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Summary. We study the interplay between the local geometric properties and the non-
blowup of the 3D incompressible Euler equations. We consider the interaction of two
perturbed antiparallel vortex tubes using Kerr’s initial condition [15] [Phys. Fluids 5§
(1993), 1725]. We use a pseudo-spectral method with resolution up to 1536 x 1024 x 3072
to resolve the nearly singular behavior of the Euler equations. Our numerical results
demonstrate that the maximum vorticity does not grow faster than doubly exponential in
time,uptot = 19, beyond the singularity time ¢ = 18.7 predicted by Kerr’s computations
[15], [18]. The velocity, the enstrophy, and the enstrophy production rate remain bounded
throughout the computations. As the flow evolves, the vortex tubes are flattened severely
and turned into thin vortex sheets, which roll up subsequently. The vortex lines near the
region of the maximum vorticity are relatively straight. This local geometric regularity
of vortex lines seems to be responsible for the dynamic depletion of vortex stretching.

1. Introduction

One of the most challenging questions in fluid dynamics is whether the incompressible
3D Euler equations can develop a finite-time singularity from smooth and bounded
initial data. From a theoretical point of view, the main difficulty is due to the presence
of the vortex-stretching term in the vorticity equation, which is formally quadratic in
vorticity. If such quadratic nonlinearity persists in time long enough, we would expect
a finite-time singularity of the form O(T — ¢)~! in vorticity. Such a blowup rate is
consistent with the well-known result of Beale et al. [2] (see also [11]). There have been
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many computational efforts in searching for finite-time singularities of the 3D Euler and
Navier-Stokes equations; see, e.g., [6], [23], [19], [14], [24], [15], [5], [3], [12], [22],
[13], [18], [25]. One example that has been studied extensively is the interaction of two
perturbed antiparallel vortex tubes. This example is interesting because of the vortex
reconnection that has been observed for the corresponding Navier—Stokes equations. It
is natural to ask whether the 3D Euler equations would develop a finite-time singularity
in the limit of vanishing viscosity.

In[15], Kerr presented numerical evidence that suggests a finite-time singularity of the
3D Euler equations for two perturbed antiparallel vortex tubes. In Kerr’s computations,
he used a pseudo-spectral discretization in the x and y directions and a Chebyshev
discretization in the z direction with resolution of order 512 x256 x 192. His computations
showed that the growth of the peak vorticity, the peak axial strain, and the enstrophy
production obey (T — t)~! with T = 18.9. Self-similar development and equal rates
of collapse in all three directions were shown (see the abstract of [15]). While velocity
blowup was not documented in [15], Kerr showed in his subsequent papers [16], [17],
[18] that velocity field blows up like O(T — t)~"? with T being revised to T = 18.7.
Kerr’s computations have generated much interest and his proposed initial conditions
have been considered “the most attractive candidates for potential singular behavior” of
the 3D Euler equations (see page 187 of [20]).

Vortex reconnection of two perturbed antiparallel vortex tubes has been studied ex-
tensively in the literature. Substantial core deformation has been observed [23], [1], [4],
[19], [21], [24]. Most studies indicated only exponential growth in the maximum vortic-
ity. However, the work of Kerr and Hussain in [19] suggested a finite-time blowup in the
infinite Reynolds number limit, which motivated Kerr’s Euler computations mentioned
above.

There has been some interesting development in the theoretical understanding of the
3D incompressible Euler equations. It has been shown that the local geometric regularity
of vortex lines can play an important role in depleting nonlinear vortex stretching [7]-
[10]. In particular, the recent results obtained by Deng, Hou, and Yu [9], [10] show that
geometric regularity of vortex lines, even in an extremely localized region containing the
maximum vorticity, can lead to depletion of nonlinear vortex stretching, thus avoiding
finite-time singularity formation of the 3D Euler equations. To obtain these results, Deng
etal. [9], [10] explored the connection between the stretching of local vortex lines and the
growth of vorticity. In particular, they showed that if the vortex lines near the region of
maximum vorticity satisfy some local geometric regularity conditions and the maximum
velocity field is integrable in time, then no finite-time blowup is possible. See Section 4.2
for the detailed description of these results. Kerr’s computations fall in the critical case of
the non-blowup theory in [9], [10]. To get a definite answer in this critical case, we need
to check whether certain scaling constants, which describe the local geometric properties
of the vortex lines, satisfy an algebraic inequality. However, such scaling constants are
not available in [15]. This was our original motivation to repeat Kerr’s computations.

It is worth mentioning that the predicted singularity time in Kerr’s computations
is T = 18.7, while his computations from t = 17 to ¢t = 18, as mentioned in [15],
seem to be under-resolved and were “not part of the primary evidence for a singularity.”
Clearly, the computations for t < 17, which Kerr used as the primary evidence for a
singularity, are still far from the predicted singularity time, 7 = 18.7. In order to justify
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the predicted asymptotic behavior of vorticity and velocity blowup, one needs to perform
well-resolved computations much closer to the predicted singularity time. Such well-
resolved computations can also provide more accurate geometric properties of vortex
lines, which can be used to check whether the non-blowup conditions in [9], [10] are
satisfied.

In this paper, we perform well-resolved computations of the 3D incompressible Euler
equations using the same initial condition as the one used by Kerr in [15]. A pseudo-
spectral method with a very high-order Fourier smoothing is used to discretise the 3D
incompressible Euler equations in all three directions. The time integration is performed
using the classical fourth-order Runge—Kutta method with adaptive time stepping to
satisfy the CFL stability condition. We perform a careful numerical study to show that
the pseudo-spectral method we use provides more accurate approximations to the 3D
Euler equations than the pseudo-spectral method that uses the standard 2/3 dealiasing
rule. We use up to 1536 x 1024 x 3072 space resolution in order to resolve the nearly
singular behavior of the 3D Euler equations.

Our numerical results demonstrate that the maximum vorticity does not grow faster
than doubly exponential in time, up to ¢ = 19, beyond the singularity time ¢t = 18.7
predicted by Kerr’s computations [15], [18]. There are three stages of vorticity growth
in time. In the early stage for 0 < ¢ < 12, the maximum vorticity grows only expo-
nentially in time. During the intermediate stage for 12 < ¢ < 17, the two vortex tubes
experience tremendous core deformation and become severely flattened. Each vortex
tube effectively turns into a vortex sheet with rapidly decreasing thickness. During this
stage, the maximum vorticity grows slightly slower than doubly exponential in time. It
is also interesting to examine the degree of nonlinearity in the vortex-stretching term
during this stage. An O(T — t)~! blowup rate in the maximum vorticity would imply
that the nonlinearity in the vortex-stretching term is quadratic. However, our numerical
results show that the vortex-stretching term, when projected to the unit vorticity vector,
is bounded by ||@| o0 10g(||®]ls0), Where @ is vorticity. It is easy to see that such an upper
bound on the vortex stretching term implies that the maximum vorticity is bounded by
doubly exponential in time. During the final stage for 17 < ¢ < 19, we observe that
the growth of the maximum vorticity may well slow down and deviates from doubly
exponential growth, indicating that there is stronger cancellation taking place in the
vortex-stretching term.

We also find that the vortex lines near the region of the maximum vorticity are rela-
tively straight and the vorticity vectors seem to be quite regular. This was also observed
in [16]. On the other hand, the inner region containing the maximum vorticity does not
seem to shrink to zero at a rate of (T — t)"/?, as predicted by Kerr’s computations. More-
over, we find that the velocity field, the enstrophy, and the enstrophy production rate
remain bounded throughout the computations. The fact that the velocity field remains
bounded is significant. With velocity field being bounded, the result of Deng et al. [9]
can be applied, which implies the non-blowup of the Euler equations up to 7 = 19. The
geometric regularity of the vortex lines near the inner region seems to play an important
role in the dynamic depletion of vortex stretching [9], [10].

We would like to stress the importance of sufficient resolution in determining the
nature of the nearly singular behavior of the 3D Euler equations. As demonstrated by
our numerical computations, the 3D Euler equations have different growth rates in the
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maximum vorticity in different stages. A resolution without the proper level of refinement
would not be able to capture the transition from one growth phase to another. In [15], the
inverse of the maximum vorticity was shown to approach zero almost linearly in time
up to t = 17. If this trend were to continue to hold, it would lead to the blowup of the
maximum vorticity in the form of O (T —t)~!. However, with increasing resolutions, we
find that the curve corresponding to the inverse of maximum vorticity starts to turn away
from zero starting at t = 17. We also observe that the velocity field becomes saturated
around this time. Incidentally, this is precisely the time when Kerr’s computations began
to lose resolution. At ¢ = 17, the thin vortex sheets have already started to roll up. After
t = 17.5, the vorticity in the rolled-up region has developed large gradients in all three
directions, with z being the most singular direction and y the least singular direction.
To resolve the large gradients in all three directions, we allocate 3072 grid points along
the z direction, 1536 along the x direction, and 1024 along the y direction. This level
of resolution ensures that we have about 8 grid points across the most singular region in
each direction toward the end of the computations.

Kerr interpreted the roll-up of the vortex sheet as “two vortex sheets meeting at an
angle” and argued that the formation of this angle may be responsible for the finite-time
blowup of the Euler equations. Our computations indicate that the rollup region of the
vortex sheet is still relatively smooth even during the final stage of the computations.
Moreover, according to the results in [9], [10], it is the curvature of the vortex lines and
the divergence of the unit vorticity vector that contribute to the blowup, not the curvature
of the vortex sheet itself. Further, we observe that the vortex lines near the region of
the maximum vorticity are relatively smooth. This geometric regularity leads to strong
dynamic depletion of the nonlinear vortex stretching.

There is reason to believe that if the current scenario persists, there is no blowup of
the 3D Euler equations for these data beyond 7 = 19. In fact, during the final stage of
the computations for 17.5 < ¢ < 19, the vortex lines near the region of the maximum
vorticity remain smooth. Further, as the vortex sheet rolls up, we observe that the location
of the maximum vorticity moves away from the dividing plane (the xy plane) separating
the two vortex tubes toward the rolled-up portion of the vortex sheet, leading to a slower
growth rate of maximum vorticity.

The rest of this paper is organized as follows. We describe the set-up of the initial con-
dition in Section 2 and our numerical method in Section 3. In Section 4, we describe our
numerical results in detail and perform comparisons with the previous results obtained
in [15] and [18]. Some concluding remarks are made in Section 5.

2. The Initial Condition

The 3D incompressible Euler equations in the vorticity stream function formulation are
given as follows:

o+ @-V)o = Vi -d, (1)
—AY =&, i=Vxy, 2)

with initial condition @|,—9 = @y, where u is velocity, @ is vorticity, and v is stream
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function. Vorticity is related to velocity by @ = V x i. The incompressibility implies
that

Vii=V-&=V- -y =0.

We consider periodic boundary conditions with period 47 in all three directions.

We study the interaction of two perturbed antiparallel vortex tubes using the same
initial condition as that of Kerr (see Section III of [15]). Following [15], we call the
xy plane the “dividing plane” and the xz plane the “symmetry plane.” There is one
vortex tube above and below the dividing plane, respectively. The term “antiparallel”
refers to the anti-symmetry of the vorticity with respect to the dividing plane in the
following sense: @(x, y, z) = —d(x, y, —z). Moreover, with respect to the symmetry
plane, the vorticity is symmetric in its y component and anti-symmetric in its x and z
components. Thus we have w,(x, y, 2) = —wx(x, =y, 2), w,(x, y,2) = w,(x, —y,2)
and w.(x, y,2) = —w.(x, -y, z). Here w,, w,, w, are the x, y, and z components of
vorticity, respectively. These symmetries allow us to compute only one quarter of the
whole periodic cell.

There are a few misprints in the analytic expression of the initial condition given in
[15]. In our computations, we use the corrected version of Kerr’s initial condition by
comparing with Kerr’s Fortran subroutine, which he kindly provided to us. A list of
corrections to these misprints is given in the appendix.

The initial condition is given by a pair of perturbed anti-parallel vortex tubes, which
is expressed in terms of vorticity. The vorticity that describes the vortex tube above the
xy plane is of the form

o =) (o), w, w3). (3)

The first step in setting up the initial condition is to define the profile w(r). If r > 1, we
set w(r) = 0. For r < 1, we define

w(r) = exp[f(r)], “

with f(r) given by

f0) = rrz F 424, )

1-—

The radius r is centered around an initial vortex core trajectory (X, Y, Z) and is defined
by

r=|x,y,2) — (X,Y, 2)|/R, forr < 1. (6)
The initial vortex core trajectory (X, Y, Z) is characterized by
(X,Y,Z) = (x(s), y,2(5)), (N
where s is a function of y and

x(s) = xg + 8, cos(mws/L,), (8)
z(s) 20 + 8, cos(mws/L;). )
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To complete the definition of w (), we need to define s as a function of y, which is given
below:
$(v) = y2 + Ly8y1 sin(rya/Ly) (10)
and
y2 =y + L,8,sin(wry/Ly). (11)

The second step is to define the vorticity vector (w1, @y, w3), which is given as follows:

Oy .
o = _an |:1 + 78y, cos (Z—f)] X [1 + 78,1 cos (7?12>:| sin (nsiy)) , (12)

wy = 1, (13)
8

w; = —72; |:1 + méy, cos <7£—?})] X |:1 + 7y cos (7TL_y}2>i| sin (nSL(Zy)> . (14

We choose exactly the same parameters as in [15]. Specifically, we set §,; = 0.5,

8y, = 04,6, = —1.6,6; =0, z0 = 1.57, and R = 0.75. The constant x, fixes the
center of perturbation for the vortex tube along the x direction. In our computations, we
set xg = 0. Moreover, we choose L, = L, = 4w and L, = 2.

The third step is to rescale the initial profile defined above. According to [15] (see
the last paragraph on page 1728), we need to rescale the above initial vorticity profile
by a constant factor so that the maximum vorticity in the y direction is increased to 8.
With the choice of the above parameters, the maximum vorticity in the y direction before
rescaling is equal to 0.999766. Thus, the constant rescaling factor is equal to 8.001873.

The final step in defining the initial condition is to filter the initial vorticity profile.
After rescaling the initial vorticity, we apply exactly the same Fourier filter as the one
used in [15], i.e., exp[—0.05 (kfC + k‘v1 + k?)], to the initial vorticity to smooth the rough
edges.

We should point out that due to the difference between our discretization strategy
and Kerr’s in solving the 3D Euler equations, the discrete initial condition generated
by Kerr’s discretization and the one generated by our pseudo-spectral discretization are
not exactly the same. In [15], Kerr used the Chebyshev polynomials to approximate the
solution along the z direction. In order to prepare the initial data that can be used for the
Chebyshev polynomials, he performed some interpolation and used extra filtering. This
interpolation and extra filtering seem to introduce some asymmetry to Kerr’s discrete
initial data. According to [15] (see the top paragraph of page 1729), “An effect of the
initial filter upon the vorticity contours at + = 0 is a long tail in Fig. 2(a).” Since
we perform pseudo-spectral approximations in all three directions, there is no need to
perform interpolation or use extra filtering as was done in [15]. To demonstrate this slight
difference between Kerr’s initial data and ours, we plot the initial vorticity contours along
the symmetry plane in Figure 1. As we can see, the initial vorticity contours in Figure 1
are essentially symmetric. This is in contrast to the apparent asymmetry in Kerr’s initial
vorticity contours (see Fig. 2(a) of [15]). The 3D plot of the initial vortex tubes is given
in Figure 3. Again, we can see that the initial vortex tube is essentially symmetric. As
time increases, the two antiparallel perturbed vortex tubes approach each other. By time
t = 6, we already observe a significant flattening near the center of the tubes; see Figure 2
and Figure 3.
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Fig. 1. The axial vorticity (the second component of vorticity)
contours of the initial value on the symmetry plane. The vertical
axis is the z axis, and the horizontal axis is the x axis.

III|IIITIII|III

Fig. 2. The axial vorticity (the second component of vorticity)
contours when ¢ = 6 on the symmetry plane. The vertical axis
is the z axis, and the horizontal axis is the x axis.

645

Fig. 3. The 3D view of the vortex tube for # = 0 and r = 6. The tube is the isosurface at 60%
of the maximum vorticity. The ribbons on the symmetry plane are the contours at other different
values.
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3. The Numerical Method

We use the pseudo-spectral method with a very high-order Fourier smoothing to dis-
cretize the 3D Euler equations. The Fourier smoothing that we use along the x; direction
is of the form p(2k;/N;) = exp(—a(2k;/N;)™") with o = 36 and m = 36, where k;
is the wave number (|k;| < N;/2) along the x; direction and N; is the total number
of grid points along the x; direction. Specifically, if vy is the discrete Fourier trans-
form of v, then we approximate v,, by taking the discrete inverse Fourier transform
of ikjp(2k;/N;)Vk, where k = (ki, k2, k3). The time integration is performed using the
classical fourth-order Runge—Kutta method. Adaptive time stepping is used to satisfy
the CFL stability condition with CFL number equal to /4. We use up to 1536 x 1024 x
3072 space resolution in order to resolve the nearly singular behavior of the 3D Euler
equations.

There is a good reason why we choose to use the pseudo-spectral method with the
above high-order Fourier smoothing instead of the classical 2/3 dealiasing rule. The
Fourier smoothing we use is designed to keep the majority of the Fourier modes un-
changed and remove the very high modes to avoid the aliasing errors; see Figure 4 for
the profile of p(x). We choose « to be 36 to guarantee that p (k) reaches the level of the
round-off errors (O (1079)) at the highest modes. We choose the order of smoothing,
m, to be 36 in order to optimize the accuracy of the spectral approximation while still
keeping the aliasing errors under control. As we can see from Figure 4, the effective
modes in our computation are about 12 ~ 15% more than those using the standard 2/3
dealiasing rule. To demonstrate that the pseudo-spectral method with the above high-
order Fourier smoothing is indeed more accurate than the pseudo-spectral method with

0.6~

0.4

021

o

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 4. The profile of the Fourier smoothing, exp(—36(x)*®), as
a function of x. The vertical line corresponds to the cut-off mode
using the 2/3 dealiasing rule. We can see that using this Fourier
smoothing we keep about 12 ~ 15% more modes than those
using the 2/3 dealiasing rule.
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Fig. 5. The enstrophy spectra versus wave numbers. We compare the enstrophy spectra obtained
using the high-order Fourier smoothing method with those using the 2/3 dealiasing rule. The
dashed lines and dashed-dotted lines are the enstrophy spectra with the resolution 768 x 512 x
1536 using the 2/3 dealiasing rule and the Fourier smoothing, respectively. The solid lines are
the enstrophy spectra with resolution 1024 x 768 x 2048 obtained using the high-order Fourier
smoothing. The times for the spectra lines are at ¢ = 15, 16, 17, 18, 19, respectively.

the 2/3 dealiasing rule, we perform a resolution study of the two approaches. In Figure 5,
we compare the Fourier spectra of the enstrophy obtained by using the pseudo-spectral
method with the 2/3 dealiasing rule with those obtained by the pseudo-spectral method
with the high-order smoothing. For a fixed resolution 768 x 512 x 1536, we can see that
the Fourier spectra obtained by the pseudo-spectral method with the high-order smooth-
ing are more accurate than those obtained by the spectral method using the 2/3 dealiasing
rule. This can be seen by comparing the results with the corresponding computations
using a higher resolution 1024 x 768 x 2048. Moreover, the pseudo-spectral method
using the high-order Fourier smoothing does not give the spurious oscillations in the
Fourier spectra that are present in the computations using the 2/3 dealiasing rule near
the 2/3 cut-off point.

We have used a sequence of resolutions in our computations in order to perform a
resolution study. The resolutions presented in the paper are 768 x 512 x 1536, 1024 x
768 x 2048, and 1536 x 1024 x 3072, respectively. Except for the computation on the
largest resolution 1536 x 1024 x 3072, all computations are carried out from ¢ = 0 to
t = 19. The computation on the final resolution 1536 x 1024 x 3072 is started from r = 10
with the initial condition given by the computation with the resolution 1024 x 768 x 2048.
From our resolution study for the velocity and vorticity in both physical and spectral
spaces, we find that the solution at + = 10 is fully resolved even on the resolution
768 x 512 x 1536. Thus it is justified to start the computation with the largest resolution
at r = 10 using the computation obtained by the resolution 1024 x 768 x 2048 as the
initial condition.

We also exploit the symmetry properties of the solution in our computations and
perform our computations on only a quarter of the whole domain. We use the well-known
parallel FFT package, called FFTW 3.1, to perform the sine and cosine transformations.
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The whole program is coded in C and we use MPI as the parallel interface. Since the
solution appears to be most singular in the z direction, we allocate twice as many grid
points along the z direction than along the x direction. The solution is least singular
in the y direction. We allocate the smallest resolution in the y direction to reduce the
computation cost. In our computations, two typical ratios in the resolution along the x,
v, and z directionsare 3 : 2 :6and 4 : 3 : 8.

In the early stage of the computations for 0 < ¢ < 8, the solution is still very regular.
The solution in this stage can be fully resolved using the resolution 768 x 512 x 1536.
In the intermediate stage for 8 < ¢ < 16, the solution has a fast growth in the maximum
vorticity. After + = 16, the two vortex tubes become severely flattened and evolve
into two thin vortex sheets, which roll up subsequently. The maximum vorticity also
experiences a transition from the doubly exponential growth to a slower growth rate due
to the dynamic depletion of vortex stretching. In order to resolve the later stage of the
solution, higher resolutions become necessary.

Our computations were carried out on the PC cluster LSSC-II in the Institute of Com-
putational Mathematics and Scientific/Engineering Computing of Chinese Academy of
Sciences and the Shenteng 6800 cluster in the Super Computing Center of Chinese
Academy of Sciences. The maximal memory consumption in our computations is about
120 GBytes.

4. Numerical Results

4.1. Review of Kerr’s Results

In [15], Kerr presented numerical evidence that suggested a finite-time singularity of the
3D Euler equations for two perturbed antiparallel vortex tubes. He used a pseudo-spectral
discretization in the x and y directions and a Chebyshev method in the z direction with
resolution of order 512 x 256 x 192. His computations showed that the growth of the
peak vorticity, the peak axial strain, and the enstrophy production obey (T — #)~! with
T = 18.9. Ast approaches the alleged blowup time 7', the region bounded by the contour
of 0.6]|@|| s, also known as the inner region, looks like two vortex sheets with thickness
~(T — t) meeting at an angle [15]. This region has the length scale (7 — )"? in the
vorticity direction. The maximum vorticity resides in the small tube-like region, with
scaling (T —1)"> x (T —t) x (T —t), which is the intersection of the two sheets. Inside
the inner region, the vortex lines are “relatively straight” (see page 6 of [16]). Kerr stated
in his paper [15] (see page 1727) that his numerical results shown after t+ = 17 and up
to t = 18 were “not part of the primary evidence for a singularity” due to the lack of
sufficient numerical resolution and the presence of noise in the numerical solutions.

In his recent paper [18] (see also [16], [17]), Kerr applied a high wave number filter
to the data obtained in his original computations to “remove the noise that masked the
structures in earlier graphics” presented in [15]. With this filtered solution, he presented
some scaling analysis of the numerical solutions up to t = 17.5. Two new properties
were presented in this recent paper [18]. First, the velocity field was shown to blow up
like O(T —1)~"2 with T being revised to T = 18.7. The maximum velocity is located on
the boundary of the inner region with distance (7 — ¢)!"? away from the position where
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the maximum vorticity is achieved. Second, he showed that the blowup is characterized
by two anisotropic length scales, p &~ (T —t) and R ~ (T — t)"2. Further, Kerr argued
that the curvature, «, of the vortex lines and V - g? (here .§ = &/|@|) in the inner region
are likely bounded by (7' — 1)~ [18].

4.2. Recent Theoretical Results on the 3D Euler Equations

There have been some interesting developments in the theoretical understanding of the
3D incompressible Euler equations. It has been shown by several authors that the local
geometric regularity of vortex lines can play an important role in depleting nonlinear
vortex stretching. In particular, Constantin, Fefferman, and Majda [8] proved that if
(i) there is up to time 7 an O(1) region 2 in which the vorticity vector is smoothly
directed, i.e., the maximum norm of V& in this O(1) region is L? integrable in time
and (ii) the maximum norm of velocity is uniformly bounded in time, plus a technical
condition exists on the distribution of the vorticity within this region, then no blowup can
occur in this region up to time 7. While this result is very interesting, it does not apply
to Kerr’s computations since the two assumptions are violated by Kerr’s computations.

Motivated by the result of [8], Deng et al. [9] obtained sharper non-blowup conditions
that use only very localized information of the vortex lines. Assume that at each time
t there exists some vortex line segment L, on which the local maximum vorticity is
comparable to the global maximum vorticity. Further, we denote L(¢) as the arclength
of L;. Roughly speaking, if (i) the velocity field along L, is bounded by Cy (T — 1)~
for some a < 1 and (ii) C.(T — 1)’ < L(t) < Co/maxy, (|«|, |V - &|), for some
B < 1 — a, then the solution of the 3D Euler equations remains regular up to 7. In
Kerr’s computations, the first condition is satisfied with « = 1/2. Moreover, based on
the bound on « and V - g? in the inner region [18], we can choose a vortex line segment
of length (T — t)'? in the inner region so that the upper bound in the second condition is
satisfied. However, the lower bound is violated since 8 < 1/2 = 1 — «. In a subsequent
paper [10], the non-blowup conditions have been improved to include the critical case,
B =1 — a, by requiring the scaling constants, Cy, Cy, and C; in conditions (i)—(ii) to
satisfy an algebraic inequality. This algebraic inequality can be checked numerically if
we obtain a good estimate of these scaling constants. For example, if Cy = 0.1, which
seems reasonable since the vortex lines are relatively straight in the inner region, the
result of [10] implies no blowup up to 7 if 2Cy < 0.43C.. However, such scaling
constants are not available in [15]. One of our original motivations was to repeat Kerr’s
computations with higher resolution to obtain a good estimate of these scaling constants.

4.3. Maximum Vorticity Growth

We first present the result on the growth of the maximum vorticity in time; see Figure 6.
The maximum vorticity increases rapidly from the initial value of 0.669 to 23.46 at the
final time + = 19, a factor of 35 increase from its initial value. Kerr’s computations
predicted a finite-time singularity at 7 = 18.7. Our computations show no sign of
finite-time blowup of the 3D Euler equations up to 7 = 19, beyond the singularity
time predicted by Kerr. In Figure 6, we plot the maximum vorticity in time using three
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Fig. 6. The maximum vorticity ||w|| in time using different
resolutions.

different resolutions, i.e., 768 x 512 x 1536, 1024 x 768 x 2048, and 1536 x 1024 x 3072,
respectively. As we can see, the agreement between the two successive resolutions is very
good with only mild disagreement toward the end of the computations. This indicates that
a very high space resolution is indeed needed to capture the rapid growth of maximum
vorticity at the later stage of the computations.

We observe that the growth of the maximum vorticity has three stages. The first stage
isfor 0 < ¢ < 12. In this early stage, the maximum vorticity grows only exponentially in
time. This is consistent with Kerr’s results. The second stage is for 12 < ¢ < 17. During
this intermediate stage, the two vortex tubes experience tremendous core deformation
and become severely flattened. Each vortex tube effectively turns into a vortex sheet
with rapidly decreasing thickness. We observe that the growth of maximum vorticity is
slightly slower than doubly exponential in time during the second stage; see Figure 7.
This growth behavior can also be confirmed by examining the degree of nonlinearity in
the vortex-stretching term. If the maximum vorticity indeed blew up like O(T —¢)~!, as
alleged in [15], the vortex-stretching term at the position of the maximum vorticity should
have been quadratic as a function of maximum vorticity. However, as Figure 8 shows, the
vortex-stretching term, when projected to the unit vorticity vector, grows much slower
than the quadratic nonlinearity. In fact, it is even slower than C||®|| s l0g(]|@]s0), i-€.,

1§ - Vii - dlloc < Clldloo log(ll@lloo), 15 <t <19 15)

Using the equation that governs the magnitude of vorticity [7],
a . - a2 oe o
5|a)|+(u-V)|a)|=$-Vu-a), (16)

one can easily show that inequality (15) implies that the maximum vorticity is bounded
by doubly exponential in time.
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Fig. 7. The plot of loglog [|w||~ Vvs. time, resolution 1536 x
1024 x 3072.

During the final stage for 17 < t < 19, we observe that the growth of the maximum
vorticity may well slow down and deviate from doubly exponential growth; see Figure 7.
This indicates that there is stronger cancellation taking place in the vortex-stretching
term.

We remark that for vorticity that grows as rapidly as doubly exponential in time, one
may be tempted to fit the maximum vorticity growth by (T —¢)~! for some 7. Indeed, if
we choose T' = 18.7 as suggested by Kerr in [18], we find a reasonably good fit for the

35

— lgVuoll
30| _ _ _c,lloll_log(loll ) |
2
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251 4
,
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’
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’
P
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0
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Fig. 8. Study of the vortex-stretching term in time, resolution
1536 x 1024 x 3072. We take ¢; = 1/8.128, ¢, = 1/23.24 to
match the same starting value for all three plots.
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Fig. 9. Scaling constant in time for the fitting ||w|l =~ ¢/(T —
1), T =18.7.

maximum vorticity as a function of ¢/(T — t) for the period 15 < ¢ < 17. We plot the
scaling constant ¢ in Figure 9. As we can see, c is close to a constant for 15 <t < 17. To
conclude that the 3D Euler equations indeed develop a finite-time singularity, one must
demonstrate that such scaling persists as ¢ approaches to 7. As we can see from Figure 9,
the scaling constant ¢ decreases rapidly to zero as ¢ approaches to the alleged singularity
time 7. Therefore, the fitting of ||®]|, &~ O(T — t)~! is not correct asymptotically.

A similar test can be performed for the inverse of the maximum vorticity. In Figure 10,
we plot the inverse of the maximum vorticity using different resolutions. As we can see

: :
— - t€[0,19],768x 512x 1536
e —— — - te[0,19],1024x 768x 2048
1al \\ — te[10,19], 1536x 1024x 3072 | |
N
121 \ 7
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~
N
08| AN 7
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N
06l 1
04t 1
021 7
o \ \ \ \ \ \ \ \ \
0 2 4 6 8 10 12 14 16 18

Fig. 10. The inverse of maximum vorticity ||@||« in time, using
different resolutions.
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from this picture, the inverse of the maximum vorticity approaches to zero almost linearly
in time for 8 < ¢ < 17. This was one of the strong evidences presented in [15] that
suggests a finite-time blowup of the 3D Euler equations. If this trend were to continue
to hold up to 7', it would have led to the blowup of the maximum vorticity in the form of
O(T —t)~!. However, as we increase our resolutions, we find that the curve corresponding
to the inverse of the maximum vorticity starts to turn away from zero around ¢ = 17. This
is precisely the time when Kerr’s computations began to lose resolution. By t = 17.5, the
gradients of the solution become very large in all three directions. In order to resolve the
nearly singular solution structure, we use 1536 x 1024 x 3072 grid points from r = 10
to 19. This level of resolution gives about 8 grid points across the most singular region
in each direction toward the end of the computations.

4.4. Velocity Profile

One of the important findings of our computations is that the velocity field is actually
bounded by 1/2 up to T = 19. This is in contrast to Kerr’s computations in which
the maximum velocity was shown to blow up like O(T — t)~"2 [16, 18]. We plot the
maximum velocity as a function of time using different resolutions in Figure 11. The
computation with the resolution 768 x 512 x 1536 shows some mild discrepancy toward
the end of the computation. On the other hand, the computation obtained by resolution
1024 x 768 x 2048 and the one obtained by resolution 1536 x 1024 x 3072 are almost
indistinguishable. As we can see, the maximum velocity grows slowly in time and is
relatively small in magnitude. There is a relatively fast growth of maximum velocity
between ¢t = 14 and ¢+ = 17. But this growth becomes saturated by + = 17.5. After
t = 18.4, the velocity experiences a mild growth, but it is still bounded by 0.46 at the
final time 7 = 19. We also plot the contours of || near the region of maximum vorticity
att = 18 and 19 in Figure 12. As we can see, the velocity seems to be well resolved.

0.55

T T T
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— - t€[0,19],1024x 768x 2048
— t€[10,19],1536x 1024x 3072

051 q
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0.3 I I I I I I I I I
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Fig. 11. Maximum velocity ||it||», in time, using different res-
olutions.
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Fig. 12. The contour of || in the region of maximum vorticity on the symmetry plane. The vertical
axis is the z axis and the horizontal axis is the x axis. The pictures are plotted att = 18 and t = 19,
respectively, using resolution 1536 x 1024 x 3072.

The fact that the velocity field is bounded is significant. By reexamining the non-
blowup conditions of the theory of Deng et al. [9], we find that the first condition is now
satisfied with o = 0 since the velocity field is bounded. According to [18], we have
maxyz, (||, |V-&|) < Co(T — t)~"2_In fact, our computations indicate that the curvature
and the divergence of the unit vorticity vector are actually bounded. With « = 0, we can
now choose the vortex line segment of length, L(t) = (T — ) with p =112 < 1 — «,
so that the second condition is now satisfied. Thus, the theory of Deng et al. applies,
which implies non-blowup of the 3D Euler equations up to 7.

4.5. Local Vorticity Structure

In this subsection, we examine the local vorticity structure near the region of the max-
imum vorticity. To illustrate the development in the symmetry plane, we show a series
of vorticity contours near the region of the maximum vorticity at late times in a manner
similar to the results presented in [15]. In Kerr’s computations, he observed that the head
and tail in the symmetry plane develop a corner separating them. We adopt Kerr’s defi-
nition of the “head” to be the region extending above the vorticity peak w,, just behind
the leading edge of the vortex sheet. The “tail” is the vortex sheet extending behind the
peak vorticity. One interesting question is whether one direction becomes progressively
more flattened or stretched as the flow evolves and whether the rates of collapse are the
same in different directions. Our computational results are in qualitative agreement with
Kerr’s in the early and intermediate stages. In particular, we observe that as the flow
evolves, the region of peak vorticity concentrates in the region where the vortex sheets
of the head and tail meet. To compare with Kerr’s figures, we scale the vorticity contours
in the xz plane by a factor of 5 in the z direction. The results at t = 15 and ¢ =
are plotted in Figure 13. We can see that the location of maximum axial vorticity moves
toward the corner where the vortex sheets of the head and tail meet as time increases,
see also Figure 14. This is in qualitative agreement with Kerr’s results.

In order to see better the dynamic development of the local vortex structure, we plot
a sequence of vorticity contours on the symmetry plane at ¢+ = 17.5, 18, 18.5, and
19, respectively, in Figure 14. The pictures are plotted using the original length scales,
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Fig. 13. The contour of axial vorticity around the maximum vorticity on the symmetry plane at
t = 15, 17. The vertical axis is the z axis and the horizontal axis is the x axis. The figure is scaled
in z direction by a factor of 5 to compare with Figure 4 in [15]. A contour at value very close to
the maximum value and a plus sign is plotted to show the location of the maximum vorticity.

without scaling by a factor of 5 in the z direction as in Figure 13. From these results, we
can see that the vortex sheet is compressed in the z direction. It is clear that a thin layer (or
a vortex sheet) is formed dynamically. The head of the vortex sheet is a bit thicker than
the tail at the beginning. The head of the vortex sheet begins to roll up around ¢t = 16. By
the time ¢ = 19, the head of the vortex sheet has traveled backward for quite a distance,
and the vortex sheet has been compressed quite strongly along the z direction.

We also plot the isosurface of vorticity near the region of the maximum vorticity in
Figures 15 and 16 to illustrate the dynamic roll-up of the vortex sheet near the region
of the maximum vorticity. Figure 15 gives the local vorticity structure at t = 17. If we
scaled the local roll-up region on the left-hand side next to the box by a factor of 4 along
the z direction, as was done in [18], we would obtain a local roll-up structure which
is qualitatively similar to Figure 1 in [18]. In Figure 16, we show the local vorticity

)

5.5
=4
5.
5.2
3
5.4
4.3
4.8
4.7
4
4
44

@ 4
T F

I S T -
Fo4 % % 4 F F % f F F

moo% . PO S T 1
L B A A A A A A

5.8

Fig. 14. The contour of axial vorticity around the maximum vorticity on the symmetry plane (the
xz plane) att = 17.5, 18, 18.5, 19.
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Fig. 15. The local 3D vortex structure and vortex lines around the maximum
vorticity at ¢ = 17. The size of the box on the left is 0.075° to demonstrate the
scale of the picture.

structure for t = 18 and 19. In both figures, the isosurface is set at 0.5 x ||@|| . Here we
make a few observations. First, the vortex lines near the region of maximum vorticity
are relatively straight and the vorticity vectors seem to be quite regular. This was also
observed in [16]. On the other hand, the inner region containing the maximum vorticity
does not seem to shrink to zero at a rate of (T — )2, as predicted in [16], [18]. The
length and width of the vortex sheet are still O (1), although the thickness of the vortex
sheet becomes quite small.

Another interesting question is how the vorticity vector aligns with the eigenvectors of
the deformation tensor, which is defined as M = % (Vii+V7Ti). In Table 1, we document

Fig. 16. The local 3D vortex structures and vortex lines around the maximum vorticity at t = 18
(left) and t = 19 (right).



Dynamic Depletion of Vortex Stretching 657

Table 1. The alignment of the vorticity vector and the eigenvectors of M around the point of
maximum vorticity with resolution 1536 x 1024 x 3072. Here, A; (i = 1, 2, 3)is the ith eigenvalue
of M, and 6; is the angle between the ith eigenvector of M and the vorticity vector. One can see
that the vorticity vector is aligned very well with the second eigenvector of M.

time |a)| Al 6, Ao 6, )\.3 93

16.012295 5.628002 —1.508771 89.992936 0.206199 0.007159 1.302352 89.998852
16.515890 7.016002 —1.864394 89.995940 0.232299 0.010438 1.631355 89.990387
17.013589  8.910001 —2.322629 89.998141 0.254699 0.006815 2.066909 89.993445
17.515769 11.430017 —2.630440 89.969954 0.224305 0.085053 2.415185 89.920433
18.011609 14.890004 —3.625738 89.969613 0.257302 0.036607 3.378515 89.979590
18.516346 19.130010 —4.501348 89.966725 0.246305 0.036617 4.274913 89.984720
19.014394 23.590012 —5.477438 89.966055 0.247906 0.034472 5.258292 89.994005

the alignment information of the vorticity vector around the point of maximum vorticity
with resolution 1536 x 1024 x 3072. In this table, A; (i = 1, 2, 3) is the ith eigenvalue
of M, 6; is the angle between the ith eigenvector of M and the vorticity vector. One can
see clearly that for 16 < ¢ < 19 the vorticity vector at the point of maximum vorticity
is almost perfectly aligned with the second eigenvector of M. The angle between the
vorticity vector and the second eigenvector is very small throughout this time interval.
Note that the second eigenvalue, X, is positive and is about 20 times smaller in magnitude
than the largest and smallest eigenvalues. This dynamic alignment of the vorticity vector
with the second eigenvector of the deformation tensor is another indication that there is
a dynamic depletion of vortex stretching.

We plot the energy spectrum in Figure 17 att = 16, 17, 18, 19. A finite time blowup of
enstrophy would imply that the energy spectrum decays no faster than |k| 3. In [15], Kerr

25 L L

10° 10'

Fig. 17. The energy spectra for velocity at different times in
log—log scale. The energy spectrum is calculated using E (k) =
Zli\ e 12.44172) [uz|?. The times for the spectral lines from bot-
tom to top are t = 15,16, 17,18, 19. The dashed line corre-
sponds to k3.
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Fig. 18. The enstrophy spectra for vorticity at different times
in log-log scale. The enstrophy spectrum is calculated using
Ens(k) = Z|E\e(k—l/2,k+l/2] |w;|?. The dashed line corresponds

to k1.

suggested that the energy spectrum might decay exactly like |k| =3, which is consistent
with a finite-time blowup of the enstrophy (recall that enstrophy is defined as the square
of the L? norm of vorticity, i.e., ||c7)||%). Our computations show that the energy spectrum
approaches |k|=3 for |k| < 100 as time increases to ¢ = 19. This is in qualitative
agreement with Kerr’s results. Note that there are only less than 100 modes available
along the |k,| or |ky| direction in Kerr’s computations; see Figure 18(a)—(b) of [15]. On
the other hand, our computations show that the high-frequency Fourier spectrum for
100 < |k| < 1300 decays much faster than |k| =3, as one can see from Figures 17 and
23. This indicates that there is no blowup in enstrophy. This is also supported by the
enstrophy spectrum, given in Figure 18, and the plot of enstrophy as a function of time
in Figure 19. In Figure 20, we plot the enstrophy production rate, which is defined as the
time derivative of enstrophy. Although it grows relatively fast, it actually grows slower
than doubly exponential in time (see the picture on the right in Figure 20). In the double
logarithm plot of the enstrophy production rate, we multiply the enstrophy production
rate by a constant factor 8 to make the second logarithm well defined. It is interesting to
note that the double logarithm of enstrophy production rate in Figure 20 is qualitatively
similar to the double logarithm of ||®]||s in Figure 7.

4.6. Resolution Study

In this subsection, we perform a resolution study to make sure that the nearly singular
behavior of the 3D Euler equations is resolved by our computational grid. In Figure 6,
we have performed a resolution study for the maximum vorticity using three different
resolutions and found very good agreement for the time interval [0, 18]. There is only
a mild disagreement toward the end of the computations from ¢t = 18 to 19. In our
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Fig. 19. The enstrophy as a function of time, resolution 1536 x
1024 x 3072.

computations with different resolutions, we find that the maximum vorticity always
grows slower than doubly exponential in time. Similar resolution studies have been
performed for the inverse of maximum vorticity in Figure 10 and for the maximum
velocity in Figure 11. We observe excellent agreement between the solutions obtained
by the two largest resolutions. We have also performed a similar resolution study in
the Fourier space by examining the convergence of the energy and enstrophy spectra
using different resolutions. We observe that the Fourier spectrum corresponding to the
effective modes of one resolution is in excellent agreement with that corresponding to a
higher resolution computation; see Figures 5, 22, and 23.

To see how many grid points we have across the most singular region, we plot the
underlying mesh for the vorticity contours in the xz plane in Figure 21. One can see from

Fig. 20. The enstrophy production rate (left) and the double logarithm of 8-times enstrophy
production rate (right) as a function of time, resolution 1536 x 1024 x 3072.



660 T. Y. Hou and R. Li

5.0

o
.
58
%5
s
.3
=2

" o
L b ¥

Fig. 21. This picture illustrates the mesh around the maximum vorticity in the symmetry plane.
The vertical axis is the z axis and the horizontal axis is the x axis. The times for this plot are 18, 19.
There are about 16 grid points along the z direction at t = 18 and about 8 grid points at r = 19.

this picture that we have about 16 grid points in the z direction at # = 18 and 8 grid points
at t+ = 19. It is also interesting to note that at r+ = 18.5, the location of the maximum
vorticity has moved away from the bottom of the vortex sheet structure. If the current
trend continues, it is likely that the location of the maximum vorticity will continue to
move away from the bottom of the vortex sheet. One of the possible blowup scenarios is
that the interaction of the two perturbed antiparallel vortex tubes would induce a strong
compression between the two vortex tubes, leading to a finite-time collapse of the two
vortex tubes. The fact that the location of the maximum vorticity moves away from the
dividing plane of the two vortex tubes seems inconsistent with the desired mechanism
to produce a blowup.

5. Concluding Remarks
We investigate the interaction of two perturbed vortex tubes for the 3D Euler equations

using Kerr’s initial data. Our numerical computations demonstrate a very subtle dynamic
depletion of vortex stretching. The maximum vorticity is shown to grow no faster than

I I I I I I
o 200 400 600 800 1000 1200 1400 1600

Fig. 22. Convergence study for enstrophy spectra using different resolutions. The dashed lines and
the solid lines are the enstrophy spectra on resolution 1536 x 1024 x 3072 and 1024 x 768 x 2048,
respectively. The times for the lines from bottom to top are t = 16, 17, 18, 19.
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Fig. 23. Convergence study for energy spectra using different resolutions. The dashed lines and
the solid lines are the energy spectra on resolution 1536 x 1024 x 3072 and 1024 x 768 x 2048,
respectively. The times for the lines from bottom to top are t = 16, 17, 18, 19.

doubly exponential in time up to T = 19, beyond the singularity time predicted by Kerr
in [15]. The local geometric regularity of vortex lines seems to be responsible for this
dynamic depletion of vortex stretching. Sufficient numerical resolution is essential in
capturing the doubly exponential growth in vorticity and the dynamic depletion of vortex
stretching. The velocity field and the enstrophy are shown to be bounded throughout
the computations. We provide evidence that the vortex-stretching term is only weakly
nonlinear and is bounded by ||@|/s 10g(]|®]ls). Such an upper bound on the vortex-
stretching term implies that the maximum vorticity is bounded by the doubly exponential
in time. Our computational results also satisfy the non-blowup conditions of Deng et al.,
which provides a theoretical support for our computational results.

The current computations, even with this level of resolution, cannot rule out the
possibility of the blowup of the 3D Euler equations for large times for Kerr’s initial data.
The theoretical results of [8]-[10] and the computations presented here suggest that a
finite-time singularity, if it exists, would have rather complicated geometric structures.
There are other types of potential Euler singularities that are not considered in this paper.
Among them, the Kida—Pelz initial condition [3], [22] is worth further investigation. The
extra symmetry constraints in this type of initial data are believed to be important in
producing a finite-time singularity for the 3D Euler equations. Indeed, the computations
by Boratav and Pelz [3] and Pelz [22] indicate a more singular self-similar type of
blowup. Pelz’s computations also fall in the critical case of the non-blowup theory of
Deng et al. [9], [10]. We are currently investigating this problem numerically using even
higher resolutions. We will report the results elsewhere.

Appendix. Corrections to Some Misprints in [15]

In this appendix, we explain the corrections that we make regarding the misprints in
the description of the initial condition in [15]. There are two constraints on the initial
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vorticity. The first is that it must be divergence free. The second is that it must satisfy
the periodic boundary condition. It is obvious that we have

V (w1, w2, w3) = 0. (17)
Thus the divergence-free constraint on the initial vorticity implies that o (r) must satisfy
Vo(r) - (o1, w2, w3) = 0.

The analytic expression of the initial vorticity profile in [15] does not satisfy the above
constraint due to a few typos in various formulas. We correct these typos by comparing
the analytic formulas with the formulas that were actually used by Kerr in his Fortran
subroutine that generated the initial data. Below we list these typos and point out the
corrections.

1. Inequation (7), the original expression in [15] was written as [xo+x(s), ¥, zo+z(s)].
We remove x( and zo from (7) since the definition of x(s) and z(s) has already taken
xo and zq into account.

2. In (8), the original expression in [15] was given as x( + 8, cos(s). This would violate
the divergence-free condition. We correct this by replacing cos(s) with cos(rs/L,).

3. In (9), the original expression was zo + 8, cos(s). This again violates the divergence-
free condition. We correct it by replacing cos(s) with cos(ms/L;).

4. In (12), the last factor in the original expression was sin(mws(y)). We correct it by
replacing sin(zs(y)) with sin(zs(y)/L,).

5. In (14), the last factor in the original expression was sin(ws(y)). We correct it by
replacing sin(mr s (y)) with sin(zws(y)/L;).

With the above corrections, it can be verified that both the divergence-free condition and
the periodic boundary conditions are satisfied.

Based on Kerr’s subroutine that generated the initial data, we also make one minor
modification in the definition of f(r). The original equation in [15] for (5) was given by

fr) =

N (RTaETo) (18)
1—r2

After studying Kerr’s code, we found that the function f(r) in his code was actually
defined using (5) instead of the above formula. The difference lies in the first factor in the
second term of the above equation. What was used in Kerr’s code was r* instead 72 in the
above equation. This minor modification has little effect on the behavior of the solution
from our computational experience. We make this minor modification to f(r) in order
to match exactly the initial condition that was actually used in Kerr’s computations.
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