eld as follows:
(x;t) t
) t
2
u" (x; t) = u(x; t) + w( (x;t
" ; " ; x; t) + "u1 ( " ; " ; x; t) + O(" ):

The pressure eld p" is expanded similarly. From this ansatz, one an show
that  is onve ted by the mean velo ity:

t + u  r = 0 ;

(x; 0) = x :

It is a very hallenging problems to develop a systemati approa h to
study the large s ale solution in three dimensional Euler and Navier-Stokes
equations. The work of M Laughlin, Papani olaou and Pironneau provided
some insightful understanding into how small s ales intera t with large s ale
and how to deal with the losure problem. However, the problem is still not
ompletely resolved sin e the ell problem obtained this way does not have a
unique solution. Additional onstraints need to be enfor ed in order to derive
a large s ale averaged equation. With additional assumptions, they managed
to derive a variant of the k " model in turbulen e modeling.
Remark 2.3. One possible way to improve the work of [51℄ is take into a -

ount the os illation in the Lagrangian hara teristi s, " . The os illatory
part of " in general ould have order one ontribution to the mean velo ity
of the in ompressible Euler equation. With Dr. Danping Yang [41℄, we have
studied onve tion of mi rostru ture of the 2-D and 3-D in ompressible Euler equations using a new approa h. We do not assume that the os illation is
propagated by the mean ow. In fa t, we found that it is ru ial to in lude
the e e t of os illations in the hara teristi s on the mean ow. Using this
new approa h, we an derive a well-posed ell problem whi h an be used to
obtain an e e tive large s ale average equation.
More an be said for a passive s alar onve tion equation.
1
vt + r  (u(x=")v) = v;
"
with v(x; 0) = v0 (x). Here u(y) is a known in ompressible periodi (or stationary random) velo ity eld with zero mean. Assume that the initial ondition
is smooth.
Expand the solution v" in powers of "

v" = v(t; x) + "v1 (t; x; x=") + "2 v2 (t; x; x=") +    :
The oeÆ ients of " 1 lead to
y v1

u  ry v1

u  rx v = 0:
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Let ek ; k = 1; 2; 3 be the unit ve tors in the oordinate dire tions and let
k (y) satisfy the ell problem:
y k

u  ry k

Then we have

v1 (t; x; y) =
The oeÆ ients of "0 give
y v2

3
X
k=1

u  ry v2 = u  rx v1

u  ek = 0:

k (y)

2

v(t; x)
:
xk

rx  ry v1

x v + vt :

The solvability ondition for v2 requires that the right hand side has zero
mean with respe t to y. This gives rise to the equation for homogenized
solution v
vt = x v u  rx v1 :
Using the ell problem, M Laughlin, Papani olaou, and Pironneau obtained
[51℄
3
X
2v
( Æij + Tij )
vt =
;
xi xj
i;j =1
where Tij = ui j :

Nonlo al memory e e t of homogenization It is interesting to note
that for ertain degenerate problem, the homogenized equation may have a
nonlo al memory e e t.
Consider the simple 2-D linear onve tion equation:
u"(x; y; t)
u (x; y; t)
+ a" (y) "
= 0;
t
x
with initial ondition u" (x; y; 0) = u0 (x; y).
We assume that a" is bounded and u0 has ompa t support. While it is
easy to write down the solution expli itly,
u" (x; y; t) = u0 (x a" (y)t; y);
it is not an easy task to derive the homogenized equation for the weak limit
of u" .
Using Lapla e Transform and measure theory, Lu Tartar [60℄ showed
that the weak limit u of u" satis es
Z tZ
2


u(x (t s); y; s)dy () ds;
u(x; y; t) + A1 (y) u(x; y; t) =
t
x
0 x2
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with u(x; y; 0) = u0 (x; y), where A1 (y) is the weak limit of a" (y), and y is a
probability measure of y and has support in [min(a" ); max(a" )℄.
As we an see, the degenerate onve tion indu es a nonlo al history dependent di usion term in the propagating dire tion (x). The homogenized
equation is not amenable to omputation sin e the measure y annot be
expressed expli itly in terms of a" .
3

Numeri al Homogenization Based on Sampling
Te hniques

Homogenization theory provides a riti al guideline for us to design e e tive
numeri al methods to ompute multis ale problems. Whenever homogenized
equations are appli able they are very useful for omputational purposes.
There are, however, many situations for whi h we do not have well-posed effe tive equations or for whi h the solution ontains di erent frequen ies su h
that e e tive equations are not pra ti al. In these ases we would like to approximate the original equations dire tly. In this part of my le tures, we will
investigate the possibility of approximating multis ale problems using partile methods together with sampling te hnique. The lasses of equations we
onsider here in lude semilinear hyperboli systems and the in ompressible
Euler equation with os illatory solutions.
When we talk about onvergen e of an approximation to an os illatory
solution, we need to introdu e a new de nition. The traditional onvergen e
on ept is too weak in pra ti e and does not dis riminate between solutions
whi h are highly os illatory and those whi h are smooth. We need the error
to be small essentially independent of the wavelength in the os illation when
the omputational grid size is small. On the other hand we annot expe t the
approximation to be well behaved pointwise. It is enough if the ontinuous
solution and its dis rete approximation have similar lo al or moving averages.

De nition 3.1 (Engquist [30℄). Let vn be the numeri al approximation
to u at time tn (tn = nt), " represents the wave length of os illation in
the solution. The approximation vn onverges to u as t ! 0, essentially
independent of ", if for any Æ > 0 and T > 0 there exists a set s("; t0 ) 2
(0; t0 ) with measure (s("; t0 ))  (1 Æ)t0 su h that

jju(; tn ) vn jj  Æ;

0  tn  T

is valid for all t 2 s("; t0 ) and where t0 is independent of ".
The onvergen e on ept of \essentially independent of "" is strong enough
to mimi the pra ti al ase where the high frequen y os illations are not well
resolved on the grid. A small set of values of t has to be removed in order to
avoid resonan e between t and ". Compare the almost always onvergen e
for the Monte Carlo methods [55℄.
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It is natural to ompare our problem with the numeri al approximation
of dis ontinuous solutions of nonlinear onservation laws. Sho k apturing
methods do not produ e the orre t sho k pro les but the overall solution
may still be good. For this the s heme must satisfy ertain onditions su h
as onservation form. We are here interested in analogous onditions on algorithms for os illatory solutions. These onditions should ideally guarantee
that the numeri al approximation in some sense is lose to the solution of
the orresponding e e tive equation when the wave length of the os illation
tends to zero.
There are three entral sour es of problems for dis rete approximations
of highly os illatory solutions.
(i) The rst one is the sampling of the omputational mesh points (xj =
j x; j = 0; 1; :::). There is the risk of resonan e between the mesh points
and the os illation. For example, if x equals the wave length of the
periodi os illation, the dis rete initial data may only get values from
the peaks of a urve like the upper envelope of the os illatory solution.
We an never expe t onvergen e in that ase. Thus x annot be
ompletely independent of the wave length.
(ii) Another problem omes from the approximation of adve tion. The group velo ity for the di erential equation and the orresponding disretization are often very di erent [33℄. This means that an os illatory
pulse whi h is not well resolved is not transported orre tly even in average by the approximation. Furthermore, dissipative s hemes do not
adve t os illations orre tly. The os illations are damped out very fast
in time.
(iii) Finally, the nonlinear intera tion of di erent high frequen y omponents
in a solution must be modeled orre tly. High frequen y intera tions
may produ e lower frequen ies that in uen e the averaged solution. We
an show that this nonlinear intera tion is well approximated by ertain
parti le methods applied to a lass of semilinear di erential equations.
The problem is open for the approximation of more general nonlinear
equations.
In [31,32℄, we studied a parti le method approximation to the nonlinear disrete Boltzmann equations in kineti theory of dis rete velo ity with multis ale initial data. In su h equations, high frequen y omponents an be
transformed into lower frequen ies through nonlinear intera tions, thus affe ting the average of solutions. We assume that the initial data are of the
form a(x; x=") with a(x; y) 1-periodi in ea h omponent of y. As we see from
the homogenization theory in the previous se tion, the behavior of os illatory
solutions for the generalized Broadwell model is very sensitive to the velo ity oeÆ ients. It depends on whether a ertain ratio among the velo ity
omponents is a rational number or an irrational number.
It is interesting to note that the stru ture of os illatory solutions for the
generalized Broadwell model is quite stable when we perturb the velo ity
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oeÆ ient around irrational numbers. In this ase, the resonan e e e t of
u and v on w vanishes in the limit of " ! 0. However, the behavior of os illatory solutions for the generalized Broadwell model be omes singular when
perturbing around integer velo ity oeÆ ients. There is a strong intera tion
between the high frequen y omponents of u and v, and the intera tion in
the uv term would reate an os illation of order O(1) on the w omponent. In
[59℄, Tartar showed that for the Carleman model the weak limit of all powers
of the initial data will uniquely determine the weak limit of the os illatory
solutions at later times, using the Compensated Compa tness Theorem. We
found that this is no longer true for the generalized Broadwell model with
integer-values velo ity oeÆ ients [37℄.
In [31,32℄, we showed that this subtle behavior for the generalized Broadwell model with os illatory initial data an be aptured orre tly by a parti le
method even on a oarse grid. The parti le method onverges to the e e tive
solution essentially independent of ". For the Broadwell model, the hyperboli part is solved exa tly by the parti le method. No averaging is therefore
needed in the onvergen e result. We also analyze a numeri al approximation
of the Carleman equations with variable oeÆ ients. The s heme is designed
su h that parti le intera tion an be a ounted for without introdu ing interpolation. There are errors in the parti le method approximation of the
linear part of the system. As a result, the onvergen e an only be proved for
moving averages. The onvergen e proofs for the Carleman and the Broadwell equations have one feature in ommon. The lo al trun ation errors in
both ases are of order O(t). In order to show onvergen e, we need to take
into a ount an ellation of the lo al errors at di erent time levels. This is
very di erent from the onventional onvergen e analysis for nite di eren e
methods. This is also the pla e where numeri al sampling be omes ru ial in
order to obtain error an ellation at di erent time levels.
In the next two subse tions, we present a areful study of the Broadwell
model with highly os illatory initial data in order to demonstrate the basi
idea of the numeri al homogenization based on sampling te hniques.

3.1 Convergen e of the Parti le Method
Now we onsider how to apture this os illatory solution on a oarse grid using
a parti le method. Sin e the dis rete velo ity oeÆ ients are integers for the
Broadwell model, we an express a parti le method in the form of a spe ial
nite di eren e method by hoosing x = t. Denote by uni ; vin ; win the
approximations of u(xi ; tn ); v(xi ; tn ) and w(xi ; tn ) respe tively with xi = ix
and tn = nt. Our parti le s heme is given by

uni = uin 11 + t(w2 uv)in 11 ;
vin = vin+11 + t(w2 uv)in+11 ;
win = win 1 t(w2 uv)in 1 ;

(3.1)
(3.2)
(3.3)
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with the initial onditions given by

u0i = u(xi ; 0); vi0 = v(xi ; 0); wi0 = w(xi ; 0):
(3.4)
To study the onvergen e of the parti le s heme (3.1)-(3.4) we need the following lemma, whi h is a dis rete analogue of Lemma 2.1.
Lemma 3.1.
Let g (x; y ) 2 C 3 ([0; T ℄  [0; 1℄) be 1-periodi in y and satisfy
R1
the relation 0 g (x; y ) dy = 0. Let xk = kh and r = h=". If h 2 S ("; h0 ) where




62 i jkj3=2 ; i + jkj3=2 ;
h kh i
0 + 1; 0 =
for i = 1; 2;    ;
6 k 2 Z; 0 < "  1g;
"

S ("; h0) = f0 < h  h0 :

kh
"

then we have

nX1

x
g(xk ; k )h
"
k=0

h i
 C0 (1 + T )L(g)h ; 8 n = 1; 2;    ; Th ;

where C0 is a onstant independent of h; "; T;  and g , and

L(g) =





j 3 g(x; y)j; jx y3 g(x; y)j :
max
(x;y)2[0;T ℄[0;1℄ y

Moreover, it is obvious that

jS ("; h0 )j  h0



1 

1
X
k=1

k 3 =2



 h(1

3 ):

Proof. Sin e g is 1-periodi in y with mean zero, it an be expanded in a
Fourier series

g(x; y) =

X

m6=0

am (x)e2imy ; where am (x) =

1

Z

0

g(x; y)e 2imy dy:

Simple integration by parts yields that
jam (x)j  (2j1mj)3 L(g); ja0m (x)j  (2j1mj)3 L(g):
Thus we have

nX1

nX1 X
x
g(xk ; k )h =
am(xk )e2imxk =" h
"
k=0
k=0 m6=0
X nX1
=
am(xk )e2imkh=" h :
m6=0 k=0
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Summation by parts yields
nX1
k=0

am (xk )e2ikh="

 jam (xn 1 )
+

nX1

k=0
nX1  X
k
k=0 j =1
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e2ikh="


e2imjh=" (am (xk ) am (xk+1 ))

g)
 (2jm2(1j)3+j1 T )Le2(imh="
j:

But for h 2 S ("; h0 ) we have

j1

e2imh=" j = 2j sin(mh=")j 

Hen e, for h 2 S ("; h0 ),

2

jmj3=2 :

nX1

C0 h(1 + T )L(g)
2(1 + T )L(g)h X 1
x
:
g(xk ; k )h 
4
3=2 =:
"
(2

)

j
m
j
k=0
m6=0
This ompletes the proof. u
t
Now we are ready to study the approximation property of the parti le
s heme (3.1)-(3.4). First denote by




ju(xi ; tn ) unij; jv(xi ; tn ) vin j; jw(xi ; tn ) win j : (3.5)
E n = max
i
Integrating (2.29) from 0 to tn along its hara teristi s, we get

u(xi ; tn ) = u(xi

tn ; 0) +

>From (3.1) we know that

Z tn

0

(w2

tn + s; s) ds:

uv)(xi

nX1
uni = u0i n + (w2 uv)ki k t:
k=0
Subtra ting (3.7) from (3.6) we obtain that

u(xi ; tn ) uni
=

Z tn

0
+

(w2 uv)(xi tn + s; s) ds

nX1
k=0

h

t (w2

:= (II) + (III):

uv)(xi

nX1
k=0

tk ; tk ) (w2

(w2

(3.7)

uv)(xi

uv)ki k

(3.6)

tk ; tk )t

i

(3.8)
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Let M (T ) be de ned as in (2.41) and N (T ) be given by
n

o

N (T ) = max juki j; jvik j; jwik j : i 2 Z; 0  k  [T=t℄ :

(3.9)

It an be shown that N (T ) is bounded for nite time independent of ", see
[32℄. Then it is lear that
(III)  (M (T ) + N (T ))

nX1
k=0

tE k :

It remains to estimate (II). For onvenien e, let  = w2
(x; t) = W (x; x" ; t)2
Then we have
(II) =

Z tn h

0

h Z tn

+

+

0

nX1 h
k=0

uv and

U (x; x" t ; t)V (x; x+" t ; t):

tn + s; s) ds (xi

(xi

(3.10)

(xi

tn + s; s) ds

(xi

tk ; tk ) (xi

nX1
k=0

i

tn + s; s) ds
t(xi

tk ; tk )

i

i

tk ; tk ) t

:= (II)1 +    + (II)3 :

(3.11)

By Theorem 2.1 we get

j(II)1 + (II)3 j  2T M (T )C1(T )":

(3.12)

To pro eed further, let, for xed (xi ; tn ),

gin (s; y) = W (xi

n
tn + s; xi " t + y; s)2 :

It is lear that gin is 1-periodi in y. Now by Lemmas 2.1-2.2 we have
Z tn

0
=

W (xi

Z tn h

tn + s; s)2 ds
Z

1

nX1
k=0

W (xi
i

tk ; tk )2 t

gin (s; y) dy ds
0
0
Z tn Z 1
nX1 Z 1
n
+
t gin (tn k ; y) dy
g (s; y) dy ds
0 0 i
0
k=0
Z 1
nX1 h
i
n k
t g(tn k ; t " )
gin (tn k ; y) dy  C (T )(" + t); (3.13)
0
k=0
gin (s; s" )
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where we have used standard methods to estimate the se ond term, sin e
the derivative of gin with respe t to s is independent of ". Here and in the
remainder of this se tion, we will always denote by C (T ) the various onstants
whi h are independent of " and t. Now similar to the reasoning leading to
(3.13) we an obtain

j(II)3 j  C (T )(" + t):

(3.14)

>From (3.8)-(3.12) and (3.14) we nally get

ju(xi ; tn ) uni j  C (T )(" + t) + (M (T ) + N (T ))

nX1
k=0

tE k : (3.15)

Similarly, we have

jv(xi

; tn )

vin j  C (T )(" + t) + (M (T ) + N (T ))

nX1

tE k ; (3.16)

k=0
nX1

jw(xi ; tn ) win j  C (T )(" + t) + (M (T ) + N (T ))

k=0

tE k : (3.17)

To summarize, we have the following theorem by summing (3.15)-(3.17) and
applying the Gronwall inequality.

Theorem 3.1. Let (u; v; w) be the solution of (2.32)-(2.35) and (uni ; vin ; win )
be the solution of the parti le s heme (3.1)-(3.4). Assume that t 2 S ("; t0 )
where S ("; t0 ) is de ned in Lemma 3.1. Then the following estimate holds
max

1n[T=t℄

E n  C (T )(" + t);

where C (T ) is independent of " and t, and E n is de ned as in (3.5).
Remark 3.1. It is important that we perform the error analysis globally in

time in order to a ount for an ellation of lo al trun ation errors at di erent
time steps. As we an see from the analysis, the lo al trun ation error is of
order t in one time step. If we do not take into a ount the error an ellation
in time, we would obtain an error bound of order O(1) whi h is an overestimate. The error an ellation is losely related to the sampling we hoose.
This is the pla e where we an see the di eren e between a good sampling
and a resonant sampling.
Remark 3.2. As we an see from the error analysis, error an ellation along
Lagrangian hara teristi s is essential in obtaining onvergen e independent
of the os illation. This idea an be generalized to hyperboli systems with
variable oeÆ ient velo ity elds. In the spe ial ase of the Carleman model
with variable oeÆ ients, we have analyzed the onvergen e of a parti le
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method in [31℄. However, the parti le method analyzed in [31℄ does not generalize to multi-dimensions or 3  3 systems. Together with a Ph.D. student,
Razvan Fete au, we have designed a modi ed Lagrangian parti le method.
In this method, ea h omponent of the solution is updated along its own
hara teristi . So there is no xed grid. When we update one omponent of
the solution, say u, we need values of the other omponents (say v and w)
along the u hara teristi . We obtain these values by using some high order interpolation s heme (su h as Fourier interpolation or ubi spline). This
modi ed Lagrangian parti le method in prin iple works for any number of
families of hara teristi s and for multi-dimensions. >From our preliminary
numeri al experiments, it produ es ex ellent results for both the Broadwell
and Carleman models, even in the os illatory oeÆ ients ase.
Below we des ribe brie y the results we obtain for the variable oeÆ ient
Carleman equations

ut + a(x; t)ux = v2 u2 ;
(3.18)
2
2
vt b(x; t)vx = u v ;
(3.19)
with initial data u(x; 0) = u0 (x; x="), v(x; 0) = v0 (x; x="). In Figure 3.1, we
illustrate the parti le traje tories for the u and v omponents.

t

2

t

1

t

0
xi

Fig. 3.1.

1

xi

+1

xi

S hemati parti le traje tories for di erent omponents.

We hoose the os illatory oeÆ ients as follows:


a(x; t) = 1 + 0:5 sin xt" and b(x; t) = 1 + 0:2 os
The initial onditions for u and v are hosen as

4
u0 (x; x=") = 00;:5 sin ((x 3)=2)(1 + sin(2(x 3)="));


4
v0 (x; x=") = 00;:5 sin ((x 4)=2)(1 + sin(2(x 4)="));

xt  :
"

jx
jx

4j < 1
4j  1
(3.20)
jx 5j < 1
jx 5j  1
(3.21)
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px5 , and " = x 2 
In our al ulations, we hoose x = 0:01, t = 
0:014. We plot the u- hara teristi in Figure 3.2. The oarse grid solution for
the u- omponent is plotted in Figure 3.3a. We an see that it aptures very
well the high frequen y information. In Figure 3.3b, we put the oarse grid
solution on top of the orresponding well-resolved solution. The agreement
is very good. We also he k the a ura y of the moving average [31℄ of the
solution and the average of its se ond order moments. The results are plotted
in Figure 3.4. Again, we observe ex ellent agreement between the oarse grid
al ulations and the well-resolved al ulations.
We have also performed the same al ulations for the 3  3 Broadwell
model with rational or irrational oeÆ ient . The subtle homogenization
behavior is aptured orre tly for both rational and for irrational . We
do not present the results here.
0.3

0.25

0.2

0.15

0.1

0.05

0

3.6

Fig. 3.2.
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3.8

3.85

3.9

A typi al u- hara teristi traje tory.

3.2 Vortex methods for in ompressible ows
The generalization of the parti le method to the in ompressible ows is
the vortex method. In [26℄, we have analyzed the onvergen e of the vortex method for 2-D in ompressible Euler equations with os illatory vorti ity
eld. Our analysis relies on the observation that there are tremendous anellations among the lo al errors at di erent spa e lo ations in the velo ity
approximation. Thus the lo al errors do not add up to O(1) as predi ted by
the lassi al error estimate in the ase where the grid size is large ompared
to the os illatory wavelength.
Consider the 2-D in ompressible Euler equation in vorti ity form:

!t + (u  r)! = 0
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(a): Coarse grid solution u at time t = 1:28. (b): Putting the oarse grid
solution u on top of a well-resolved omputation (solid line).

Fig. 3.3.
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Fig. 3.4. (a): The averaged solution u (dashdot line); the solid line represents a very
well resolved omputation. (b): The averaged se ond order moment u2 (dashdot
line); the solid line represents a very well resolved omputation.

with os illatory initial vorti ity !(x; 0) = !0 (x; x=").
De ne the parti le traje tory, denoted as X (t; ),

dX (t; )
= u(X (t; ); t); X (0; ) = :
dt
Vorti ity is onserved along hara teristi s:
!(X (t; ); t) = !0 ( ):
On the other hand, velo ity an be expressed in terms of vorti ity by the
Biot-Savart law:

u(X (t; ); t) =

Z

K (X (t; ) X (t; 0 ))!0 ( 0 )d 0

with K given by K (x) = ( x2 ; x1 )=(2jxj2 ).
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The Biot-Savart kernel K has a singularity at the origin. To regularize the
kernel, Chorin introdu ed the vortex blob method (see, e.g. [17℄, repla ing K
by KÆ = K  Æ ,
1 x
; Æ = h ; with  < 1:
Æ = 2 
Æ
Æ
 is typi ally hosen as a variant of Gaussian.
The vortex blob method is given by

dXih (t) X
KÆ (Xih (t) Xjh(t))!j h2 ;
=
dt
j
where Xih(0) = i , and wj = w0 ( j ; j =").
Together with Weinan E, we have proved that the vortex method onverges essentially independent of " [26℄.
The ase studied in [26℄ deals with bounded os illatory vorti ity. This
assumption leads to strong onvergen e of the velo ity eld. It is more physi al to onsider homogenization for highly os illatory velo ity eld. Would
the vortex blob method still apture the orre t large s ale solution with a
relatively oarse grid (or small number of parti les)? Together with a Ph.D.
student, Razvan Fete au, we have re ently derived a modi ed vortex method
for the oarse (or ma ro) parti le system by ombining a lo al subgrid orre tion with a model redu tion te hnique.
4

Numeri al homogenization based on Multis ale
FEMs

It is natural to onsider the possibility of generalizing the sampling te hnique to se ond order ellipti equations with highly os illatory oeÆ ients.
In [3℄, we showed that nite di eren e approximations onverge essentially
independent of the small s ale " for one-dimensional ellipti problems. In
several spa e dimensions we found that only in the ase of rapidly os illating
periodi oeÆ ients do the above results generalize, in a weaker form. In the
ase of almost periodi or random oeÆ ients in several spa e dimensions we
showed, both theoreti ally and with a simple ounterexample, that numeri al
homogenization by sampling does not work eÆ iently. New ideas seem to be
needed.
In order to over ome the diÆ ulty we mentioned above for the sampling te hnique, we have introdu ed a multis ale nite element method (MsFEM) for solving partial di erential equations with multis ale solutions, see
[38,40,39,28,16,61,1℄. The entral goal of this approa h is to obtain the large
s ale solutions a urately and eÆ iently without resolving the small s ale
details. The main idea is to onstru t nite element base fun tions whi h
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apture the small s ale information within ea h element. The small s ale information is then brought to the large s ales through the oupling of the
global sti ness matrix. Thus, the e e t of small s ales on the large s ales is
orre tly aptured. In our method, the base fun tions are onstru ted from
the leading order homogeneous ellipti equation in ea h element. As a onsequen e, the base fun tions are adapted to the lo al mi rostru ture of the
di erential operator. In the ase of two-s ale periodi stru tures, we have
proved that the multis ale method indeed onverges to the orre t solution
independent of the small s ale in the homogenization limit [40℄.
In pra ti al omputations, a large amount of overhead time omes from
onstru ting the base fun tions. In general, these multis ale base fun tions are
onstru ted numeri ally, ex ept for ertain spe ial ases. Sin e the base fun tions are independent of ea h other, they an be onstru ted independently
and an be done perfe tly in parallel. This greatly redu es the overhead time
in onstru ting these bases. In many appli ations, it is important to obtain a
s ale-up equation from the ne grid equation. Our multis ale nite element
method an be used for a similar purpose [61℄. The advantage of deriving
a s ale-up equation is that one an perform many useful tests on the s aleup ( oarse grid) model with di erent boundary onditions or sour e terms.
This would be very expensive if we have to perform all these tests on a ne
grid. For time dependent problems, the s aled-up equation also allows for
larger time steps. This results in additional omputational saving. Another
advantage of the method is its ability to s ale down the size of a large s ale
omputation. This o ers a big saving in omputer memory.
It should be mentioned that many numeri al methods have been developed with goals similar to ours. These in lude wavelet based numeri al homogenization methods [10,21,19,45℄, methods based on the homogenization
theory ( f. [9,25,18,34℄), variational multis ale methods [42,12,43℄, matrixdependent multigrid based homogenization [45,19℄, generalized p-FEM in homogenization [47,48℄, and some ups aling methods based on simple physi al
and/or mathemati al motivations ( f. [23,49℄). The methods based on the
homogenization theory have been su essfully applied to determine the e e tive ondu tivity and permeability of ertain omposite materials and porous
media. However, their range of appli ations is usually limited by restri tive
assumptions on the media, su h as s ale separation and periodi ity [7,44℄.
They are also expensive to use for solving problems with many separate s ales
sin e the ost of omputation grows exponentially with the number of s ales.
But for the multis ale method, the number of s ales does not in rease the
overall omputational ost exponentially. The ups aling methods are more
general and have been applied to problems with random oeÆ ients with
partial su ess ( f. [23,49℄). But the design prin iple is strongly motivated
by the homogenization theory for periodi stru tures. Their appli ation to
nonperiodi stru tures is not always guaranteed to work.
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We remark that the idea of using base fun tions governed by the differential equations has been applied to onve tion-di usion equation with
boundary layers (see, e.g., [6℄ and referen es therein). With a motivation different from ours, Babuska et al. applied a similar idea to 1-D problems [5℄
and to a spe ial lass of 2-D problems with the oeÆ ient varying lo ally in
one dire tion [4℄. However, most of these methods are based on the spe ial
property of the harmoni average in one-dimensional ellipti problems. As
indi ated by our onvergen e analysis, there is a fundamental di eren e between one-dimensional problems and genuinely multi-dimensional problems.
Spe ial ompli ations su h as the resonan e between the mesh s ale and the
physi al s ale never o ur in the orresponding 1-D problems.

4.1 Multis ale Finite Element Methods for Ellipti PDEs.
In this se tion we onsider the multis ale nite element method applied to
the following problem

L" u :=

r  (a( x" )ru) = f

in ; u = 0 on =  ;

(4.1)

where is a onvex polygon in R2 . " is assumed to be a small parameter,
and a(x) = (aij (x=")) is symmetri and satis es j j2  aij i j  j j2 , for
all  2 R2 and with 0 < < . Furthermore, aij (y) are smooth periodi
fun tion in y in a unit ube Y . We will always assume that f 2 L2( ). In
fa t, the smoothness assumption on aij an be relaxed. In [27℄, Efendiev has
proved onvergen e of the multis ale nite element method in the ase where
aij is only pie ewise ontinuous. Efendiev has also obtained onvergen e of
MsFEM in the ase where aij is random [27℄.
Let u0 be the solution of the homogenized equation
L0 u0 := r  (a ru0 ) = f in ; u0 = 0 on ;
(4.2)
where =  and

Z

1
j
aij =
) dy;
aik (y)(Ækj
jY j Y
yk
and j (y) is the periodi solution of the ell problem
Z

j
j (y) dy = 0:
ry  (a(y)ry  ) = y aij (y) in Y;
i
Y

It is lear that u0 2 H 2 ( ) sin e is a onvex polygon. Denote by u1 (x; y) =
j (y) ux0 (jx) and let " be the solution of the problem
(4.3)
L" " = 0 in ; " (x) = u1(x; x" ) on :
Our analysis of the multis ale nite element method relies on the following
homogenization result obtained by Moskow and Vogelius [52℄.
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Lemma 4.1. Let u0 2 H 2 ( ) be the solution of (4.2), " 2 H 1 ( ) be the
solution to (4.3) and u1 (x) = j (x=")u0 (x)=xj . Then there exists a onstant C independent of u0 ; " and su h that
k u u0 "(u1 " ) k1;  C"(j u0 j2; + k f k0; ):

Now we are going to introdu e the multis ale nite element methods. Let

Th be a regular partition of into triangles. Let fxj gJj=1 be the interior nodes
of the mesh Th and f j gJj=1 be the nodal basis of the standard linear nite
element spa e Wh  H01 ( ). Denote by Si = supp( i ) and de ne i with

support in Si as follows:
L" i = 0 in K; i = i on K 8 K 2 Th ; K  Si :
(4.4)
i
1
1
1
It is obvious that  2 H0 (Si )  H0 ( ). Finally, let Vh  H0 ( ) be the nite
element spa e spanned by fi gJi=1 .
With above notation we an introdu e the following dis rete problem: nd
uh 2 Vh su h that
(4.5)
(a( x" )ruh ; rvh ) = (f; vh ) 8 vh 2 Vh ;
where and hereafter we denote by (; ) the L2 inner produ t in L2 ( ).
As we will see later, the hoi e of boundary onditions in de ning the
multis ale bases will play a ru ial role in approximating the multis ale solution. Intuitively, the boundary ondition for the multis ale base fun tion
should re e t the multis ale os illation of the solution u a ross the boundary
of the oarse grid element. By hoosing a linear boundary ondition for the
base fun tion, we will reate a mismat h between the exa t solution u and
the nite element approximation a ross the element boundary. In the next
se tion, we will dis uss this issue further and introdu e an over-sampling
te hnique to alleviate this diÆ ulty. The over-sampling te hnique plays an
important role when we need to re onstru t the lo al ne grid velo ity eld
from a oarse grid pressure omputation for two-phase ows. This te hnique
enables us to remove the arti ial numeri al boundary layer a ross the oarse
grid boundary element.
We remark that the multis ale nite element method with linear boundary
onditions for the multis ale base fun tions is similar in spirit to the residualfree bubbles nite element method [11℄ and the variational multis ale method
[42,12℄. In a re ent paper [57℄, Dr. G. Sangalli derives a multis ale method
based on the residual-free bubbles formulation in [11℄ and ompares it with
the multis ale nite element method des ribed here. There are many striking
similarities between the two approa hes. In Se tion 6, we will dis uss the
variational multis ale method in some more detail and ompare it with the
multis ale nite element method.
To gain some insight into the multis ale nite element method, we next
perform an error analysis for the multis ale nite element method in the
simplest ase, i.e. we use linear boundary onditions for the multis ale base
fun tions.
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4.2 Error Estimates (h < ")
The starting point is the well-known Cea's lemma.
Lemma 4.2. Let u be the solution of (4.1) and uh be the solution of (4.5).
Then we have

Let h :
operator:

k u uh k1;  C vhinf
k u vh k1; :
2V h
C (  ) ! Wh  H01 ( ) be the usual Lagrange interpolation
h u(x) =

J
X
j =1

u(xj ) j (x)

8 u 2 C(  )

and Ih : C (  ) ! Vh be the orresponding interpolation operator de ned
through the multis ale base fun tion 

Ih u(x) =

J
X
j =1

u(xj )j (x)

8 u 2 C (  ):

>From the de nition of the basis fun tion i in (4.4) we have
L" (Ih u) = 0 in K; Ih u = h u on K;
(4.6)
for any K 2 Th .
Lemma 4.3. Let u 2 H 2 ( ) be the solution of (4.1). Then there exists a
onstant C independent of h; " su h that
k u Ih u k0; + hk u Ih u k1;  Ch2 (j u j2; + k f k0; ):
(4.7)
Proof. At rst it is known from the standard nite element interpolation
theory that
k u h u k0; + hk u h u k1;  Ch2 (j u j2; + k f k0; ): (4.8)
On the other hand, sin e h u Ihu = 0 on K , the standard s aling argument
yields
k h u Ih u k0;K  Chjh u Ih uj1;K 8 K 2 Th :
(4.9)
To estimate jh u Ih uj1;K we multiply the equation in (4.6) by Ih u hu 2
H01 (K ) to get
(a( x" )rIh u; r(Ih u h u))K = 0;
where (; )K denotes the L2 inner produ t of L2 (K ). Thus, upon using the
equation in (4.1), we get
(a( x" )r(Ih u h u); r(Ih u h u))K

= (a( x" )r(u h u); r(Ih u h u))K
= (a( x" )r(u h u); r(Ih u h u))K

(a( x" )ru; r(Ih u h u))K
(f; Ih u h u)K :
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This implies that

jIh u

h uj1;K  Chj u j2;K + k Ih u h u k0;K k f k0;K :

Hen e

jIh u

h uj1;K  Ch(j u j2;K + k f k0;K );

(4.10)

where we have used (4.9). Now the lemma follows from (4.8)-(4.10).

ut

In on lusion, we have the following estimate by using Lemmas 4.2-4.3.

Theorem 4.1. Let u 2 H 2 ( ) be the solution of (4.1) and uh
solution of (4.5). Then we have

k u uh k1;  Ch(j u j2;

2 Vh be the

+ k f k0; ):

(4.11)

Note that the estimate (4.11) blows up like h=" as " ! 0 sin e j u j2; =
O(1="). This is insuÆ ient for pra ti al appli ations. In next subse tion we
derive an error estimate whi h is uniform as " ! 0.

4.3 Error Estimates (h > ")
In this se tion, we will show that the multis ale nite element method gives
a onvergen e result uniform in " as " tends to zero. This is the main feature
of this multis ale nite element method over the traditional nite element
method. The main result in this subse tion is the following theorem.

Theorem 4.2. Let u 2 H 2 ( ) be the solution of (4.1) and uh
solution of (4.5). Then we have

k u uh k1;  C (h + ")k f k0;
where u0
(4.2).

2 H 2 ( ) \ W 1 ;1 (

+C

 " 1=2

h

2 Vh be the

k u0 k1;1; ;

(4.12)

) is the solution of the homogenized equation

To prove the theorem, we rst denote by

uI (x) = Ih u0 (x) =

J
X
j =1

u0 (xj )j (x) 2 Vh :

>From (4.6) we know that L" uI = 0 in K and uI = h u0 on K for any
K 2 Th . The homogenization theory in Lemma 3.1 implies that

k uI uI0 "(uI1 I" ) k1;K  C"(k f k0;K + j uI0 j2;K );

(4.13)
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where uI0 is the solution of the homogenized equation on K :

L0 uI0 = 0 in K; uI0 = h u0 on K;

(4.14)

uI1 is given by the relation
uI1 (x; y) = j (y)

uI0
in K;
xj

(4.15)

and I" 2 H 1 (K ) is the solution of the problem:

L" I" = 0 in K; I" (x) = uI1 (x; x" ) on K:

(4.16)

It is obvious from (4.14) that

uI0 = h u0 in K;

(4.17)

sin e h u0 is linear on K . From Lemma 3.1 and (4.13) we obtain that

k u uI k1;  k u0 uI0 k1; + k "(u1 uI1 ) k1;
+k "(" I" ) k1; + C"k f k0; ;
where we have used the regularity estimate k u0 k2;  C k f k0;
remains to estimate the terms at the right-hand side of (4.18).

(4.18)
. Now it

Lemma 4.4. We have

k u0 uI0 k1;  Chk f k0; ;
k "(u1 uI1 ) k1;  C (h + ")k f k0; :

(4.19)
(4.20)

Proof. The estimate (4.19) is a dire t onsequen e of the standard nite

element interpolation theory sin e uI0 = h u0 by (4.17). Next we note that
j (x=") satis es

k j k0;1;

+ "k rj k0;1;

C

(4.21)

for some onstant C independent of h and ". Thus we have, for any K 2 Th ,

k "(u1 uI1 ) k0;K  C"k j x (u0
j

h u0 ) k0;K  Ch"j u0 j2;K ;

k "r(u1 uI1 ) k0;K = "k r(j  (u0 xh u0 ) ) k0;K
j
 C k r(u0 h u0) k0;K + C"j u0 j2;K
 C (h + ")j u0 j2;K :
This ompletes the proof. u
t
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Lemma 4.5. We have

k "" k1;  C p"k u0 k1;1;

+ C"j u0 j2; :

(4.22)

2 C01 (R2 ) be the ut-o fun tion whi h satis es   1 in
n Æ=2 ,   0 in Æ , 0    1 in R2 , and jr j  C=Æ in , where for any

Proof. Let 

Æ > 0 suÆ iently small, we denote by Æ as
Æ = fx 2 : dist(x;  )  Æ g:

With this de nition, it is lear that " u1 = " +  (j u0 =xj ) 2 H01 ( ).
Multiplying the equation in (4.3) by " u1 , we get
(a( x" )r" ; r(" + j

u0
)) = 0;
xj

whi h yields, by using (4.21),

k r" k0;  C k r(j u0 =xj ) k0;
 C k r  j u0=xj k0; + C k  rj u0 =xj k0;
+C k j  2 u0 = 2 xj k0;
p
p
(4.23)
 C j j  Æ DÆ + C j j  Æ D" + C j u0 j2; ;
where D = k u0 k1;1; and the onstant C is independent of the domain .

From (4.23) we have

p
k "" k0;  C ( p" + Æ)k u0 k1;1; + C"j u0 j2;
Æ
p
 C "k u0 k1;1; + C"j u0 j2; :

(4.24)

Moreover, by applying the maximum prin iple to (4.3), we get

k " k0;1;  k j u0 =xj k0;1;  C k u0 k1;1; :
Combining (4.24) and (4.25) ompletes the proof. u
t

(4.25)

Lemma 4.6. We have

1=2
k "I" k1;  C h" k u0 k1;1; :

(4.26)

x  ( u )
L" I" = 0 in K; I" = j ( ) h 0 on K:
" xj

(4.27)

Proof. First we remember that for any K 2 Th , I" 2 H 1 (K ) satis es

By applying maximum prin iple and (4.21) we get

k I" k0;1;K  k j  (h u0 )=xj k0;1;K  C k u0 k1;1;K :
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Thus we have

k "I" k0;  C"k u0 k1;1; :

(4.28)

On the other hand, sin e the onstant C in (4.23) is independent of , we
an apply the same argument leading to (4.23) to obtain

p p
p
k "rI" k0;K  C"k h u0 k1;1;K ( jK j= Æ + jK j  Æ=") + C"j h u0 j2;K
p
p
 C hk u0 k1;1;K ( p" + Æ)
Æ
p
 C h"k u0 k1;1;K ;

whi h implies that
 1=2
k "rI" k0;  C h" k u0 k1;1; :

This ompletes the proof.

ut

Proof (of Theorem 3.2.). The theorem is now a dire t onsequen e of (4.18)

and the Lemmas 4.4-4.6 and the regularity estimate k u0 k2;

ut

 C k f k0;

.

Remark 4.1. As we pointed out earlier, the multis ale FEM indeed gives

orre t homogenized result as " tends to zero. This is in ontrast with the
traditional FEM whi h does not give the orre t homogenized result as " ! 0.
The error would grow like O(h2 ="2). On the other hand, we also observe
that when h  ", the multis ale method attains large error in both H 1
and L2 norms. This is what we all the resonan e e e t between the grid
s ale (h) and the small s ale (") of the problem. This estimate re e ts the
intrinsi s ale intera tion between the two s ales in the dis rete problem. Our
extensive numeri al experiments on rm that this estimate is indeed generi
and sharp. From the viewpoint of pra ti al appli ations, it is important to
redu e or ompletely remove the resonan e error for problems with many
s ales sin e the han e of hitting a resonan e sampling is high. In the next
subse tion, we propose an over-sampling method to over ome this diÆ ulty.

4.4 The Over-Sampling Te hnique
As illustrated by our error analysis, large errors result from the \resonan e"
between the grid s ale and the s ales of the ontinuous problem. For the twos ale problem, the error due to the resonan e manifests as a ratio between
the wavelength of the small s ale os illation and the grid size; the error beomes large when the two s ales are lose. A deeper analysis shows that the
boundary layer in the rst order orre tor seems to be the main sour e of the
resonan e e e t. By a judi ious hoi e of boundary onditions for the base
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fun tion, we an eliminate the boundary layer in the rst order orre tor.
This would give a ni e onservative di eren e stru ture in the dis retization,
whi h in turn leads to an ellation of resonan e errors and gives an improved
rate of onvergen e.
Motivated by our onvergen e analysis, we propose an over-sampling
method to over ome the diÆ ulty due to s ale resonan e [38℄. The idea is
quite simple and easy to implement. Sin e the boundary layer in the rst order orre tor is thin, O("), we an sample in a domain with size larger than
h + " and use only the interior sampled information to onstru t the bases;
here, h is the mesh size and " is the small s ale in the solution. By doing
this, we an redu e the in uen e of the boundary layer in the larger sample
domain on the base fun tions signi antly. As a onsequen e, we obtain an
improved rate of onvergen e.
Spe i ally, let j be the base fun tions satisfying the homogeneous ellipti equation in the larger domain S  K . We then form the a tual base i
by linear ombination of j ,

i =

d
X
j =1

ij

j

:

The oeÆ ients ij are determined by ondition i (xj ) = Æij . The orresponding "i for i are now free of boundary layers. Our extensive numeri al experiments have demonstrated that the over-sampling te hnique does improve
the numeri al error substantially in many appli ations. On the other hand,
the over-sampling te hnique results in a non- onforming MsFEM method. In
[28℄, we perform a areful estimate of the non onforming errors in both H 1
norm and the L2 norm. The analysis shows that the non- onforming error
is indeed small, onsistent with our numeri al results [38,39℄. Our analysis
also reveals another sour e of resonan e, whi h is the mismat h between the
mesh size and the \perfe t" sample size. In ase of a periodi stru ture, the
\perfe t" sample size is the length of an integer multiple of the period. We
all the new resonan e the \ ell resonan e". In the error expansion, this resonan e e e t appears as a higher order orre tion. In numeri al omputations,
we found that the ell resonan e error is generi ally small, and is rarely observed in pra ti e. Nonetheless, it is possible to ompletely eliminate this ell
resonan e error by using the over-sampling te hnique to onstru t the base
fun tions but using pie ewise linear fun tions as test fun tions. This redu es
the non onforming error and eliminates the resonan e error ompletely.

4.5 Performan e and Implementation Issues
The multis ale method given in the previous se tion is fairly straightforward
to implement. Here, we outline the implementation and de ne some notations
that are used in the dis ussion below. We onsider solving problems in a unit
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square domain. Let N be the number of elements in the x and y dire tions.
The mesh size is thus h = 1=N . To ompute the base fun tions, ea h element
is dis retized into M  M sub ell elements with mesh size hs = h=M . To
implement the over-sampling method, we partition the domain into sampling
domains and ea h of them ontains many elements. From the analysis and
numeri al tests, the size of the sampling domains an be hosen freely as
long as the boundary layer is avoided. In pra ti e, though, one wants to
maximize the eÆ ien y of over-sampling by hoosing the largest possible
sample size whi h redu es the redundant omputation of overlapping domains
to a minimum.
In general, the multis ale (sampling) base fun tions are onstru ted numeri ally, ex ept for ertain spe ial ases. They are solved in ea h K or
S using standard FEM. The linear systems are solved using a robust multigrid method with matrix dependent prolongation and ILLU smoothing (MGILLU, see [62℄). The global linear system on is solved using the same
method. Numeri al tests show that the a ura y of the nal solution is insensitive to the a ura y of base fun tions.
Sin e the base fun tions are independent of ea h other, their onstru tion
an be arried out in parallel perfe tly. In our parallel implementation of
over-sampling, the sample domains are hosen su h that they an be handled
within ea h pro essor without ommuni ation. The multigrid solver is also
modi ed to better suit the parallelization. In parti ular, the ILLU smoothing
is repla ed by Gauss-Seidel iterations. More implementation details an be
found in [38℄.

Cost and Performan e In pra ti al omputations, a large amount of overhead time omes from onstru ting the base fun tions. On a sequential mahine, the operation ount of our method is about twi e that of a onventional
FEM for a 2-D problem. However, due to good parallel eÆ ien y, this di eren e is redu ed signi antly on a massively parallel omputer. For example,
using 256 pro essors on an Intel Paragon, our method with N = 32 and
M = 32 only spends 9% more CPU time than the onventional linear FEM
method using 1024  1024 elements [38℄. Note that this omparison is made
for a single solve of the problem. In pra ti e, multiple solves are often required, then the overhead of base onstru tion is negligible. A detailed study
of MsFEM's parallel eÆ ien y has been ondu ted in [38℄. It was also found
that MsFEM is helpful for improving multigrid onvergen e when the oefient a" has very large ontrast (i.e., the ratio between the maximum and
minimum of a" ).
Signi ant omputational savings an be obtained for time dependent
problems (su h as two-phase ows) by onstru ting the multis ale bases adaptively. Multis ale base fun tions are updated only for those oarse grid elements where the saturation hanges signi antly. In pra ti e, the number of
su h oarse grid elements are small. They are on entrated near the interfa e
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separating oil and water. Also, the ost of solving a base fun tion in a small
ell is more eÆ ient than solving the ne grid problem globally be ause the
ondition number for solving the lo al base fun tion in ea h oarse grid element is mu h smaller than that of the orresponding global ne grid pressure
system. Thus, updating a small number of multis ale base fun tions dynami ally is mu h heaper than updating the ne grid pressure eld globally.
Another advantage of the multis ale nite element method is its ability
to s ale down the size of a large s ale problem. This o ers a big saving in
omputer memory. For example, let N be the number of elements in ea h
spatial dire tion, and M be the number of sub ell elements in ea h dire tion
for solving the base fun tions. Then there are total (MN )n (n is dimension)
elements at the ne grid level. For a traditional FEM, the omputer memory
needed for solving the problem on the ne grid is O(M n N n ). In ontrast,
MsFEM requires only O(M n + N n ) amount of memory. For a typi al value
of M = 32 in a 2-D problem, the traditional FEM needs about 1000 times
more memory than MsFEM.

Convergen e and A ura y Sin e we need to use an additional grid to

ompute the base fun tion numeri ally, it makes sense to ompare our MsFEM with a traditional FEM at the sub ell grid, hs = h=M . Note that
MsFEM only aptures the solution at the oarse grid h, while FEM tries to
resolve the solution at the ne grid hs . Our extensive numeri al experiments
demonstrate that the a ura y of MsFEM on the oarse grid h is omparable
to that of FEM on the ne grid. In some ases, MsFEM is even more a urate
than the FEM (see below and the next se tion).
As an example, in Table 4.1 we present the result for
2 + sin(2y=")
2 + P sin(2x=")
+
(P = 1:8); (4.29)
a(x=") =
2 + P os(2y=") 2 + P sin(2x=")
f (x) = 1
and
uj = 0: (4.30)
The onvergen e of three di erent methods are ompared for xed "=h =
0:64, where \-L" indi ates that linear boundary ondition is imposed on the
multis ale base fun tions, \os" indi ates the use of over-sampling, and LFEM
stands for standard FEM with linear base fun tions. We see learly the s ale
MsFEM-L MsFEM-os-L
rate jjE jjl2 rate
16 0.04 3.54e-4
7.78e-5
32 0.02 3.90e-4 -0.14 3.83e-5 1.02
64 0.01 4.04e-4 -0.05 1.97e-5 0.96
128 0.005 4.10e-4 -0.02 1.03e-5 0.94
N

"

jjE jjl2

Table 4.1.

LFEM

MN

256
512
1024
2048

Convergen e for periodi

jjE jjl2

1.34e-4
1.34e-4
1.34e-4
1.34e-4
ase.

resonan e in the results of MsFEM-L and the (almost) rst order onvergen e

Numeri al Approximations to Multis ale Solutions in PDEs

39

(i.e., no resonan e) in MsFEM-os-L. Evident also is the error of MsFEM-os-L
being smaller than those of LFEM obtained on the ne grid. In [40,38℄, more
extensive onvergen e tests have been presented.

4.6 Appli ations
Flow in Porous Media One of the main appli ation of our multis ale

method is the ow and transport through porous media. This is a fundamental problem in hydrology and petroleum engineering. Here, we apply MsFEM
to solve the single phase ow, whi h is a good test problem in pra ti e.
We model the porous media by random distributions of a" generated using
a spe tral method. In fa t, a" = 10 p , where p is a random eld represents
porosity, and and are s aling onstants to give the desired ontrast of
a" . In parti ular, we have tested the method for a porous medium with a
statisti ally fra tal porosity eld (see Figure 4.1). The fra tal dimension is
2.8. Su h a model is widely used as the areal eld in the oil industry. We note
that the problem has a ontinuous s ale be ause of the fra tal distribution.

Fig. 4.1.

method.

Porosity eld with fra tal dimension of 2:8 generated using the spe tral

The pressure eld due to uniform inje tion is solved and the error is
shown in Figure 3.2. The horizontal dash line indi ates the error of the LFEM
solution with N = 2048. The oarse-grid solutions are obtained with di erent
number of elements, N , but xed NM = 2048. We note that error of MsFEMos-L almost oin ide with that of the well-resolved solution obtained using
LFEM. However, MsFEM without over-sampling is less a urate. MsFEM-O
indi ates that os illatory boundary onditions, obtained from solving some
redu ed 1-D ellipti equations along  K (see [38℄), are imposed on the base
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LFEM
MFEM-O
MFEM-L
MFEM-os-L

L2-norm Error

1e-3

5e-4

1e-4

32

64

128

256

512

N

The l2 -norm error of the solutions using various s hemes for a fra tal
distributed permeability eld.

Fig. 4.2.

fun tions. The de ay of error in MsFEM is be ause of the de ay of small
s ales in a" . The next gure shows the results for a log-normally distributed
a" . In this ase, the e e t of s ale resonan e shows learly for MsFEM-L,
i.e., the error in reases as h approa hes ". Here "  0:004 roughly equals
the orrelation length. Using the os illatory boundary onditions (MsFEMO) gives better results, but it does not ompletely eliminate resonan e. On
the other hand, the multis ale method with over-sampling agrees extremely
well with the well-resolved al ulation. One may wonder why the errors do
not de rease as the number of oarse grid elements in rease. This is be ause
we use the same subgrid mesh size, whi h is the same as the well-resolved
grid size, to onstru t the base fun tions for various oarse grid sizes (N =
32; 64; 128, et ). In some spe ial ases, one an onstru t multis ale base
fun tions analyti ally. In this ase, the errors for the oarse grid omputations
will indeed de rease as the number of oarse grid elements in rease.

Fine S ale Re overy To solve transport problems in the subsurfa e forma-

tions, as in oil reservoir simulations, one needs to ompute the velo ity eld
from the ellipti equation for pressure, i.e v = a" ru, here u is pressure.
In some appli ations involving isotropi media, the ell-averaged velo ity is
suÆ ient, as shown by some omputations using the lo al ups aling methods
( f. [23℄). However, for anisotropi media, espe ially layered ones (Figure 4.4),
the velo ity in some thin hannels an be mu h higher than the ell average,
and these hannels often have dominant e e ts on the transport solutions. In
this ase, the information about ne s ale velo ity be omes vitally important.
Therefore, an important question for all ups aling methods is how to take
those fast- ow hannels into a ount.
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1e-2
LFEM
MFEM-O
MFEM-L
MFEM-os-L

L2-norm Error

5e-3

1e-3

5e-4
32

64

128

256

512

N

The l2 -norm error of the solutions using various s hemes for a lognormally distributed permeability eld.

Fig. 4.3.

Fig. 4.4.

A random porosity eld with layered stru ture.

For MsFEM, the ne s ale velo ity an be easily re overed from the multis ale base fun tions, noting that they provide interpolations from the oarse
h-grid to the ne hs -grid. Using the over-sampling te hnique, the error in
velo ity is O("=h), as proved in [28℄. We remark that the resonan e e e t
seems unavoidable in the velo ity. On the other hand, our numeri al tests
indi ate that the error is small when "  h. The ell-averaged velo ity an
also be obtained and its error is even smaller.
To demonstrate the a ura y of the re overed velo ity and e e t of smalls ale velo ity on the transport problem, we show the fra tional ow result of
a \tra er" test using the layered medium in Figure 4.4: a uid with red olor
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Fig. 4.5. (a): Fine grid horizontal velo ity eld, N = 1024. (b): Re overed horizontal velo ity eld from the oarse grid N = 64 al ulation using multis ale bases.

(a): Fine grid saturation at t = 0:06, N = 1024. (b): Saturation omputed
using the re overed velo ity eld from the oarse grid al ulation.

Fig. 4.6.

originally saturating the medium is displa ed by the same uid with blue
olor inje ted by ow in the medium at the left boundary, where the ow is
reated by a unit horizontal pressure drop. The linear onve tion equation
is solved to ompute the saturation of the red uid (for details, see [24℄). To
demonstrate that we an re over the ne grid velo ity eld from the oarse
grid pressure al ulation, we plot the horizontal velo ity elds obtained by
two methods. In Figure 4.5a, we plot the horizontal velo ity eld obtained
by using a ne grid (N = 1024) al ulation. In Figure 4.5b, we plot the same
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horizontal velo ity eld obtained by using the oarse grid pressure al ulation
with N = 64 and using the multis ale nite element bases to interpolate the
ne grid velo ity eld. We an see that the re overed velo ity eld aptures
very well the layer stru ture in the ne grid velo ity eld. Further, we use
the re overed ne grid velo ity eld to ompute the saturation in time. In
Figure 4.6a, we plot the saturation at t = 0:06 obtained by the ne grid
al ulation. Figure 4.6b shows the orresponding saturation obtained using
the re overed velo ity eld from the oarse grid al ulation. The agreement
is striking.
We also he k the fra tional ow urves obtained by
R the two alR ulations.
The fra tional ow of the red uid, de ned as F = Sredvx dy= vx dy (S
being the saturation), at the right boundary is shown in Figure 4.7. The
top pair of urves are the solutions of the transport problem using the ellaveraged velo ity obtained from a well-resolved solution and from MsFEM;
the bottom pair are solutions using well-resolved ne s ale velo ity and the
re overed ne s ale velo ity from the MsFEM al ulation. Two on lusions
an be made from the omparisons. First, the ell-averaged velo ity may
lead to a large error in the solution of the transport equation. Se ond, both
re overed ne s ale velo ity and the ell-averaged velo ity obtained from
MsFEM give faithful reprodu tions of respe tive dire t numeri al solutions.
DNS (fine)
MFEM (recovered)
DNS (averaged)
MFEM (coarse)

1

Fractional Flow

0.9

0.8

0.7

0.6

0.5
0

0.1

0.2

0.3
Time

0.4

0.5

0.6

Fig. 4.7. Variation of fra tional ow with time. DNS: well-resolved dire t numeri al
solution using LFEM (N = 512). MsFEM: over-sampling is used (N = 64, M = 8).

S ale-up of one-phase ows The multis ale nite element method has
been used in onjun tion with some moment losure models to obtain an
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ups aled method for one-phase ows, see, e.g. [27,29,16℄. Note that the multis ale nite element method presented above does not onserve mass. For
long time integration, it may lead to signi ant loss of mass. This is an undesirable feature of the method. In a re ent work with Zhiming Chen [16℄, we
have designed and analyzed a mixed multis ale nite element method, and
we have applied this mixed method to study the s ale up of one-phase ows
and found that mass is onserved very well even for long time integration.
Below we des ribe our results in some detail.
In its simplest form, negle ting the e e t of gravity, ompressibility, apillary pressure, and onsidering onstant porosity and unit mobility, the governing equations for the ow transport in highly heterogeneous porous media
an be des ribed by the following partial di erential equations [46℄, [63℄, and
[27℄
div(K(x)rp) = 0;
S
+ v  rS = 0;
t

(4.31)
(4.32)

where p is the pressure, S is the water saturation, K(x) = (Kij (x)) is the
relative permeability tensor, and v = K(x)rp is the Dar y velo ity. The
highly heterogeneous properties of the medium are built into the permeability tensor K(x) whi h is generated through the use of sophisti ated geologi al
and geostatisti al modeling tools. The detailed stru ture of the permeability
oeÆ ients makes the dire t simulation of the above model infeasible. For
example, it is ommon in real simulations to use millions of grid blo ks, with
ea h blo k having a dimension of tens of meters, whereas the permeability
measured from ores is at a s ale of entimeters [49℄. This gives more than
105 degrees of freedom per spatial dimension in the omputation. This makes
a dire t simulation to resolve all small s ales prohibitive even with today's
most powerful super omputers. On the other hand, from an engineering perspe tive, it is often suÆ ient to predi t the ma ros opi properties of the
solutions. Thus it is highly desirable to derive e e tive oarse grid models
to apture the orre t large s ale solution without resolving the small s ale
features. Numeri al ups aling is one of the ommonly used approa hes in
pra ti e.
Now we des ribe how the (mixed) multis ale nite element an be ombined with the existing ups aling te hnique for the saturation equation (4.32)
to get a omplete oarse grid algorithm for the problem (4.31)-(4.32). The numeri al ups aling of the saturation equation has been under intensive study
in the literature [24,29,46,36,66,64℄. Here, we use the ups aling method proposed in [29℄ and [27℄ to design an overall oarse grid model for the problem
(4.31)-(4.32). The work of [29℄ for ups aling the saturation equation involves
a moment losure argument. The velo ity and the saturation are separated
into a lo al mean quantity and a small s ale perturbation with zero mean.
For example, the Dar y velo ity is expressed as v = v0 + v0 in (4.32), where
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v0 is the average of velo ity v over ea h oarse element, v0 = (v01 ; v02 ) is the

deviation of the ne s ale velo ity from its oarse s ale average. After some
manipulations, an average equation for the saturation S an be derived as
follows [29℄:

S 
 
S
Dij (x; t)
;
+ v0  rS =
t
xi
xj

(4.33)

where the di usion oeÆ ients Dij (x; t) are de ned by
Dii (x; t) = hjv0i (x)jiL0i (x; t); Dij (x; t) = 0; for i 6= j;
hjv0i (x)ji stands for the average of jv0i (x)j over ea h oarse element. L0i (x; t)
is the length of the oarse grid streamline in the xi dire tion whi h starts at
time t at point x, i.e.
Z t
L0i (x; t) =
yi (s) ds;

0

where y(s) is the solution of the following system of ODEs

dy(s)
= v0 (y(s)); y(t) = x:
ds
Note that the hyperboli equation (4.32) is now repla ed by a onve tiondi usion equation. The onve tion-dominant paraboli equation (4.33) is
solved by the hara teristi linear nite element method [22℄, [56℄ in our
simulation. The ow transport model (4.31)-(4.32) is solved in the oarse
grid as follows:
1. Solve the pressure equation (4.31) by the over-sampling mixed multis ale
nite element method and obtain the ne s ale velo ity eld using the
multis ale basis fun tions.
2. Compute the oarse grid average v0 and the ne s ale deviation hjv0i (x)ji
on the oarse grid.
3. At ea h time step, solve the onve tion-di usion equation (4.33) by the
hara teristi linear nite element method on the oarse grid in whi h
the lengths L0i (x; t) of the streamline are omputed for the enter of ea h
oarse grid element.
The mixed multis ale nite element method an be readily ombined with
the above ups aling model for the saturation equation. The lo al ne grid velo ity v0 will be onstru ted from the multis ale nite element base fun tions.
The main ost in the above algorithm lies in the omputation of multis ale
bases whi h an be done a priori and ompletely in parallel. This algorithm is
parti ularly attra tive when multiple simulations must be arried out due to
the hange of boundary and sour e distribution as it is often the ase in engineering appli ations. In su h a situation, the ost of omputing the multis ale
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base fun tions is just an over-head. Moreover, on e these base fun tions are
omputed, they an be used for subsequent time integration of the saturation.
Be ause the evolution equation is now solved on a oarse grid, a larger time
step an be used. This also o ers additional omputational saving. For many
oil re overy problems, due to the ex essively large ne grid data, ups aling
is a ne essary step before performing many simulations and realizations on
the ups aled oarse grid model. If one an oarsen the ne grid by a fa tor
of 10 in ea h dimension, the omputational saving of the oarse grid model
over the original ne model ould be as large as a fa tor 10,000 (three spa e
dimensions plus time).
We perform a oarse grid omputation of the above algorithm on the
oarse 64  64 mesh. The fra tional ow urve using the above algorithm is
depi ted in Figure 4.8. It gives ex ellent agreement with the \exa t" fra tional
ow urve. The ontour plots of the saturation S on the ne 1024  1024 mesh
at time t = 0:25 and t = 0:5 omputed by using the \exa t" velo ity eld
are displayed in Figure 4.10. In Figure 4.9, we show the ontour plots of the
saturation obtained using the re overed velo ity eld from the oarse grid
pressure al ulation N = 64. We an see that the the ontour plots in Figure
4.9 approximate the \exa t" ones in Figure 4.10 in ertain a ura y but the
sharp oil/water interfa es in Figure 4.10 are smeared out. This is due to the
paraboli nature of the ups aled equation (4.33). We have also performed
many other numeri al experiments to test the robustness of this ombined
oarse grid model. We found that for permeability elds with strong layered
stru ture, the above oarse grid model is very robust. The agreement with
the ne grid al ulations is very good. We are urrently working toward some
qualitative and quantitative understanding of this ups aling model.
Finally, we remark that the ups aling equation (4.33) uses small s ale
information v0 of the velo ity eld to de ne the di usion oeÆ ients. This
information an be onstru ted lo ally through the mixed multis ale basis
fun tions. This is an important property of our multis ale nite element
method. It is lear that solving dire tly the homogenized pressure equation
div(K (x)rp ) = 0
will not provide su h small s ale information. On the other hand, whenever
one an a ord to resolve all the small s ale feature by a ne grid, one an use
fast linear solvers, su h as multigrid methods, to solve the pressure equation
(4.31) on the ne mesh. >From the ne grid omputation, one an easily
onstru t the average velo ity v0 and its deviation v0 . However, when multiple
simulations must be arried out due to the hange of boundary onditions,
the pressure equation (4.31) will then have to be solved again on the ne
mesh. The multis ale nite element method only solves the pressure equation
on e on a oarse mesh, and the ne grid velo ity an be onstru ted lo ally
through the nite element bases. This is the main advantage of our mixed
multis ale nite element method. This pro ess be omes more diÆ ult for the
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Fig. 4.8. The a ura y of the oarse grid algorithm. Solid line is the \exa t" fra tional ow urve using mixed nite element method solving the pressure equation.
The slash-dotted line is the fra tional ow urve using above oarse grid algorithm.
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nonlinear two-phase ow due to the dynami oupling between the pressure
and the saturation. We are now investigating the possibility of ups aling
the two-phase ow by using multis ale nite element base fun tions that are
onstru ted from the one-phase ow (time independent). In this ase, we
need to provide orre tions to the pressure equation to a ount for the s ale
intera tion near the oil/water interfa e.
It should be noted that some adaptive s ale-up strategies have also been
developed [24,66℄. The idea is to re ne the mesh around the fast- ow hannels in order to apture their e e t dire tly. The approa h seems to work well
when the hannels are isolated. For MsFEM, it is also possible to adjust the
oarse mesh adaptively based on the re overed velo ity. In parti ular, one
does not need to use the ne re overed velo ity in the regions with no fastow hannels; in those regions, the oarse mesh and ell-averaged velo ity
are suÆ ient. On the other hand, one an simply keep the ne mesh when
the hannels are too many. How to develop a onsistent ups aling equation
for the saturation equation is still open when the apillary pressure e e t
is negle ted, whi h is the ommon pra ti e in oil reservoir simulations. One
approa h is to ombine grid adaptivity with multis ale modeling. We use a
dynami adaptive oarse grid [15℄ to apture the isolated small s ale features, su h as the ow hannels and use the multis ale nite element method
to apture the small s ale feature within ea h adaptive oarse grid blo k. By
doing this, we take into a ount the lo al ow orientation and anisotropy in
ups aling the saturation equation. We are also investigating the possibility
to develop a onsistent ups aling model for the saturation equation by ombining multis ale nite element methods and systemati multis ale modeling
for the saturation equation.
5

Wavelet-based Homogenization (WBH)

The material in this se tion is based on the work of Borobantu and Engquist
in [21℄ and the le tures given by Engquist in the Morningside Summer S hool
on Multis ale Analysis and Computation in Beijing in August, 1997. Please
also onsult with the related work of Brewster and Beylkin in [10℄ for integral
di erential equations.
We begin by onsidering a simple, ellipti equation. Let u" be the variable
in question de ned on the domain . We study the boundary-value problem

r  a" (x)ru" (x) = f (x);
B:C: for

u" ;

x2
x2

where a" (x) = a(x1 ="; x2 ="), and a(y1 ; y2 ) is 1-periodi in y1; y2 .
As we dis ussed in Se tion 1, one an derive a homogenized equation
using the multis ale expansion te hnique. Roughly speaking, homogenization
is a mathemati al method that allows us to ups ale di erential equations.
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This method not only o ers formulae for ups aling but also provides tools
for produ ing rigorous mathemati al onvergen e proofs.
The homogenization problem an be stated in various formulations. A
lassi al formulation, see e.g. Bensoussan et al. [7℄, is the following: Consider
a family of operators L" indexed by the small parameter ". For any fun tion
f , let u" solve the problem

L" u" = f:

(5.1)

Assume that u" * u, as " ! 0. The homogenization problem is to nd an
operator L su h that

Lu = f:

(5.2)

The homogenized equation does not ontain the "-s ale and it an be solved
on a oarse grid. In some ases L has a losed form analyti expression [7℄.
If that is not the ase, but the general stru ture of L is known, a numeri al
approximation is still possible [23℄.
The following diagram des ribes two ommon approa hes to a oarse grid
dis retization of the multis ale problem, L" u" = f .

Lu = f

|.
}&

L" u" = f

}&
~.

L";h u"h = f";h

L H uH = f H
where | stands for homogenization, } stands for dis retization (for example,
nite element methods, et .); ~ stands for numeri al ups aling (sampling,
wavelet based homogenization, et ,    ).
Homogenization is a model redu tion. In the traditional analysis, redu tion is often based on physi al onservation (derivation from rst prin iples).
For example, in uid me hani s, fundamental parti le intera tion ! kineti
model (Boltzmann equation) ! Navier-Stokes equation (Hydrodynami approximation). >From the Navier-Stokes equations, one an further derive turbulen e models, the Euler equations, and potential equations.
In ontrast, one an derive redu ed models using numeri al te hniques
starting from the dis retized problem. Wavelet-Based-Homogenization, Sampling, Multigrid are some of examples in dis rete model redu tion.
The framework for the wavelet based method is dis rete. The operator L
is a nite-dimensional approximation of the original di erential operator. It
an be written in the form
L = P (; A; h);
where  is a olle tion of di eren e operators, A is a dis retized variable
oeÆ ient, typi ally diagonal matri es, and h represents the grid size. We
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seek a homogenized, dis rete, operator L that an be written in a form similar
to L,
L = P (; H; h);
but with h  h and the stru ture of H lose to the stru ture of A, typi ally
diagonal dominant and sparse. We interpret H as the subgrid model of A.
If A orresponds to a material oeÆ ient, H an be seen as the e e tive
material oeÆ ient.

5.1 Wavelets
For multis ale problems, the rst important on ept is to de ne s ales, what
we mean by large s ales and what we mean by small s ales. The lassi al
way is to use the Fourier series or Fourier transform as a systemati way of
de ning s ales
X
u(x) = aj eijx :
j

eijx ,

Note that the Fourier bases,
are global. This introdu es some diÆ ulty
in hara terizing lo al small s ales. Wavelets introdu e orthonormal bases
whi h are lo alized in spa e or time. This o ers some very attra tive features
whi h have important appli ations in signal and image pro essing.
When solving di erential equations, we often express the solution as a
linear ombination of some pre-determined basis

u(x) =

X

k

ak 'k (x):

For example, 'k (x) = '(x xk ) in nite element method. It is a translation
operator, whereas in the spe tral method, we have

u(x) =

X

j

aj 'j (x)

where 'j (x) = eijx , whi h is a dilation operator.
Using both translation and dilation, the fun tions are expressed by wavelets
X
u(x) = ajk jk ;
where

jk (x) = 2j=2

(2j x

j;k

k).

Example: A well-known example of wavelet basis is the Haar wavelet
Hjk (x) = 2j=2 H (2j x k) ;
where

H (x) =

8
< 1;
:

0;

1;

if 0  x  1=2;
if 1=2 < x  1;
otherwise:

Numeri al Approximations to Multis ale Solutions in PDEs

51

R

Note that the mean of H (x) is zero, R H (x) dx = 0.
We now des ribe a subgrid s ale model within the framework of wavelet
based multiresolution analysis (MRA). A wavelet representation lends itself
naturally to analyzing the ne and oarse s ales as well as the lo alization
properties of a fun tion. For a detailed des ription of MRA we refer the
reader to the book by Daube hies [20℄. For fast wavelet algorithms, we refer
the reader to [8℄.
We onsider a ladder of spa es VJ  VJ +1 whi h are spanned by the
dilates and integer translates of one shape-fun tion  2 V0 :

VJ = spanfJ;k (x) = 2J=2 (2J x k)g:
The fun tions J;k form an L2 -orthonormal basis. The orthogonal omplement of VJ in VJ +1 is denoted by WJ and it is generated by another orthonormal basis J;k (x) = 2J=2 (2J x k), where is alled the mother wavelet.
The transformation
WJ : VJ +1 ! WJ  VJ
that maps the basis fJ +1;k g into f J +1;k ; J +1;k g is an orthogonal operator
and we denote
its inverse by W T . The produ t WJ WJ 1    W0 maps VJ +1
P
into V0  0jJ Wj is alled the wavelet transform and it an be optimally
implemented using the fast wavelet transform. We denote by Pj and Qj the
L2 -proje tions onto Vj and Wj .

5.2 Introdu tion to Wavelet-Based Homogenization (WBH)
Given the fully dis rete solution operator on a ne grid, the underlying idea of
wavelet-based homogenization is to nd an operator of lower dimension that
extra ts only the oarse s ales of the solution. The numeri al homogenization
an be des ribed as the following pro ess:

L" u" = f

! L";hu"h = fh ! LH uH = fH :

The wavelet-based homogenization is des ribed as follows:
1. Start from the dis retized di erential equation;
2. Represent the operator and the solution in wavelet basis;
3. Proje t to the ( oarse and small) s ale spa es;
4. Compress the operator after transformation.
We illustrate the main idea by onsidering the following di erential equation


d
d
a (x) u (x) = f (x) ;
dx " dx "
where a" (x) = a( x" ). Dis retizing the equation on a ne mesh h gives L";h u"h =
fh . We denote by LJ +1 the dis rete operator on the nest level. We have

LJ +1 U = F:
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If we use a entered di eren e approximation to the derivative operator, we
have

LJ +1 = h 2 + diag(a" )

where + uk = uk+1 uk is the forward di eren e operator, and  uk =
uk uk 1 is the ba kward di eren e operator, whi h satis es  = T+ . Here
diag(a) is the diagonal matrix with diagonal entry given by a(xi ).
We rst identify the pointwise value with oeÆ ient in the spa e of VJ +1 .
A linear operator LJ +1 a ting on the spa e VJ +1 an be de omposed into
four operators LJ +1 = AJ + BJ + CJ + LJ a ting on the subspa e WJ and
VJ , where

AJ = QJ LJ +1 QJ :
WJ ! WJ
BJ = QJ LJ +1 PJ :
VJ ! WJ
CJ = PJ LJ +1 QJ :
WJ ! VJ
LJ = PJ LJ +1 PJ :
VJ ! VJ :
Applying the transformation WJ on LJ +1 , we have for U


WJ LJ +1 WJT (WJ U ) = ACJJ BLJJ
or simply

WJ LJ +1 WJT



J
= A
CJ





2 VJ +1 ,

QJ U ;
PJ U



BJ :
LJ

(5.3)

(5.4)

Let us now onsider

LJ +1 U = F;

U; F

2 VJ +1 :

This equation may originate from a nite di eren e, nite element or nite
volume dis retization of a given equation. We identify U as a pie ewise onstant approximation of u(x), the solution to the ontinuous problem. After
the same wavelet transformation as in (5.3), we have


AJ
CJ

BJ
LJ









Uh = Fh ;
Ul
Fl

Uh ; Fh 2 WJ ;

Ul ; Fl 2 VJ ;

where Uh = QJ U and Ul = PJ U and similarly for F . For the Haar basis
this means that Uh is essentially the high frequen y part and Ul is the low
frequen y part of U . The rst equation is

Uh = AJ 1 (Fh

Eliminating Uh yields the equation for Ul
(LJ

BJ Ul ):

CJ AJ 1 BJ )Ul = Fl

CJ AJ 1 Fh :
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Our new \ oarse grid operator" is the S hur omplement

CJ AJ 1 BJ ;
(5.5)
whi h in ludes subgrid phenomena via CJ AJ 1 BJ . We also get the homogenized right hand side,
FJ = Fl CJ AJ 1 Fh :
Note that this is in fa t a blo k Gaussian elimination pro edure. Further
note that the above pro edure an be repeated on L J to get L J 1 and so
on. To make this eÆ ient in real appli ations it is ne essary to be able to
approximate L J with a sparse matrix. This sparse matrix an be seen as a
dis retization of a lo al di erential operator.
There is a striking relation between the S hur omplement L j in (5.5) and
the analyti ally homogenized operator (2.24)-(2.25) in Se tion 1, repeated
here for onvenien e,




Z

1


Lu =
u+
(5.6)
a
xi ij xi xj
jY j Y a0 (y) dy u ;
where
Z
1
j (y)
aij =
) dy:
(5.7)
(aij aik
jY j Y
yk
LJ = LJ

The rst terms in (5.5) and (5.7) both represent averaged operators, LJ in a
dis rete sense and
0
X


1

1
2
aij dyA
xi xj
ij jY j Y
Z

(5.8)

in an integral sense. In both formulations a orre tion term is subtra ted
from the average. Furthermore, in the orre tion term  is the solution of an
ellipti equation and Aj 1 is a dis rete positive de nite operator.
The above dis ussion on one-dimensional problems an be generalized to
two-dimensional problems. In the two-dimensional ase, the maps

WJ : VJ +1 ! WJ  VJ

(5.9)

an be written as a tensor produ t of one-dimensional transforms,

WJ2d = WJ WJ :

A linear operator LJ +1 that a ts on the spa e VJ +1 an be de omposed
in a way similar to the one-dimensional ase. To get a onvenient matrix
f = P W , instead of W . The matrix P is a suitable
representation we use W
permutation. The equation

LJ +1 U = F;

U; F

2 VJ +1 ;
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an then be transformed to

 


Uh = Fh ;
AJ BJ
Uh ; Fh 2 WJ ;
Ul ; Fl 2 VJ ;
Fl
Ul
CJ LJ
and the oarse grid operator is again the S hur omplement,
L J = LJ CJ AJ 1 BJ :
Note that the high frequen y part of U an be de omposed as
2
3
Uhh
Uh = 4 Ulh 5 ; Uhh 2 WJ WJ ; Ulh 2 VJ WJ ; Uhl 2 WJ VJ :
Uhl
Similar tensor produ t extensions an be made also for high dimensions.
Unlike the homogenized operator L in the ontinuous ase, the dis rete
\homogenized" operator, LJ , is a nonlo al dense operator, sin e A1J is dense.
For ellipti operators, AJ is diagonally dominant. The ompression property
of wavelets makes it possible to approximate AJ 1 by a sparse matrix. This
is an essential property that makes this numeri al homogenization pro edure
eÆ ient. This dis rete homogenization pro edure an be applied re ursively
to yield a oarse grid operator, LI at a desired oarse level.
It turns out that it is more e e tive to write LJ in a onservative form.
In the 1-D ase, this amounts to expressing LJ as follows:
1
LJ =
 H ;
(2h)2 +
where + uj = uj+1 uj and  uj = uj uj 1 , and H is a strongly diagonal
dominant matrix.
We look at the extreme ase when a(x) = a +~a(x) is the sum of a onstant
and the highest frequen y represented on the grid, i.e., a(xm ) = a + ja~j( 1)m .
We have that a and a~ are represented as onstant ve tors in the bases of VJ
and WJ . The fa t that a(x) > 0 implies ja~j < jaj.
The following theorem shows that the wavelet homogenized operator
12 + H  equals the dis rete form 12 +  of the lassi ally homogeh
h
nized equation, apart from a se ond order error term of order h2 .
Theorem 5.1. [21℄ Let a(x) = a +~a 2 VJ +1 be su h that a 2 V0 is a onstant
and the os illatory part a~ 2 WJ has onstant amplitude and satis es the
ondition ja~j < a. Let LJ +1 = (h=12)2 + a and be the harmoni average
!

1

1 2h 1
dx
:
=
2h 0 a(x)
Then there exists a fun tion v (x) with a ontinuous and bounded fourth
Z

derivative su h that

kLJ v

1
  vk1  Ch2 kv(4) kL1 :
h2 +
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In pra ti e, we want to approximate the homogenized operator L J by a
sparse approximation. Due to the de ay in the o -diagonal entries, we an
approximate LJ by a band-diagonal matrix LJ; where  is the band-width.
Let us onsider the operator band de ned by

if 2ji j j   1 ;
band(M;  )i;j = 0M; i;j ; otherwise
:
We have in fa t two obvious strategies available for produ ing LJ; : We an
set dire tly LJ; = band(LJ ;  ) or use the homogenized oeÆ ient form and
build LJ; = h12 + band(H;  2) . Both approa hes produ e small perturbations of LJ . However, important properties, su h as divergen e form,
are lost in the rst approa h and numeri al experiments show that  needs
to be rather large to ompensate for this. The se ond approa h produ es LJ;
in divergen e form. Moreover, the approximation error an be estimated, as
in the following result:

Theorem 5.2. [21℄ If the onditions of Theorem 5.1 are valid, then we have
2(a + ja~j)
< 1:
6a 2ja~j
If v is the dis retization of a smooth fun tion v (x), then
k(LJ LJ; vk1  C kv00 kL1 :

kH

band(H;  )k  C ;

=

In the urrent approa h, the numeri al homogenization starts from a ne
grid, and the operator is global. It would be ni e to derive a lo al pro edure to
implement this idea. Further, it remains to study the de ay rate of Hij away
from diagonal for more general a" and more general wavelet bases. One also
needs to nd an eÆ ient way of omputing LJ (in omplete LU de omposition
of A). Compare with multigrid method and pre onditional onjugate gradient
method.
6

Variational Multis ale Method

In this se tion, we will brie y review the main idea of the variational multis ale method introdu ed by Hughes and Brezzi et al in [42,12,43℄.
Consider an abstra t variational problem: Find u 2 V su h that

a(u; v) = F (v); for all v 2 V;

(6.1)

where V is a Hilbert spa e, a(; ) is a ontinuous and oer ive bilinear form
on V , and F () is a ontinuous linear form on V .
A typi al example is the ellipti problem (2.1) in Se tion 1. In this ase,
we have

a(u; v) =

Z

a" (x)ru  rv dx +

Z

a0 (x)uv dx; F (v) =

Z

f (x)v(x) dx:
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If we hoose V = H01 ( ), then the above variational problem is equivalent to
the ellipti equation (2.1) in Se tion 1.
The lassi al Galerkin approximation of (6.1) onsists of taking a nite
dimensional subspa e Vh of V and solving (6.1) in Vh , i.e. nd uh 2 Vh su h
that
a(uh; vh ) = F (vh );
for all vh 2 Vh :
(6.2)
Let Th = fK g be a triangulation of , hK = diamfK g, h = maxK hK .
Typi ally Vh onsists of ontinuous fun tions whi h are polynomials of some
degrees on a triangular element K .
To be spe i , we onsider pie ewise linear elements. We set


VRh = vR 2 H01 ( ); vR jK is linear in ea h K :
The variational problem (6.2) an be written as follows: Find uR
su h that

2 VRh

(6.3)
a(uR ; vR ) = F (vR ); for all vR 2 VRh :
Here, uR represents the resolvable part of the solution.
Let VUb be a losed subspa e of H01 ( ) su h that VRh \ VU = f0g.
Further, we de ne
Vh = VRh  VUb :
(6.4)
We an onsider Vh as the augmented spa e of VRh .
Using the de omposition Vh = VRh  VUb , we an express any vh 2 Vh as
the sum of a resolvable part , vR 2 VRh , and an unresolvable part , vU 2 VUb in
a unique way:
vh = vR + vU 2 VRh  VUb :
In turn, the variational problem (6.2) an be expressed as follows: Find uh =
uR + uU 2 VRh  VUb su h that

a(uR + uU ; vR ) = F (vR ) ; for all vR 2 VRh
a(uR + uU ; vU ) = F (vU ) ; for all vU 2 VUb :

(6.5)
(6.6)

Using the bilinearity of a(; ), equation (6.6) an be written as

a(uU ; vU ) = (a(uR ; ) F ()) (vU ) ; for all vU

2 VUb :

(6.7)

Problem (6.7) an be \solved" for any uR 2 VRh , and the solution an be
formally written as
uU = M (LuR f );
(6.8)
where the operator L is de ned as in (2.1), M is a linear solution operator from H 1( ) to H01 ( ). One an also view M as the ne grid solution
operator or the dis rete Green fun tion operator a ting on the unresolvable
s ales.
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Substituting the unresolvable part of the solution, uU = M (LuR f ) into
equation (6.5) for the resolvable part, we get

a(uR ; vR ) + a(M (LuR f ); vR ) = (f; vR ); for all vR 2 VRh : (6.9)
{z
}
|
e e t of the spa e VUb
The term a(M (LuR f ); vR ) represents the ontribution of small s ales
to large s ales, whi h resembles the so- alled \Reynolds stress" term in turbulen e modeling.
Solving uU exa tly would be as expensive as solving the ne grid solution
globally. In order to lo alize the omputation of uU , the authors in [42,12,43℄
made the following assumption:

VU = K H01 (K ):
In other words, they take into a ount only those unresolvable s ales that

vanish on the boundaries of the oarse grid elements. In some sense, the multi-

s ale nite element method with linear boundary onditions for the multis ale
base fun tions is very similar to the variational multis ale method des ribed
here. As we see from the analysis of the multis ale nite element method in
[38,28℄, by for ing the unresolvable bases to vanish on the boundaries of the
oarse grid elements, the resulting multis ale method may introdu e O(1)
errors when the physi al small s ale is of the same order as the oarse grid
size.
Using the assumption uU jK = 0, uU an be uniquely de omposed among
ea h element, K :

uU =

X

K

uU;K ; uU;K 2 H01 (K ):
P

The variational problem now be omes: Find uh = uR +uU = uR + K uU;K 2
VRh  VU su h that

a(uR + uU ; vR ) = F (vR ) ; for all vR 2 VRh
a(uR + uU;K ; vU;K )K = F (vU;K )K ; for all vU;K 2 H01 (K );

(6.10)
8 K;(6.11)

where a(uR + uU;K ; vU;K )K and F (vU;K )K are the restri tions of a(uR +
uU;K ; vU;K ) and F (vU;K ) on K respe tively. Again, we obtain an equation
for uR as

a(uR ; vR ) +

X

K

a(uU;K ; vR )K = F (vR ) ; for all vR 2 VRh ;

8 K:

(6.12)

The \lo al equation" for uU;R be omes

a(uU;K ; vU;K )K = [a(uR ; ) F ()℄jK (vU;K ); for vU;K

2 H01 (K ):
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Equivalently, we have

LuU;K =

(LuR

|

f ); in K; with uU;K = 0 on K:
}
residual
{z

In some sense, the un-resolvable bases, fuU;K g, play the same role as the
residual-free bubbles in the residual-free bubbles nite element method introdu ed by Brezzi and Russo in [11℄. Let gyK be the Green fun tion on K
for operator L, i.e.

LgyK (x) = Æy (x);

for x 2 K; gyK = 0 on K:

Then we an write uU;K formally as

uU;K =

Z

K

gyK (x)(LuR

f )(y) dy:

This is not very pra ti al sin e it is expensive to onstru t the Green fun tion numeri ally in ea h element. In [42,12,43℄, various approximations to
the dis rete Green fun tion are proposed to study the stabilizing residualfree bubble method. Hughes and his o-workers have also applied this idea to
a number of interesting appli ations [43℄. Re ently, Todd Arbogast has introdu ed a subgrid ups aling method for two-phase ow in porous media using
a similar approa h [2℄. From the analyti al view point, the variational multis ale method or the residual-free bubble approa h provides a good framework
to design multis ale methods in a systemati way.
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