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CONVERGENCE OF A FINITE DIFFERENCE SCHEME FOR THE
NAVIER-STOKES EQUATIONS USING VORTICITY BOUNDARY
CONDITIONS*

THOMAS Y. HOUt# AND BRIAN T. R. WETTON'S

Abstract. A rigorous convergence result is presented for a finite difference scheme for the
Navier—Stokes equations which uses vorticity boundary conditions. The approximating scheme is
based on the vorticity-stream function formulation of the Navier—Stokes equations. The no-slip
boundary condition is satisfied approximately by using a boundary condition of vorticity creation
type. Convergence with second-order accuracy in vorticity and velocity is established for general
domains in two space dimensions. Generalization to three space dimensions is also considered.

Key words. vorticity boundary conditions, energy estimates

AMS(MOS) subject classifications. primary 65M25; secondary 76D05

1. Introduction. The purpose of this paper is to analyze certain finite differ-
ence approximations for the incompressible Navier—Stokes equations in their vorticity
formulation in domains with boundaries. We are especially interested in understand-
ing stability and convergence properties of vorticity boundary conditions for these
finite difference methods. The main result of this paper is a convergence proof of a
finite difference method using a boundary condition of vorticity creation type. This
result applies to general domains in two space dimensions as well as certain domains
in three dimensions.

There are several ways of handling vorticity boundary conditions. Chorin [5] pro-
posed a Lagrangean vortex blob scheme in which vorticity is created on the boundary
in one step of the algorithm to approximately satisfy boundary conditions on the ve-
locity. This step is followed by a random walk diffusion step and a convection step
during which the boundary conditions on the velocity are violated. The vorticity
creation boundary conditions correct this error. Several distinct types of vorticity
boundary conditions which can be implemented in Eulerian difference schemes have
also been proposed. Quartapelle and Valz-Gris [21], [17] use integral constraints to
get enough information to determine the vorticity at the boundary. These integral
constraints must be satisfied by the vorticity in order that the boundary conditions
on the velocity be satisfied. Using a similar approach, Anderson [1] and Cottet [8] get
boundary conditions for the vorticity in terms of an integral relationship. The last
method is called the vorticity-stream function method discussed in the review article
[16]. In this method, the vorticity on the boundary is determined by the values of
the stream function at the interior points with coefficients determined by matching of
Taylor series expansions. The above methods have been implemented numerically by
the cited authors and all reflect the nonlocal nature of vorticity boundary conditions.

Chorin’s creation scheme is perhaps the most interesting because of its ability to
model high Reynold’s number flows. A convergence analysis of a space-continuous
model of Chorin’s viscosity-splitting method is given in [7], [4]. Analysis using a
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616 THOMAS Y. HOU AND BRIAN T. R. WETTON

slightly different formulation is also given by [8]. However, a full analysis of this
method is difficult because of its Lagrangean nature and the use of the random walk to
simulate diffusion. The vorticity-stream function formulation seems the most tractable
to analysis, and it is this type of scheme that is considered in this paper. Recently,
Anderson [1], [2] has demonstrated that the different types of vorticity boundary
conditions described in the preceding paragraph are related, at least in some restricted
situations. Because of these relationships, the authors feel that understanding the
stability and sources of error for one of the methods should shed some light on the
others.

The main part of this paper is devoted to proving stability and convergence of a
finite difference approximation for the Navier—Stokes equations which uses a vorticity
boundary condition. This vorticity boundary condition can be interpreted as a finite
difference version of the vorticity creation boundary condition. The analysis is based
on discrete energy estimates. It is worth emphasizing that the energy estimates are
performed on the velocity rather than vorticity since energy (L?) estimates on the
vorticity are difficult to obtain due to the nonlocal nature of the vorticity boundary
conditions. This velocity error approach was first proposed by Naughton [15]. One of
the main difficulties in the discrete energy estimates is the control of the boundary
terms resulting from summation by parts. Typically these terms are large in magni-
tude and may not have a definite sign. There are three sources where the boundary
terms can enter the analysis. The first one is from the linear diffusion term. In this
case, the boundary terms can be handled in a way similar to Meth’s [13]. However,
Meth’s energy estimate is not enough to imply convergence even for the Stokes equa-
tions, since the boundary condition is not accurate enough. The second source is from
the linearized convection terms. This source gives rise to boundary terms which are
very subtle to estimate. The smallness of the linearized velocity near the boundary is
used in order to bound the boundary terms resulting from the repeated use of sum-
mation by parts. The last source is from the nonlinear convection terms, which are
more difficult to handle.

We overcome the difficulties arising from the boundary conditions and the nonlin-
ear stability by generalizing an argument of Strang [18] to our initial-boundary value
problem. The idea is to construct a smooth function which satisfies the difference
equations and the boundary conditions up to high-order accuracy. Then, when we
compare the approximate solution with this smooth function, the error between the
two can be made arbitrarily small. Consequently, the nonlinear terms can be esti-
mated by the smallness of the error. This approach was used by Michelson [14] to
analyze methods for hyperbolic initial-boundary value problems. The existence of
such a function is nontrivial and requires certain regularity and compatibility con-
ditions. Combining this argument with discrete energy estimates, we establish the
convergence of the method. As a happy side effect, a sharper convergence rate is ob-
tained in the maximum norm. The convergence proof is extended to general domains
in two dimensions by using conformal mappings.

The order of accuracy of the finite difference method is an interesting question.
The vorticity boundary condition is only of first-order accuracy, and the scheme is
second-order accurate in the interior when using centered differencing. Thus, energy
estimates would imply, at best, second-order accuracy in the velocity in a discrete [2
norm. However, numerical experiments indicate that the vorticity actually converges
in the maximum norm (in the interior) with second-order accuracy [13]. This seems
hard to believe at first, since we may expect that the first-order accurate boundary
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 617

condition would pollute the second-order accuracy in the interior. In the case of
linear hyperbolic equations, it was shown by Gustafsson [10], using a quite involved
argument, that lower-order boundary conditions do not affect the overall accuracy. In
our situation, this property is explained using Strang’s argument: the boundary term
enters the error expansion only at second-order, and so the method indeed converges
in the maximum norm with second-order accuracy.

Many numerical calculations on flows of interest have been conducted using meth-
ods with vorticity boundary conditions, especially those based on Chorin’s algorithm
(6], [6]. Recent numerical studies of Bell-Colella-Glaz for the projection method
showed that high-order finite difference methods can capture fairly complicated flow
features [3]. This leads us to believe that the finite difference algorithm we consider
for analysis in this paper may also be useful for “real” computations, especially be-
cause vorticity-based methods have the advantage of eliminating the pressure term
in a natural way. In our future work, we will perform extensive numerical studies for
this method by using various vorticity boundary conditions. Some practical issues,
such as local mesh refinement, upwind differencing, and time discretization will also
be considered.

The rest of this paper is organized into two major sections and an appendix.
Section 2 contains a discussion of the equations, the numerical algorithm, and the
details of the convergence proof in two dimensions. In §3, the convergence result in
three dimensions is presented. The discussion of the approximate solutions that satisfy
the discrete equations to high-order accuracy in the manner of Strang is deferred to
the appendix.

2. Two-dimensional scheme. In two space dimensions, the Navier—Stokes equa-
tions can be written in terms of the vorticity w and stream function 9 as follows:

(1) wt + uwy + vwy = vAw,
) Ay = —w,
(3) u= 'd’y’
4) v = —1y,

where v is the viscosity and u and v are the z- and y-components of the velocity,
respectively. These equations are considered in the infinite channel shown in Fig. 1.
On the boundaries y = 0 and y = 1 we assume a no-flow condition v = 0 and specify
slip velocity u. These boundary conditions can be written in terms of the stream
function as

Y(z,0t) =co,  Y(z,Lit) =cq,

where ¢y and ¢; are constants, and
o oy
- st) = —_— 1:t) =
ay ((L',O,t) UO(‘T’t)9 ay ((L’, at) ul($7t)a

where ug and u; are the specified slip velocities. At first it seems that we have too
many boundary conditions for (2) and none for (1). However, if (2) is substituted
into (1), the resulting equation for the stream function has appropriate boundary
conditions. Finding boundary conditions for the vorticity is a matter of converting
one of the boundary conditions for the stream function to a boundary condition for
the vorticity.
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618 THOMAS Y. HOU AND BRIAN T. R. WETTON

y=c, ; 8y/dy=u,(x,t)

Y=co ; 8Y/0y=u,(x,t)
F1G. 1. Two-dimensional channel.

A semidiscrete finite difference approximation of (1)—(4) is given in the subsection
below, followed by the convergence analysis. The final topic of this section deals with
the extension of these results to more general domains and more general boundary
conditions.

2.1. The discrete equations. To present the analysis more easily, some sim-
plifying assumptions are made on the domain and the boundary conditions. First, we
consider flows in the finite domain 2, shown with dashed lines in Fig. 1, and assume
the flow is periodic in the z- direction. We also assume that ¢ = 0 and 8¢/8y = 0 on
the boundaries y = 0 and y = 1. More general boundary conditions will be considered
later.

An N x N grid (with spacing h = 1/N) is laid on the periodic channel 2, and we
then consider continuous time approximations ; ;(t) to ¥(ih, jh;t). Approximations
@j,j, Ui,j, and ¥; ; are defined similarly. The difference operators that will be used in
the paper are given below:

D§ fij = (fi+1,j — fi-1,;)/2h (centered),
D? fi i = (fij — fi-1,;)/h (backward),
Difi,j = (fi+1,j - fi,j)/h (forward).

The operators D§, DY, and DY are defined similarly. The centered difference approx-
imation to the Laplacian is denoted by Ap which can be written as follows:

A =D*DZ + DYDY .

In terms of these difference operators, we approximate the Navier-Stokes equations
by:

dii,; S e~ = - -
(5) 5 = " UiDo@ij — UijDowig + vAnwi;
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 619

(6) Anthij = —@ij,
(7 ;,5 = D§s 5,
(8) 5,; = —Dgvi ;5.

The above approximation can be implemented as follows: given the discrete vorticity
in the interior grid points, we compute the stream function in the interior grid points
by (6) using the no-flow boundary condition ¢ = 0. We then update the velocity
field by (7)—(8). To update vorticity in the interior grid points, we use the vorticity
equation (5), but this requires the values of the vorticity on the boundary. We use
a vorticity-stream function type of boundary condition in which the vorticity on the
boundary is related to the values of the stream function in the interior. To do this, we
follow Orszag and Israeli [16] and Meth [13], and write 9; ; in terms of an expansion
around the grid point (ih, 0):

2
© (i, ) = (iR, 0) + iy (50, 0) + =y 8, 0) + O(HY).
Since 9(ih,0) = 0, 1, (ih,0) = 0, and 1y, (th,0) = Ay (ih,0) = —w(ih,0), we obtain

2
(10) wio = —F;?ﬂi,l +O(h),

which is used as a boundary condition for the discrete vorticity:
- 2 -
(11) @i0 = 3%t

The boundary condition (11) can be interpreted as a finite difference equivalent
of Chorin’s creation scheme. Following Meth [13], we proceed as follows: (i) calcu-
late the slip velocity introduced by the interior grid points, which is approximately
equal to (¥;,1 — ¥i0)/h = 15,1 /h; (ii) create vorticity at the boundary of the amount
-2/ h)zﬂi,l/ h to cancel the slip velocity. The factor 2/h is due to the fact that zﬁ,-,l /h
approximates the velocity at the point (zh,h/2). Thus, using this finite difference
version of Chorin’s argument, we also obtain the boundary condition (11). Because
of this fact, we refer to (11) as a vorticity boundary condition of creation type.

To summarize, the boundary conditions for ¢ and w are given by

(12) ij =Virnjg,  @ij =@ipn,; (periodicity),
(13) Pio=0, Pyn=0 (no-flow),
and

- 2 -
(14) Wi = “ﬁ"»bi,la

- 2 -
(15) Wi N = —55Pi N-1-

B2

The main convergence result is given below. It is assumed that the exact solution
of the Navier—Stokes equations is sufficiently smooth.

THEOREM 2.1 (Convergence). The solutions of (5)—(8) with boundary conditions
(12)—(13) and vorticity boundary conditions (14)—(15) converge uniformly to the ezxact
solutions of the Navier—Stokes equations with second-order accuracy:

lw = &lleo < C(T)A?
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620 THOMAS Y. HOU AND BRIAN T. R. WETTON

and

[u = @lloe < C(T)R?,  |lv = Bl < C(T)H?
for allt with0 <t <T. The | - |co norm is the discrete mazimum norm over the
interior grid points defined in (22) below. The vorticity at the boundary, calculated
using (14)—(15), converges with first-order accuracy in mazimum norm.

To analyze the finite difference approximation for the Navier—Stokes equations,
several difficulties need to be overcome. These include the nonlinear convection terms,
large boundary terms resulting from summation by parts, low-order accuracy of the
boundary condition, and the discretization of a general domain. In the following sub-
sections, we will show how these difficulties can be eliminated. The main ingredients
are careful energy estimates and a generalization of Strang’s argument [18] to the
initial-boundary value problem.

2.2. Convergence analysis. An important element in the convergence analysis
is the construction of approximate solutions 1 that satisfy the discrete equations to
a high-order of accuracy.

LEMMA 2.2 (Consistency). There ezists a smooth function v that is an order
O(h?) perturbation of 1:

q—1
(16) P(@,y,t:h) = Y(z,y,1) + Y _ BP9 P) (z,3,1),

p=2

where the functions ¥® and their derivatives can be bounded in terms of ¥ and its
derivatives. It satisfies the no-flow and the periodicity boundary conditions exactly
and equals the exact stream function initially. Further, it satisfies

. 2 - _
(17) wio = _ﬁ’/’i‘l + O(hq 1),
. 2 - _
(18) @i, N = —35%iN-1+ O(R b,
dw; s A . I . .
(19) T:l = —Dgtp; ;D§@i,; + Dgti,; D§ws 5 + vArw; j + O(h?)

to any desired degree of accuracy (q) provided the original solution v is smooth enough.
In the above equations, &; ; is defined to be —Ap; ;.
Notice that on the boundary, @; o is given by

- 1. - 0 -
(20) @i0 = =351 — 2i0 + i1,
which is not well defined since the grid point (¢h, —h) is not in the domain. Therefore,

Wi o is defined to be the smooth continuation of —Ap9 onto the boundary, i.e., the
Taylor expansion of (20) to sufficiently high order (depends on g) at the boundary:

2
(21) @i,0 = —Yyy(ih,0) — ’ll—zdzyyyy(ih, 0) + - -- (finitely many terms).

This is needed to maintain the high-order accuracy in the interior. Since the proof of
the consistency lemma is quite technical, we defer it to the appendix.
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 621

We define the following error terms:
€ = Yij — Vi
€i,j = Wi,j — Wi
and the following discrete norms on the grid:

N—-1N-1

I£13=h2>" > (fis)

i=0 j=1

(22) Iflloo = max max |fi;,

N N

I£132 =h2> > (D% £i)* + (DY £i3)],
i=1 j=1
N—-1N-1 9 N-1

112 = b D D (Bnfis)® + 53 D (i) + (fin-1)]-

i=0 j=1 i=0

Some useful relationships between these norms are derived below. Since h2(f; ;)% <
WF1Z, |fiil < %1 fll2, and so

1
(23) [1flloo < ZIIfll2-
Also, for all f:

(24) I1D§ fll2 < I£ll1,2-

Discrete functions f with f; o = 0 and f; y = 0 for all 4 satisfy a discrete version of
the Poincaré inequality

(25) Ifll2 < 1 £ll1,2

and the estimate

N-1

(26) Z [(£i1)* + (fin—1)%] < I3 2-

=0

The discrete Poincaré inequality (25) follows from f;; = h 3, <<; DY fix. The last
formula (26) can be verified as follows: Since f;o =0and fxy =0, fi1 = hDY f; 1
and f; n—1 = —hDY f; . Therefore,

N-1 N-1
S + (Fan-1)?] =2 Y (DY fi1)* + (DY £in)?] < I£113 -
=0 i=1

The expression, O(h?), will denote any quantity that can be bounded for 0 < ¢ <
T by KhP for a constant K that depends only on 1 and its derivatives (up to some
sufficiently high order) up to time 7. In addition, ¢ will denote an absolute constant,
while K and B will denote O(1) quantities.

In what follows, it is assumed that the order of accuracy of the constructed
approximate solutions in Lemma, 2.1 is sufficiently large (¢ > 6).

This content downloaded from 131.215.220.165 on Wed, 13 Jul 2016 01:56:32 UTC
All use subject to http://about.jstor.org/terms



622 THOMAS Y. HOU AND BRIAN T. R. WETTON

LEMMA 2.3 (Stability). Given T > 0, suppose that ||e(t)|1,2 < h?2 for0 <t < T
and q > 6. Then there exists a positive number B that depends on T and the ezact
solution v only such that for all0 <t < T,

(27) L1tz < BT +e@)l12)

The function B(T) can be chosen to be nondecreasing in time.

The proof of Lemma 2.3 is lengthy and is left to the end of this section. We are
now in a position to prove the main convergence result, Theorem 2.1.

Proof of Theorem 2.1. First it will be shown that Lemma 2.3 is equivalent to the
following statement: Given T' > 0 there is a C(T), such that for all ¢ in the range
0<t<T,

(28) e,z < C(THRI>/2

for h sufficiently small. The proof that Lemma 2.3 implies (28) is an easier version of
the bootstrap argument in [9]. For a given h, define T* by

T* = inf{t : |efl12 > h92}.

Since ||€(0)||1,2 = 0, T* > 0. If T* > T, then the conditions of Lemma 2.3 are valid,
and using Gronwall’s inequality on (27), (28) is valid with C(T) = eB(™)T. A simple
contradiction argument shows that if h < %e_2B(T)T, then T* must be greater than
T. Putting the definition of € into (28), we obtain [|¢ — 9|32 < C(T)h9~3/2. This
result shows that the numerical solution converges with a high order of accuracy to
the constructed approximate solution 'J: In a manner similar to (23), the following
can be shown:

max IDfﬂh,j - sz/;i,j| < C(T)hq‘5/2,
iJ

max |Dg'¢;i,j - Dli"/;i,ﬂ < C(T)hQ—S/z .
1"]

Since '-‘Di,j = Ah"]’i,j = (DiDi + Dﬂ_D’i)J)i,j, we have

(29) max | — @;,; — App| < 2C(T)hI"/2,
1“.1

where the maximum is taken over the interior only. Since ﬁ(x, y, t; h) is a second-order
perturbation of the exact stream function (see (16)),

Antij = (M) ; + O(h?)
= —w;;j +O(h?).

This result inserted in (29) proves the second-order uniform convergence in the vor-
ticity. The second-order convergence in the velocities and the first-order convergence
in the boundary vorticity is obtained similarly. 0

To get the discrete energy estimates needed to prove stability, we need to use the
following summation by parts formulas.

LEMMA 2.4 (Summation by parts).

N N
(30) D fiDiegs =~ D fi-g;+ 3 (wans — fogn),
j=1 j=1
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 623

N
(B1) Y fiD_g; = —ZDm 9+ (fNHgN f190),

=1 J—l
N-1 N- )

32) > fiDog; = - Z Dof; - 9 + 57, (= fog1 + fn-19n + fvgn-1 = f190)-
j=1 j=1

Proof of (30). To verify this formula, we proceed as follows:

;~|H
[V]z

<.
Il
-

ZfJD+gJ

j=1

fi(gj+1— g5)

S| =

.
an

g

N
fi-19; + fNgN+1 — fog1 — nggg)

J=1

|I|
[V] 2

1
D_f;-g; + E(ngN+1 — fog1) -

<.
Il
-

The formulas (31) and (32) are proved similarly. 0O

In many of our applications, the functions f and g will have homogeneous bound-
ary data (fo = fnv = 0) or will be periodic (f; = fi+n). In these cases, the boundary
terms in the above formulas will vanish.

We now return to the proof of Lemma 2.3 (stability). It will be shown that the
error € in 9 is stable in the || - ||1,2 norm. This is the same as proving stability of the
method in the velocity. The proof begins by taking the difference between (5) and
(19):

deij _
(33) % =
(34) — Dfei,; - Dgei,;
(35) +DYe; ;- DFAnti;
(36) — D¥4; ;- Dei
(37) + Dei,j - De,;j
(38) —Dge; ;- DYARi
(39) + Dy ;- DYe;
(40) + VAhe,-,_,-
(41) +O(h9).

The terms (35), (36), (38), and (39) are linearized convection terms whose stability
needs to be analyzed. The linear diffusion term (40) leads to a decay in the error.
Terms (34) and (37) are nonlinear terms whose stability is easy to analyze by using
the high accuracy of the approximate solutions . Finally, term (41) is the truncation
error (although errors from the boundary terms will be introduced when the others
terms are integrated by parts to show stability). The above equation is multiplied
by hzei,j and summed over the interior. The resulting equation is evaluated term by
term.
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624 THOMAS Y. HOU AND BRIAN T. R. WETTON

Evolution term.

Term (33). Note that e; ; = —Ape; ; in the interior. Therefore this term can be
written as
N-1N-1 de. -
2 . T ¥ 2635
—h z:; ; €, [(D:D_ +DyD¥)— } :

After an application of Lemma 2.4 (summation by parts) in = and y directions, re-
spectively, this term becomes

N N
d d
239 [(foi,j)a(foi,j) + (D’ifi,j)az(D’iei,j)]
i=1 j=1
(the terms are periodic in ¢ and €; 0 = 0 and €; y = 0, so there are no boundary terms)
or
N N

2 32"2 S > [(D7eis)? + (DYeiz)?] s

i=1 j=1

which is simply (d/dt)|el[? .

Nonlinear terms.

Term (37). It is supposed as in Lemma 2.3 that ||e(t)[l1,2 < A7 2 for0 <t < T.
This allows us to bound this nonlinear term essentially by brute force. Using (25),
llellz < h972, and then, using (23),

(42) lelloo < RT3,
The term (37) under consideration is
N-1N-1
h2 Z Z ei,ngei,ngei,j.
i=0 j=1

This term is divided into one interior part and two boundary parts which will be
analyzed separately:
N—1N-2
(43) WYY ;D5 Dei;
i=0 j=2
N-1 1
(44) +h? ; €,1D5¢€; 1 o (ei,2 — €i)
N-1 1
(45) +h? Z; fi,N——ngfi,N—lﬂ(ei,N — €, N-2)-
Recall from the analysis of the evolution term that e; j; = —Ape; ; in the interior. The
term (43) contains only values of e in the interior. Therefore, using the a priori bound
(42), the term (43) can be bounded in absolute value by

N—-1N-2
h1=3.h2 >~ 3" |Dgei | - IDY Aneil,

=0 j=2
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 625

which, using the Cauchy-Schwarz inequality, can be bounded by
h?~2 - || Dgell2|| D§ Anell2.

Since D§Apre; j can be written as a sum of backward differences of € divided by h?,
|D§Arell2 < clle|l1,2/h?. Therefore, the above term and hence (43) is bounded by

(46) ch?™®| Dgellz - IDZ €|z < cllell} z,

where (24) and the fact that ¢ > 6 is used. Since (44) and (45) are handled similarly,
we will only consider the first. The term e; 7 is in the interior and can be handled as
above, so we will neglect it in what follows. In order to proceed, we need to relate
e;,0 to the error e. This is done as follows: taking the difference between equations
(17) and (14) we have

‘ 2
(47) €0 = —p5€1+ O(h™1).
Using this fact and (42), term (44) can be bounded by
N-1 1
hi=3.h? > " |Dgeiq| - rzDYein +0(h172)],

=0

where the fact that hDY¢; 1 = €;,1 is used (€; 0 = 0). Again, using the fact that ¢ > 6
and (24), the above expression is bounded by

cllellf 2 + O(R* %) lelly2.
To summarize, term (37) can be bounded by
cllellf 2 + O(h*~%)lell1,2.

A similar estimate for term (34) can be obtained.

Linearized convection terms. .
Term (35). Since the expression D§Ap; ; is bounded (in terms of the derivatives

of 1), (35) can be bounded by

(48) K|ellz - | D3ellz < Klell3 2,

where (25) and (24) have been used. A similar estimate for (38) can be obtained.
Term (39). This is the most troublesome of the terms. It is written out below:

N-1N-1

(49) WY~ > € Dgtp; - Djess.

=0 j=1
After summation by parts using the formula (32) this becomes

N—-1N-1

(50) —h* " )" DY(eD§)s; - €ij
i=0 j=1
p V=1 ) p V-1 )
(51) 3 Z €i,1 D5, 1€i0 + ) 2 €, N—1DgVi N_1€i N.
i=0 i=0
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626 THOMAS Y. HOU AND BRIAN T. R. WETTON

The other boundary terms drop out because ¢ has homogeneous boundary values.
Term (51) will be analyzed first, and we will return to (50) later. When (47) is used,
the first sum in (51) becomes

N-1

(52) h Z €; lDo'lpz 1 (h2 €1+ O(hq_l)>

To proceed, we need the following fact:
(53) D§4i1 = O(h).

To prove this, the thing to notice is that Dg¢;1 = v;1 + O(h?), where v is the
exact velocity (see the appendix for the details on the approximate solutions). Since
v(ih,0) = 0 and v is smooth, v(ih,h) is O(h). Using (53) and the Cauchy—Schwarz
inequality, (52) can be bounded by

N-1 N—1 1/2
0(1) Y " (&i1)* + O(RIT)N/2 [Z (ei,1)2:|

i=0 i=0
Using (26) on both factors above, this can be bounded by
Kllel} 2 + O(RIH72) ell1,2.
The other term in (51) is handled similarly. Now let us return to (50) and consider
only the trickiest part:

N—-1N-1

h? )" > DY(eD§9)i; - DYDYes ;.

i=0 j=1
Using the following formula
D§(f9)i,; = Dg fij - 9ij+1 + D§gij - fij—1,

this becomes

N—
(54) h? [(Dg €i,) Dg¥i,j+1 + (DD ¢i,j)€i,j—1] DiDYe; .
1=0

2

<.
Il
-

After an application of the formula
D§ei; - DY D¥e;j = DY (DYei;)?,
the first summand (the second will be examined below) in (54) becomes

h2N 1N-1

(55) Z Z D0¢z,J+ID+(Dy fw)

=0 j=1
Using Lemma, 3, (55) becomes

2NN1

(56) 5 > > DYDgu;(DYei ) - 5 Z DE; 1 (DY e;1)?.

1=0 j=1 1=0
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 627

The other boundary term is zero since 'Jzi, ~ = 0, and so DgJ;,, ~ = 0. Both of the
terms in (56) can be bounded by K||¢||? ,, although the second term requires (53).
We now return to the second factor of (54), which can be written as

N-1N-1
Ky~ > DY(DYDg4pi; - €i,-1)DVei;
N-1 A 5
+h?> " DYDgin-1- _z,z_—z_ ‘D¥e; N,
=0

when Lemma 2.4 (summation by parts) is used (the j = 1 term is zero). Using the
fact that %ei, N—2 = —DY¢; v — DY €; n_1, both of the sums in the above expression
can be bounded by K|le||3 ,.

Summarizing the results of this case, (39) can be bounded by

Kllelf  + ORT+72)e]l1,2.

Term (36) is handled in a similar way (easier because there are no boundary terms).

Diffusion term.
Term (40). One part of (40) is given below:

N—-1N-1

l/h2 Z Z Ci,j . Df_Dfei,j.

i=0 j=1

Using the periodicity in the z-direction, this is easily summed by parts twice to give

N-1N-1
(57) vh? > > " DiD%¢; ;- €.
i=0 j=1
The other part of this term is
N-1N-1
Vh2 Z E €i,j° DiDy_ei,j.
i=0 j=1

Using the fact that €;0 = 0 and ¢; y = 0, this can be summed by parts once to get:

N-1 N

(58) - th E ZDEEL,‘ . D’iei,j.

i=0 j=1

After a second summation by parts (the boundary terms are not zero in this case)
this becomes:
N—1N-1
(59) vh? )" > " DYDVe; ;- ei;
=0 j=1
N-1
(60) +vh Y DYeieio
i=0
N-1
(61) —vh Z Dz_'fi,Nei,N.
i=0

This content downloaded from 131.215.220.165 on Wed, 13 Jul 2016 01:56:32 UTC
All use subject to http://about.jstor.org/terms



628 THOMAS Y. HOU AND BRIAN T. R. WETTON

The last two terms above will be handled similarly, so only (60) will be considered:

N-1

vh E D’i €i,1€4,0-
=0

Using (47) and €; 0 = 0, it can be written as

N-1 9 2 N-1 N-1
(62) -v) € <ﬁ€i,1 + O(hq_l)) ="Vi3 D (€)= 0T Y €.
=0 =0 =0

The first term in the right-hand side of the equation above and the equivalent term
from (61) can be combined with (57) and (59) to give —||€||3 . The second term on
the right-hand side of (62) can be bounded in absolute value by

N-1

1/2
(63) O(h*~1)N'/? [Z(éi,1)2] < O(hT™*) e,z

=0

where (26) is used.

Final term and summary.

Term (41). This term can be bounded in absolute value by O(h?)||€||2, which is
bounded by O(h?)|e||1,2 (use (25)).

When the results from all of the terms above are combined (the lowest order
coefficient for ||e||1,2 is h973/2), we have the following:

d _
Ezllfllf,z < —vllell3 2+ Kllell? 2 + O(RT™3/2)||€]|1,2
< 2B|lell1,2(RT3% + |le|l1,2) ,

or
d q—3/2
g llelliz < BRI™ + [lell1,2).

It is clear that B(T') can be chosen to be nondecreasing, so the proof of Lemma 2.3
(stability) is complete. O

Dependence on the Reynold’s number. In the above proof of Lemma 2.3
(stability), the constant B(T) does not depend explicitly on v, and so the same is
true for the factor C(T) in the statement of Theorem 2.1 (convergence). It seems
then that the convergence properties of the scheme are independent of the Reynold’s
number. However, this statement is misleading because of the following argument:
the constant C(T) does depend on the the exact solution, which can be expected to
develop large gradients near the boundary as the Reynold’s number increases.

2.3. Other domains and boundary values. So far, the authors have re-
stricted their attention to boundary conditions of the form ¢ = 0 and dv/0n = 0. The
general boundary conditions considered in the section below are 1 and 8v/dn given
but not necessarily zero. This would allow the specification of general velocities on
the boundary. A method of implementing these boundary conditions is given below.
In order to prove convergence as before, the specified velocity at the boundary must
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CONVERGENCE OF A FINITE DIFFERENCE VELOCITY SCHEME 629

@)
I\

(2)

FIG. 2. General domains (a) irregular periodic channel; (b) Annulus.

be tangential to the boundary (this translates to i) = constant on the boundary). In
practice, complicated matching boundary conditions are often specified on an arti-
ficial surface when the domain under consideration is unbounded (see, for instance,
[1]). The convergence of such schemes is not addressed here.

The authors also show how to perform calculations in any domain that can be
conformally mapped into the original channel domain shown in Fig.1. Two such
domains, an irregular periodic channel, and an annulus are shown in Fig. 2. It will be
shown that the convergence proofs of §2.2 apply to the algorithm proposed for these
domains.

2.3.1. Nonhomogeneous boundary data. Consider flow in the periodic chan-
nel, where

(z,0;1) = f(z) and g—j(x,o;t)w(x),

and where f and g are given functions which could also depend on time. Similar
conditions could be applied on the line y = 1. The computational boundary conditions
for 9 are the exact conditions, 1/;, o = fi, so that the error e =1 — ¥ is zero at the
boundary as before. Taking a Taylor series for v; 1, based at the point (ih,0), and
proceeding as in (9)—(10), we obtain a computational boundary condition of

- 2 ~ 2 2
(64) —Wio=DyD_f; + ﬁiﬁi,l — 39— ﬁfi,

in which the exact solution satisfies to first order. To prove convergence of the method
using these boundary conditions, we proceed by showing consistency and stability as
before. An approximate solution % can be constructed that satisfies this condition to
high order as in Lemma 2.2 (consistency). To get the proof of Lemma 2.3 (stability),
(53) must be satisfied. This means that the normal velocity at the boundary must
be zero, which means f = constant. This restriction can be interpreted as follows:
boundary conditions (14)—(15) and their generalizations to nonhomogeneous boundary
data are appropriate only on a slip surface, where the vorticity created is only diffused,
not convected, away from the boundary. Provided that the restriction f = constant
is satisfied, Lemma 2.3 (stability) can be proved for the nonhomogeneous boundary
conditions (64). Theorem 2.1 (convergence) follows from the stability lemma as in
§2.2. Actually, by taking into account the diffusion terms that reduce the error,
we can also prove convergence for nonhomogeneous flow boundary conditions (f not

This content downloaded from 131.215.220.165 on Wed, 13 Jul 2016 01:56:32 UTC
All use subject to http://about.jstor.org/terms



630 THOMAS Y. HOU AND BRIAN T. R. WETTON

necessarily constant). In this case, the constant C in the statement of Theorem 2.1
will have an explicit dependence on the viscosity v.

2.3.2. Other domains. Suppose that a(z,y), 8(z,y) is a mapping of a domain
Q, onto the periodic channel €2 of Fig. 1 that is conformal, i.e.,

(65) oy =Py, ay=—P;, Aa=Ap=0.

For instance, if R = 2", then the conformal mapping from the annulus Q3 of Fig. 2
to the periodic channel is

6 1
alz,y) =—5-+3,

logr
B(z,y) = o
where (r,0) are the polar coordinates of (z,y). The above transformation comes by
suitably scaling and rotating the analytic transformation logz. Let J denote the
Jacobian of the general conformal transformation, which is always positive and given
by

_ | (82, 88)

2102 —=p02172
"G oy | T T T A

by using (65). We restrict our attention to domains for which the conformal trans-
formation onto the periodic channel has a Jacobian that is not singular (J bounded
and bounded away from zero). Under this restriction, we cannot directly consider
unbounded domains. However, for computational purposes, the restriction to finite
domains is not a serious one. _

A simple calculation using (65) shows that A = JA, where

~ o2 0?
A= —+—.

302 352
Suppose that we want to solve the Navier—Stokes equations in the new domain ,
with boundary conditions 1) = 0 and 8v/0n = 0 (more general conditions are handled
as above). When these equations are transformed into the (, 8) plane using the chain
rule and (65), they become

(66) wy = J(~Uwq — Vwg + Aw),
(67) JAY = —w,

(68) U =g,

(69) V=,

with boundary conditions

(70) ¥v=0, Yp=0

on the lines 8 = 0 and 8 = 1 (conformal maps preserve Neumann boundary con-
ditions). The equations (66)—(69) are defined in the periodic channel 2 and can be
discretized like (5)—(8) on a regular grid in o and S:

dii

(71) 7

= Ji; (—ffi,j - Dgi; — Vi - Dgdoi g + Ah@i,j) ,
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(72) JiBniij = —; 5,
(73) Ui ; = D j,
(74) Vij = —Dg i,

where A = D3 D> + Df_DE . The computational boundary conditions are

(75) Pio =0,

- 2Ji0 ~
(76) @i = —?’oiﬁi,l,

where (76) is derived like (14) and is also first-order accurate. Boundary conditions
at B = 1 are derived similarly. The following convergence result can be obtained,
provided the exact solution of the Navier—Stokes equations is sufficiently smooth.

THEOREM 2.5. The solutions of (71)—(74) with boundary conditions (75) and
vorticity boundary conditions (76) converge uniformly to the ezact solutions of the
Navier-Stokes equations with second-order accuracy:

lw = &lloo < C(T)R?.

Second-order convergence in the velocities can also be shown.

Proof. An approximate solution can be constructed that satisfies the discrete
boundary conditions and interior equations to a high order of accuracy as in Lemma 2.2
(consistency). Equations (71)—(74), along with the specified boundary conditions,
have the same structure as (5)—(8) and (14)—(15) but with smooth positive weights
Jij- It is the preservation of this structure under conformal mappings that allows
Lemma 2.3 (stability) to be proved for these equations almost exactly as before. The-
orem 2.5 follows from the stability lemma as before. 0

3. Three-dimensional results. The vector form of the Navier-Stokes equa-
tions in three dimensions written in vorticity, stream function formulation are

(77 wg=—u-Vw+w-Vu+rvAw,
(78) AY = —w,
(79) u=V x1,

where w, ¥, and u are now vector valued. The three terms on the right-hand side of
(77) are called the convective, stretching, and dissipative terms, respectively. Compo-
nents of the vectors will be written with superscripts. A solution is considered in the
domain shown in Fig. 3, which is a generalization of the periodic channel considered
in the two-dimensional case in which the flow is assumed to be periodic in the z— and
z-directions. Boundary conditions of 1 = 0 and 8v/8y = 0 are imposed on the upper
and lower walls, which guarantees no-flow (v = 0) and no-slip (u,w = 0) boundary
conditions on these surfaces. More general boundary conditions can be handled as in
§2.3.

3.1. Discretization. Our three-dimensional scheme is a straightforward gener-
alization of (5)—(8) in the two-dimensional case. Discrete variables 1, , are defined
at mesh points (ih, jh, kh) and the discrete vorticity is related to the discrete stream
function through the relation

(80) Bije = —Dnthi k.
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(0,1.0)
(1.1.1)
y
X
vA
(0,0,0) e
— (1,0,0)
(0,0,1)

F1G. 3. Three-dimensional channel.

The velocities ; j , are the centered difference approximations of V x 9, i.e.,

(81) ’J, D0¢z ik Dg&,?,j,k, etc.

The discrete equations can now be written as

die.
dk _ _ 5B
(82) ;t =~k Dow
where D! is equivalent to D?, etc., and summation on 3 is assumed.
The question of boundary conditions remains. Periodic conditions in the z- and
z-directions are assumed. On the surface y = 0, the following conditions are defined:

(83) 1»51'0,‘0,16 = 07

- 2 -
(84) @iok =~z ¥iLk:
These boundary conditions are the discrete versions of ¥ = 0 and 9v¢/8y = 0 (in
vorticity form), respectively. Equation (84) is derived exactly like (10) in the two-
dimensional case. Because of the addition of the vortex stretching term in the three-
dimensional equations, values for the discrete velocities on the boundaries are needed.
The following boundary conditions are also used:

(85) U430k = 0.

B~a ~a
ik T wz k- Dot + VARG K,

Boundary conditions similar to (83)—(85) are defined on the surface y = 1.

3.2. Convergence analysis. Just as in the two-dimensional case, approximate
solutions 1 are introduced which satisfy the equations (82) and boundary conditions
(84) to a high order of accuracy as in Lemma 2.2 (consistency). These solutions are
constructed in an analogous way to the two-dimensional ones (see the appendix). The
discrete norms in §2.2 are generalized to the three-dimensional setting:

17113 = A Z Z(f k)%

a=114j,k
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I£113,2 = Z Z(D” k)

)ﬂ l 1'7]1

The error terms €7, , and e, are defined as in the two-dimensional case and the
velocity error is written as

(86) Eil,j,k z gk (Dng,], Dg"ﬁ?,j,k)a etc.
In the discussion of boundary values in the appendix it is shown that
(87) Efox = O(h?).

The following formulas are equivalent to (26) and (23), respectively, from the two-
. dimensional analysis:

(88) hZ(fz 1, k) < llell? ,29
i,k
(89) 1£lloo < B732]1fl2-

The following convergence result can be obtained, provided the exact solution of the
Navier—Stokes equations is sufficiently smooth.

THEOREM 3.1. The solutions of (80)—(82) with boundary conditions (83) and
(85) and vorticity boundary conditions (84) converge uniformly to the ezact solutions
of the Navier—Stokes equations with second-order accuracy:

lw —@lleo < C(T)R2.

Second-order convergence in the velocities and first-order convergence in the boundary
vorticity can also be shown.

Proof. To prove Lemma 2.3 (stability) in the three-dimensional case, we proceed
as before. The approximate solutions v satisfy the discrete equations (82) up to
O(h?) as in Lemma 2.2 (consistency). Subtract this result from (82) and write out
the difference as in (33)~(41). Multiply the result by h®¢?; , and sum over the interior
and . The terms coming from the vorticity convection and dissipation are estimated
as in the two-dimensional case. There are new terms coming from the vortex stretching
which must be examined. The nonlinear terms are bounded by brute force as before.
Representative linear terms are given below:

N-1
2 N
(90) Y23 et Db s
i,k j=1
and
N-1
(91) h3 e:!.y]»kw %, kDOE 6,9,k
ik j=1
By noting that e?’j,k = —ApeZ; . in the interior, the first term (90) can be bounded

by K|le||}, after summation by parts. The second term (91) requires a little more
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work. After summation by parts in the y direction, this term becomes

N-1
3 Yy 1 ~2 1
~h*Y "> DY(el k%0 Bl ik

ik j=1
h? h?
1 ~2 1 1 "2 1
Y E :ei,l,kwi,l,kEi,O,k + 5} E :ei,N—l,kwi,N—l,kEi,N,k'
ok ok

The first expression above can be bounded by K||e||3 ; since the error terms E are just
divided differences of the error terms € in the interior. The other expressions above
can be bounded by O(h9*+'/2)|e||1,2 using (87) and (88). Therefore, the analysis that
led to Lemma 2.3 (stability) can be duplicated for the three-dimensional case. The
convergence result, Theorem 3.1, follows from the stability lemma as in the two-
dimensional case. 0

4. Summary. The authors have presented a rigorous convergence analysis for
a finite difference approximation of the Navier—Stokes equations in two and three
dimensions. The difference method considered is of the vorticity-stream function
type and uses vorticity boundary conditions of creation type. The main ingredients
in the proof are the use of approximate solutions that satisfy the discrete equations
and boundary conditions to high-order accuracy and careful discrete energy estimates.
Both of these techniques are most naturally used on a fixed, simple grid (hence our
use of conformal mappings for general two-dimensional domains). An application
of these techniques to a Lagrangean method such as Chorin’s algorithm still seems
difficult at this stage. However, we are hopeful that our analysis can be generalized to
certain deterministic vortex methods, including vortex-in-cell methods. The general
philosophy that comes from our analysis is that the linear stability of a proposed
numerical scheme for the initial-boundary value problem is the crucial question: the
nonlinear stability is free once the approximate solutions are constructed and the
accuracy is determined by the accuracy of the interior scheme.

Appendix. Proof of the consistency lemma. In this appendix, the approx-
imate solutions ¢(z, y, t; h) that satisfy Lemma 2.2 (consistency) will be constructed.
In order to do this, we proceed in a manner similar to Strang [18] and consider an
expansion

q—1

(92) P(z,y,t;h) = Y WPy (z,y,1).

p=0

The desired properties of 1ﬁ can be obtained by choosing the correct functions (®
(they will depend only on the exact solution 1). The procedure for determining v(®)
will be outlined below.

.Boundary conditions. Since the condition zﬁ,’,o = 0 must be satisfied exactly,
it is assumed that 1) (z,0) = 0 for all z and p. Similarly, ¥?)(z,1) = 0. Also, all
functions 1(P) are assumed to be periodic in z. The normal boundary conditions for
the functions %) must be chosen so that the condition in equation (17) is satisfied,
keeping in mind that &;¢ is given by (21) (this is needed to maintain the interior
accuracy). It will be assumed that the functions 9(P) are as smooth as necessary (this
will be verified in a later section). First, consider the Taylor expansion of &(z,0) in
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(21):
N

R 9h2n  §2n+2)
(93) &(z,0) = —DY D¥4)(,0) := — ::;0 ® Y

n + 2)| ay2n+2 (.’B, 0) + O(h2N+2))

where N is such that 2N > q. A Taylor expansion for — —,%;tﬁ(x,h) (using the fact that
¥(z,0) = 0) is given by

R 2N+2 oy ne2
(94) ~ZdE =Y. T80 ope)
n=1 :

Subtracting the terms (93) and (94) above, we find that the even powers of h drop
out and the following remains:

N

9p2n—1 a2n+1,¢‘}
(95) ——(z,0) + O(R*N*1).
;) (2n + 1)! gy?n+1

In order to satisfy (17), the above expression must be O(h?71), i.e.,

N

p2n-1 32n+1,J)
(96) ¥ @,0) = O(ht1).
; (2n + 1)! Gy?n+1

The sum (92) is substituted into the above equation and the coefficients of powers of
h are examined:

1/,(0)

1
7 g ——(z,0),
(1)
1 a¢ W (,0),
. a,w 2 1 33,¢(0)
, ™ 1a3¢ -2 1 a3¢ (r=4)

If the first g coefficients of powers of h given above were zero, then the condition (96)
would be satisfied, and so the relationship given in (17) would be valid. To ensure
that the coefficients above are zero, we impose the following for all z:

(97) WO@m
a,w 1
(98) X w0=0
s 12290

@,0) = 5 55 (2,0),
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1 33¢(r—2) 1 351/1('_4)

o)
(99) _Bg—/_(z’o)=_€Tgﬂ_(z’0)_5ia_yﬁ_(z’O)_

Similar conditions can be obtained for the upper boundary. The formulas above give
boundary conditions for the normal derivative of 9(”) in terms of the derivatives of
1® on the boundary for p < .

A note on the order of the boundary conditions. At this point it is ap-
propriate to discuss the question of the accuracy of the vorticity boundary condition.
Recalling (20), we know that the vorticity at the boundary is given formally by

. 1 - a
Wi = “ﬁ("pi,l + i,-1)
and that the expansion of the vorticity on the boundary must satisfy
. 2 .
w;,0 = —”;51,1%',1

to high-order accuracy as in (17). Comparing the two equations above, we see that
they are equivalent if ¢; _1 =1, or

Yi1— i1

o =0.

(100)
If we interpret (100) as a Taylor series approximation at the boundary, we see that
it is a second-order approximation of the no-slip condition, dv/8y = 0. Since the
no-slip condition is the physical boundary condition of the problem and it is satisfied
to second-order accuracy, we can expect second-order convergence in terms of the
stream function. This observation was first made by Naughton [15].

A subtle point which can be answered at this point is whether the boundary
conditions for the velocity in the three-dimensional case (85) (which are satisfied
exactly by the exact velocity) will also be satisfied to high accuracy by the approximate
solutions 1,[3 A priori there is no way to guarantee that the expansion for the stream
function at the boundary will not introduce errors in the expressions for the boundary
velocities. However, since the velocities are given by (81) and all three components
of the stream function expansion will satisfy (100), we see that the expansions in the
boundary conditions for the velocity and the vorticity are compatible. This discussion
leads us to the result (87) used in §3.2.

Interior equations. In this section, we construct relationships between the func-
tions 1(P) so that (19) is satisfied. As in the previous section, the sum (92) is inserted
into the expression (19), the finite differences are expanded in Taylor series, and the
coefficients of the powers of h are set equal to zero. The resulting expressions which
must be satisfied for all z, y, and ¢ are:

Ap©)

(101)  1: —— =P Ap{) + DAy +vAAY©D,
aAYpD

(102)  h:—5— = - Ay + 9 Ay
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~p A + 9V AYD +vAAY©,

oA

w250 — g0 ag® — 4P Ay
+pO AP + DAY + vAAYD)
~45P AP + 9 Ayl

1 [0%©® 35O 1 /0*AY©  §*AY©
12 (8w43t + ay4at) 6 ( 5zt T oy ) ’
+ cee
AuD
(103) hr;Q?%_¢=_JwA¢g)_¢§1X0L+¢ﬁA¢g>+¢gn«ﬂ

+vAAY™) 4 FO)

where u(", v X Y and f) are linear combinations of derivatives of (®)
with p < r. If the relationships above are satisfied, then the desired result (19) will
be obtained. The relationships above and the boundary conditions in the previous
section can be thought of as equations for 1(?), which can be solved inductively: once
¥(® is known, then the boundary values and terms in the equation for ¢(!) are known,
and so we can solve for (1), and so on.

Properties of the solutions. Since the solution 7 should agree exactly with
the exact solution % at ¢ = 0 for all h, we give the following initial data for the terms

RUIOR

O (z,y,0) = ¥(z,y),
$®(z,y,0) = 0 for p > 0,

where —AWV is the initial vorticity distribution. The equation (101), boundary con-
ditions (97), and initial conditions (above) for ¢(®) and 1 are the same, so 1) = 1.
We assume that 9 is as smooth as required. It is clear from (98) and (102) and the
initial conditions above that () = 0. It can be shown inductively that 1®) = 0 for
all odd p. Now consider the equations (103) and boundary conditions (99) for (")
for r even. These equations are linear and simple energy estimates (like those for the
heat equation) show that (") and its derivatives are bounded by the coefficients and
nonhomogeneous terms in the equations for ¢(") which can inductively be bounded
by the exact solution v and its derivatives. The solutions are smooth for ¢t > 0, but
the problem of showing smoothness of the solution up to the initial time is a delicate
one, even for the heat equation [12]. Certain compatibility conditions on the initial
data must be imposed. In the case of the Navier—Stokes equations and the equations
for ("), we can derive nonlocal compatibility conditions on the initial data in order
for the solution to be smooth at ¢t = 0. This is discussed below. Assuming that these
conditions are met, the constructed expansion 1 has the desired properties, and the
proof of Lemma 2.2 (consistency) is complete. O

A remark on the smoothness of solutions of Navier—Stokes equations
at t = 0. Consider the Navier-Stokes equations written in vorticity-stream function
formulation (1)—(4) with no-slip and no-flow boundary conditions in the periodic
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channel Q with initial data ¥(z,y,0) = ¥(z,y). There is a hierarchy of compatibility
conditions that ¥ must satisfy if the solution v is to be smooth at ¢ = 0:

(1) Clearly, ¥(z,0) = 0, ¥(z,1) = 0, ¥,(z,0) = 0, and ¥ (z,1) = 0 to have a
continuous solution .

(2) Let ¢V (z,y) = ¥(x,y,0). By differentiating the no-flow and no-slip bound-

ary conditions, obtain g(V) = g,(,l) = 0 on the boundary. From (1), we have
(104) AgM = —T, AT, + T, AT, + VAAT := D),

It appears that g(*) is overdetermined (both Dirichlet and Neumann boundary con-
ditions for g(!) are given), so ¥(!) must be in the class of functions C for which (104)
can be solved. In this case, the class C consists of all functions < such that

(105) /Q'yu =0

for all harmonic functions u in 2 [21]. Assuming that the solvability condition is met,
g can be determined in terms of W.

(3) Let g®(z,y) = ¥1:(x,y,0). By differentiating the no-flow and no-slip bound-
ary conditions twice, obtain g(?) = g,(lz) = 0 on the boundary. Differentiating (1) with
time, we have

Ag(z) = — Yyt AV, — Uy Atpyy + Yre A¥y + Vo Athys + VAAY,
= —gNAY, - ¥ A + gVAT, + T Ag +vAAgD
.= ~(2)
=3,

In order to satisfy both boundary conditions, 7(®) must also be in C. This imposes a
further restriction on V.

There is also a hierarchy of compatibility conditions for ¥ that come from the
smoothness requirements for the functions ¥(). These conditions are straightforward
generalizations of the ones considered above.

In principle, we would expect that smooth solutions will exist up to t = 0 if these
compatibility conditions are satisfied, but the proof of such a theorem is a delicate
issue and not the purpose of this paper. See the paper by Temam [19] for a proof
of the sufficiency of nonlocal compatibility conditions for smoothness in the case of
the Navier-Stokes equations written in primitive variables, velocity, and pressure.
Heywood and Rannacker [11] describe what behaviour the solutions have as t goes to
zero when these compatibility conditions are not met and show convergence of finite
element approximations in this case. Naughton [15] shows convergence of a vorticity-
stream function method in a linear one-dimensional model problem with incompatible
initial data. For a general discussion of existence theorems for the Navier—Stokes
equations, see the books by Temam [20] and Kreiss and Lorentz [12].
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