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Abstract

Inspired by the numerical evidence of a potential 3D Euler singularity [54, 55], we
prove finite time singularity from smooth initial data for the HL model introduced by
Hou-Luo in [54, 55] for the 3D Euler equations with boundary. Our finite time blowup
solution for the HL model and the singular solution considered in [54, 55] share some
essential features, including similar blowup exponents, symmetry properties of the
solution, and the sign of the solution. We use a dynamical rescaling formulation and
the strategy proposed in our recent work in [11] to establish the nonlinear stability of
an approximate self-similar profile. The nonlinear stability enables us to prove that
the solution of the HL. model with smooth initial data and finite energy will develop
a focusing asymptotically self-similar singularity in finite time. Moreover the self-
similar profile is unique within a small energy ball and the C¥ norm of the density 0
with y &~ 1/3 is uniformly bounded up to the singularity time.

1 Introduction

The three-dimensional (3D) incompressible Euler equations are one of the most fun-
damental equations in fluid dynamics. Despite their wide range of applications, the
global well-posedness of the 3D incompressible Euler equations is one of the most
outstanding open questions in the theory of nonlinear partial differential equations.
The interested readers may consult the excellent surveys [14, 32, 40, 46, 57] and the
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references therein. The difficulty associated with the global regularity of the 3D Euler
equations can be described by the vorticity equation:

w;+u-Vo=uw-Vu, (1.1)

where w = V x u is the vorticity vector of the fluid, and u is related to w via the
Biot-Savart law. Formally, Vu has the same scaling as w, which implies that the vortex
stretching term w - Vu formally scales like w”. However, Vu is related to e through
the Riesz transform. Various previous studies indicate that the nonlocal nature of the
vortex stretching term and the local geometric regularity of the vorticity vector may
lead to dynamic depletion of the nonlinear vortex stretching (see e.g. [15, 22, 41]),
which may prevent singularity formation in finite time.

In [54, 55], Luo and Hou investigated the 3D axisymmetric Euler equations with a
solid boundary and presented some convincing numerical evidence that the 3D Euler
equations develop a potential finite time singularity. They considered a class of smooth
initial data with finite energy that satisfy certain symmetry properties. The potential
singularity occurs at a stagnation point of the flow along the boundary. The presence of
the boundary and the hyperbolic flow structure near the singularity play an important
role in the singularity formation. To understand the mechanism for this potential 3D
Euler singularity, Hou and Luo [54] proposed the following one-dimensional model
along the boundary at r = 1:

Wy + uwy = Oy,

1.2)
0 +uby =0, uy=Hw.

Here u = u?, w = w®, and 0 = (u?)?, with u? and w? being the angular velocity
and angular vorticity, respectively. Numerical study presented in [54] shows that the
HL model develops a finite time singularity from smooth initial data with blowup
scaling properties surprisingly similar to those observed for the 3D Euler equations.
By exploiting the symmetry properties of the solution and some monotonicity property
of the velocity kernel, Choi et al have been able to prove that the HL model develops
a finite time singularity in [12] using a Lyapunov functional argument. Part of our
analysis to be presented is inspired by the sign property of a quadratic interaction
term between u and w obtained in [12]. However, there seems to be some essential
difficulties in extending the method in [12] to the 3D Euler equations.

There has been a number of subsequent developments inspired by the singularity
scenario reported in[54, 55], see e.g. [12, 13, 47, 48] and the excellent survey article
[46]. Although various simplified models have been proposed to study the singular-
ity scenario reported in[54, 55], currently there is no rigorous proof of the Luo-Hou
blowup scenario with smooth data. Recently, Elgindi [24] (see also [25]) proved an
important result that the 3D axisymmetric Euler equations without swirl can develop a
finite time singularity for C* initial velocity. In a setting similar to the Luo-Hou sce-
nario, singularity formation of the 2D Boussinesq and the 3D axisymmetric Euler equa-
tions with C1-¢ velocity and boundary has been established by the first two authors [7].

One of our goals is to establish the finite time self-similar blowup of (1.2) of the
form
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where A = c1,m|cw,o@|_1 is the blowup exponent and ¢; o, €»,00 are the scaling
exponents. The main result of this paper is stated by the informal theorem below,
which shows the existence of the self-similar profile with sharp estimate of the blowup
exponent L. A more precise and stronger statement will be given by Theorem 2 in
Section 2.

Theorem 1 There is a family of initial data (0, wo) with 6y, wo € C°, such
that the solution of the HL model (1.2) will develop a focusing asymptotically self-
similar singularity in finite time. The self-similar blowup profile (0s0, Wso) IS unique
within a small energy ball and its associated scaling exponents Cj oo, Coy .00 Satisfy
A —2.99870| < 6- 1075 with A = cl,oo|cw7w|’l. Moreover, the CY norm of 0 is
uniformly bounded up to the blowup time T, and the C? norm of 6 blows up at T for
any B € (y, 1lwithy = A/\;z

The blowup exponent A = 2.99870 in the HL model is surprisingly close to the
blowup exponent A & 2.9215 of the 3D Euler equations considered by Luo-Hou [54,
55]. In order to construct the self-similar profile (w0, 0o, €100, Cw.00) 10 (1.3), we
first construct an approximate self-similar profile (@, 6, ¢, ¢,,) and will prove that
(@,0,¢,¢y) is close to the exact self-similar profile in some suitable energy norm.
See more details in Theorem 2 in Section 2. An important property that characterizes
the stable nature of the blowup in the HL model is that c;x +u > 0.49x,¢; =3, < 0
for any x > 0, here u, ¢; are the velocity and the scaling exponent of the approximate
self-similar profile. We use this property to extract the main damping effect from the
linearized operator in the near field using some carefully designed singular weights.

As we will show later, ¢;x + u is the velocity field for the linearized equation in
the dynamic rescaling formulation. The inequality ¢;x + u > 0.49x, x > 0 implies
that the perturbation is transported from the near field to the far field and then damped
by the damping term ¢, in the w equation and by 2¢,,6y in the 6, equation. This is
the main physical mechanism that generates the dynamic stability of the self-similar
blowup in the HL. model. We believe that this also captures the dynamic stability
of the blowup scenario considered by Luo-Hou along the boundary [54, 55], whose
numerical evidence has been reported in [53].

There are four important components of our analysis for the HL model. The first
one is to construct the approximate steady state with sufficiently small residual error
by decomposing it into a semi-analytic part that captures the far field behavior of the
solution and a numerically computed part that has compact support. The approximate
steady state gives an approximate self-similar profile discussed above. See more dis-
cussion in Section 4. The second one is that we extract the damping effect from the
local terms in the linearized equations by using carefully designed singular weights.
The third one is that the contributions from the advection terms are relatively weak
compared with those coming from the vortex stretching terms. As a result, we can treat
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those terms coming from advection as perturbation to those from vortex stretching.
The last one is to apply some sharp functional inequalities to control the nonlocal
terms and take into account cancellation among various nonlocal terms. This enables
us to show that the contributions from the nonlocal terms are relatively small com-
pared with those from the local terms and can be controlled by the damping terms. We
refer to Section 2 for more detailed discussion of the main ingredients in our stability
analysis.

We believe that the analysis of the 2D Boussinesq equations and 3D Euler equations
with smooth initial data and boundary would benefit from the four important compo-
nents mentioned above. The stability analysis of the HL model is established based on
some weighted L2 space. For the 2D Boussinesq equations and 3D Euler equations,
a wider class of functional spaces, e.g. weighted L? or weighted C* spaces, can be
explored to derive larger damping effect from the linearized equations and to further
establish stability analysis.

There is an interesting implication of our blowup results for the self-similar
solution (wy, H;) defined in (1.3). In Section 6.1, we show that the profile sat-
isfies limy 00 Ooo(x)|x]77 = C for some C > 0 (see (1.3)). Thus, we have
lim;— 1 64(x,t) — Clx|¥ for any x # 0. Since 0 < y < 1, the self-similar solu-
tion forms a cusp singularity at x = 0 as ¢t — 1. Moreover, from Theorem 1, for a
class of initial data g, the C¥ norm of the singular solution 6 is uniformly bounded
up to the blowup time. Note that from Theorem 1, we have |y —0.33304| < 2- 1073,
thus y ~ % and lim;_, | 64 (x, 1) = C|x|¥ =~ C|x|'/3. Similarly, we can generalize the
method of analysis to prove lim;_, | w.(x, 1) = C2|x|(7’_1)/2 ~ C2|x|_1/3. Interest-
ingly, the limiting behavior is closely related to a family of explicit solutions of (1.2)
discovered by Hoang and Radosz in [39]

w(x, 1) =klx| 7 Psgn(x), 0(x,1) = c1k*|x|'? + e2k3r, (1.4)

where c1, co > 0 are suitable constants and k > 0 is arbitrary. We remark that from
Theorem 1, the C1'/3 norm of 6 from a class of smooth initial data that we consider
blows up at the singularity time since % > y, while the non-smooth 6 in (1.4) remains
in C1/3 for all time.

The cusp formation and the Holder regularity on 6 are related to the C '/~ conjecture
by Silvestre and Vicol in [68] and the cusp formation on the Cordoba-Cordoba-
Fontelos (CCF) model [11, 17, 45, 52], which is the 6 —equation in (1.2) coupled
with u = H6. The cusp formation of a closely related model was established in [38],
and the C1/2 conjecture was studied in [26, 28] for a class of C1* initial data with
small «. Using the same method for the HL model, we have obtained an approximate
self-similar profile for the CCF model with residual 0(1078) and y = 0.5414465,
which is accurate up to six digits. This blowup exponent y is qualitatively similar
to that obtained in [56] for the generalized Constantin-Lax-Majda model (gCLM)
(see[64]) with a = —1. In a follow-up work, we will generalize our method of analy-
sis to study the cusp formation of the CCF model, and rigorously prove that € C”
up to the singularity time with y > 1/2. Moreover, the C# norm of 6 will blow up at
the singularity time for any 8 > y.

172

@ Springer



Self-similar blowup of the HL model Page50f75 24

There has been a lot of effort in studying potential singularity of the 3D Euler
equations using various simplified models. In [13, 37, 39, 49], the authors proposed
several simplified models to study the Hou-Luo blowup scenario [54, 55] and estab-
lished finite time blowup of these models. In these works, the velocity is determined
by a simplified Biot-Savart law in a form similar to the key lemma in the seminal work
of Kiselev-Sverak [48]. In [42], Hou and Liu established the self-similar singularity
of the CKY model [13] using the property that the CKY model can be reformulated
as a local ODE system. The HL. model does not enjoy a similar local property, and
our method to prove self-similar singularity is completely different from that in [42].
In [27, 29] , Elgindi and Jeong proved finite time singularity formation for the 2D
Boussinesq and 3D axisymmetric Euler equations in a domain with a corner using
¢ data.

Several other 1D models, including the Constantin-Lax-Majda (CLM) model [16],
the De Gregorio (DG) model [20, 21], and the gCLM model [64], have been introduced
to study the effect of advection and vortex stretching in the 3D Euler. Singularity
formation from smooth initial data has been established for the CLM model in [16],
for the DG model in [11], and for the gCLM model with various parameters in [2, 5, 6,
11, 26, 28]. In the viscous case, singularity formation of the gCLM model with some
parameters has been established in [6, 66].

The rest of the paper is organized as follows. In Section 2, we outline some main
ingredients in our stability analysis by using the dynamic rescaling formulation. Sec-
tion 3 is devoted to linear stability analysis. In Section 4, we discuss some technical
difficulty in obtaining an approximate steady state with a residual error of order 10717,
In Section 5, we perform nonlinear stability analysis and establish the finite time
blowup result. In Section 6, we estimate the Holder regularity of the singular solution.
In Section 7, we give a formal derivation to demonstrate that both the HL. model and
the 2D Boussinesq equations with C'-¢ initial data for velocity and 6 and with bound-
ary have the same leading system for small . We make some concluding remarks in
Section 8. Some technical estimates and derivations are deferred to the Appendix.

2 Outline of the main ingredients in the stability analysis

In this section, we will outline the main ingredients in our stability analysis by using
the dynamic rescaling formulation for the HL model. The most essential part of our
analysis lies in the linear stability. We need to use a number of techniques to extract
the damping effect from the linearized operator around the approximate steady state of
the dynamic rescaling equations and obtain sharp estimates of various nonlocal terms.
Since the damping coefficient we obtain is relatively small (about 0.03), we need to
construct an approximate steady state with a very small residual error of order 1019,
This is extremely challenging since the solution is supported on the whole real line with
a slowly decaying tail in the far field. We use analytic estimates and numerical analysis
with rigorous error control to verify that the residual error is small in the energy norm.
See detailed discussions in Section 4 and Section 10 of the Supplementary Material
[10].
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Passing from linear stability to nonlinear stability is relatively easier since the
perturbation is quite small due to the small residual error. Yet we need to verify various
inequalities involving the approximate steady state using the interval arithmetic [33,
63, 65] and numerical analysis with computer assistance. The most essential part of
the linear stability analysis can be established based on the grid point values of the
approximate steady state constructed on a relatively coarse grid, which does not involve
the lengthy rigorous verification. See more discussion in Section 3.13. The reader who
is not interested in the rigorous verification can skip the lengthy verification process
presented in the Supplementary Material [10].

2.1 Dynamic rescaling formulation

An essential tool in our analysis is the dynamic rescaling formulation. Let wpy (x, 1),
Ophy(x, 1) be the solutions of the physical equations (1.2), then it is easy to show that

w(x, 1) = Co(T)wphy (Cr(T)x, 1(1)), 0(x, 1) = Co(1)0pny (Ci(T)x, 1(7))
are the solutions to the dynamic rescaling equations
wr + (cx +u)wy = cuw + 60, 07 + (cjx +u)by = cpf, uy = Hw, (2.1)

where 1(t) = [ Co(s)ds and

Cy(T) = exp </r cw(s)ds> , Ci(t) =exp (/T —cl(s)ds> ,
0 0

Co(7) = exp (/Or ce(s)ds).

In order for the dynamic rescaling formulation to be equivalent to the original HL
model, we must enforce a relationship among the three scaling parameters, c;, ¢, and
cp,1.e.cog = ¢; + 2¢y.

The dynamic rescaling formulation was introduced in [50, 59] to study the self-
similar blowup of the nonlinear Schrodinger equations. This formulation is closely
related the modulation technique, which has been developed by Merle, Raphael, Mar-
tel, Zaag and others, see e.g. [44, 58, 60-62]. The dynamic rescaling formulation
and modulation technique have been very effective in analyzing singularity forma-
tion for many nonlinear PDEs including the nonlinear Schrédinger equation [44, 60],
the nonlinear wave equation [62], the nonlinear heat equation [61], the generalized
KdV equation [58], the De Gregorio model and the generalized Constantin-Lax-Majda
model [5, 6, 11], and singularity formation in 3D Euler equations [7, 24].

To simplify our presentation, we still use ¢ to denote the rescaled time in (2.1).
Taking the x derivative on the 6 equation in (2.1) yields

w; + (c1x + u)wy = cyw + 6y,
(Ox) + (cx +u)0xy = (co — ¢ —ux)by = 2cw —uy)by, uy = How,
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where cg = ¢; + 2¢,,. We still have two degrees of freedom in choosing ¢y, ¢, to
uniquely determine the dynamic rescaled solution. We impose the following normal-
ization conditions on ¢, ¢]

5 05x(0) 1

0:(0)’ Co = 5C1 + u,(0). (2.3)

C] =

These two normalization conditions play the role of forcing
Oxx(1,0) = 0:x(0,0), wx(7,0) = wx(0,0) 2.4

for all time. Our study shows that enforcing 6, (¢, 0) to be independent of time is
essential for stability by eliminating a dynamically unstable mode in the dynamic
rescaling formulation.

2.2 Main result

Throughout this paper, we will consider solution of (2.1) with odd w, 6, and 6(¢, 0) =
0. Under this setting, it is not difficult to show that the odd symmetries of 6, w, u and
the condition 6(¢, 0) = 0 are preserved by the equations.

Due to the symmetry, we restrict the inner product and L2 norm to R

(f.g) 2 /0 Fedx. 1113 = /0 . 2.5)

Let v, ¢ be the singular weights defined in (3.8), and A; be the parameter given in
(C.3). We use the following energy in our energy estimates

E*(f, ) 21213 + rllgy 213 + A%(hfg(on2 +as(f,x7h)?

+ 24 (|1 Dx fU 2113 4 1111 Dego' 2113),

(2.6)

where Hg(0) = —% fR gx_ldx is related to ¢, in (2.3). Our main result is the
following.

Theorem 2 Let (0, @, &1, €,) be the approximate self-similar profile constructed in
Section 4, and Ey = 2.5 - 107, For odd initial data 60.x, wo of (2.1) with 6p(0) =
0 and a small perturbation to (0, &), E(6px — O, w9 — @) < E. we have (a)
E0, — 0, w — ®) < Ey for all time.

(b) The solution (6, w, ¢y, cy,) converges to a steady state of (2.1) (Bc, Woos €l 00-

cw,oo)

16(0) = Boo.0) ¥ 112 + 11(@(1) — wo0)e 21l + ller (1) = c1.c0 2
Fllcw(®) = cw,00ll2 < Cer2!

exponentially fast, for some Ky > 0, C > 0. Moreover, (0oo, @0, Cl.005 Caw,00) €NjOYS
the regularity E(0x 0o — 0y, oo —w) < E,, and is the unique steady state in the class
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EOy — 0y, 0 — w) < E, with normalization conditions (2.3)and 6(0) = 0, and odd
assumption on 0, .
(c) Lety = if—:} = Gootos o paye |Sex _2.99870| < 6 - 1075, Moreover,

s Cl,00 Cl,00
the solution enjoys the Holder estimates 6o € CV and sup,~q [|0||cr S 1.
(d) For the physical equations (1.2) with the above initial data, the solution blows
up in finite time T with the following blowup estimates for any y < 8 <1

_2B-v) -
-

1Opnyllcs 2 (T =170, 8 0.

If in addition 6y ;|x|'~Y € L, the C” norm is uniformly bounded up to the blowup
tlme Supte[O’T) ||9phy(l‘)||cy 5 1

The assumption 90,x|x|1’3’ € L* in (d) is to ensure the decay |0y .| < Clx|¥ 1,
which is consistent with 6y € C”. In fact, if 6p € C7, we get [6o(x)| < 1+ |x|”.
Then, formally, 6y has a decay rate |x|” .

2.3 Main ingredients in our stability analysis

The key step to prove Theorem 2 is the stability analysis. We will outline several
important ingredients to establish it in this subsection

2.3.1 The stability of the linearized operator

The most essential part of our analysis is the linear stability of the linearized operator
around the approximate steady state (9, @, ¢/, C,,). To simplify our notation, we still
use w, u, 6, cj, and ¢, to denote the perturbation. The linearized system for the
perturbation is given below by neglecting the nonlinear and error terms:

0:6y + (CTlx 4+ )0y = (2Ew — Uy)0y + (zcw - Mx)éx - Méxxv (2 7
o + (€x + Doy = Euw + Oy + o — udy, co=ur(t,0), c=0.

The condition ¢, = uy (¢, 0), ¢; = 01is a consequence of the normalization conditions
(2.4). There are two groups of terms in the above system, one representing the local
terms and the other representing the nonlocal terms. Among the nonlocal terms, we
can further group them into three subgroups, one from the vortex stretching term, one
from the advection term, and the remaining from the rescaling factor c,,.

As in our previous works [7, 11], we design some singular weights to extract the
damping effect from the local terms. As we mentioned before, we will use ¢;x +u >
0.49x to extract an O (1) damping effect. Since the damping coefficient that we can
extract from the local terms is relatively small and the linearized operator is not a
normal operator, we typically expect to have a transient growth for a standard energy
norm of the solution to (2.7). This will present considerable difficulty for us to obtain
nonlinear stability since the approximate steady state also introduces a residual error.
To overcome this difficulty, we need to design a weighted energy norm carefully so
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that the energy of the solution to the linearized equations decreases monotonically in
time. We remark that weighted energy estimates with singular weights have also been
used in [5, 6, 24, 43] for nonlinear stability analysis.

2.3.2 Control of nonlocal terms

The most challenging part of the linear stability analysis is how to control several
nonlocal terms that are of O(1). It is essential to obtain sharp estimates of these non-
local terms by applying sharp weighted functional inequalities, e.g. Lemma A.8, and
taking into account the cancellation among different nonlocal terms and the structure
of the coupled system. We have also used the L? isometry property and several other
properties of the Hilbert transform in an essential way. We remark that some of these
properties of the Hilbert transform have been used in the previous works, see, e.g. [2,
6, 11, 18, 28]. Based on our observation that the blowup is driven by vortex stretching
and the advection is relatively weak compared with vortex stretching, we will treat
the nonlocal terms that are generated by the advection terms, e.g. u6f,, in (2.7), as
perturbation to the linearized vortex stretching terms, e.g. uy 0, in (2.7). We will use
the following five strategies in our analysis.

(1) The decomposition of the velocity field. We first denote # £ u — u,(0)x and
choose a constant c = 1/(2p — 1) where p is related to the order of the singular weight
|x|~7 being used. We further decompose # into a main term and a remainder term as
follows:

0= cxily + (@ — cxily) £ iy +iig, (2.8)

where i)y = cxiiy and iig = (it — cxiiy). The contribution from the remainder term
up is smaller than xii, due to an identity (see Appendix B.1)

Il(u —

L oI ! / i d 2.9)
UyrX)X = X. .
2p—1 " 2T 2p— 12 Jg, x202

We can choose p = 3 in the near field, which enables us to gain a small factor of 1/5
in estimating the it g term in terms of the weighted norm of ..

(2) Exploiting the nonlocal cancellation between i, and w. For the main term
iy = cxity and the vortex stretching term —u, 0y, we use an orthogonality between
iy and w

(iix, ox ) = (Ho — Ho(0), ox™3) = 0 (2.10)

(see Lemma A.4). We will use similar orthogonal properties to exploit the cancellation
between —ii 0, in the A, equation and 6, in the w equation in (2.7) by performing the
weighted L? estimates for 6, and  together. To illustrate this idea, we consider the
following model:

Model 1 for nonlocal interaction

010y = —(uy — Mx(o))éxy w; = Oy. (2.11)
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24 Page 10 of 75 J.Chenetal.

The above system is derived by dropping other terms in (2.7). The profile 0, satisfies
6,(0) =0and 0, > 0 forx > 0.
By performing L2(p1) estimate on 6, and Lz(pz) estimate on w, we get

1d

Ea(ﬂm@ﬂn+%wwwﬂ)=—KMrﬂu@D@pu®>+WWL@)élﬂlb

From (2.10), we know that (11, — uy (O))x‘2 and wx 1 are orthogonal. Formally, /
is the sum of the projections of 6, onto two directions that are orthogonal. To exploit
this orthogonality, we choose p; = (ux8,) ! py with any i > 0. We can rewrite [ as
follows

I = (—(uy — ux (0)x7%, 00, p1x%) + (pox™", 6,0, p1x%) £ (A + B, 6,0, 01x7),

where A = —(uy — u,(0))x~2 and B = puwx~'. Applying the Cauchy-Schwarz
inequality yields

I < ||A+ Bl12116x0x p1%| 2.

The equality can be achieved if 6,6, p1x> = c¢(A + B) for some c. Expanding
||A 4 B]|> and using Lemma A.4 with f = w and g = u, we get

A + B3 = ||AlI3 + | BI3 + 2(A, B) = ||Al3 + || B3, (2.13)

which is sharper than the trivial estimate ||A 4+ B||2 < [|Al]2 + || B]||2- The ||A| |§ term
can be further bounded by ||wx 1| |% using the L? isometry of the Hilbert transform in
Lemma A.2. The || B| |% term can be bounded by the weighted L? norm of w directly.
(3) Additional damping effect from c,. Another nonlocal term in (2.7) is ¢, =
uy(t,0) = H(w)(t, 0). Physically, the role of ¢, is to rescale the amplitude of the
blowup profile w in the original physical variable so that the magnitude of the dynamic
rescaled profile remains O (1) for all time. Thus, we expect that the dynamic rescaling
parameter c,, should also offer some stabilizing effect to the blowup profile and the
linearized system (2.7). Indeed, by deriving an ODE for c,,, we can extract an additional
damping term, which will be used to control other nonlocal terms associated with c,,.
To illustrate this idea, we consider the following model:

Model 2 for the ¢, term

30y = Cof, o =0+ cog, (2.14)

where f, g are odd and f,_g > 0 forx > 0 with fx~!, gx~! € L'. Note that the
profile satisfies that 6, — x6y,, ® — x@, are odd and positive for x > 0. This system
models the ¢, terms in (2.7) with coupling 6, in w equation by dropping other terms.
Recall

2

1
cwz——/ gd)c:——(a),x*l).
T JrR X s
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Obviously, it can be bounded by some weighted L?> norm of w using the
Cauchy-Schwarz inequality. Yet, the constant in this estimate is large. Denote A =
(f,x~ Y, B = (g, x~1). By definition, A, B > 0. We derive an ODE for c,, using the
w equation

-1 = -1 -1 2 -1 —1
at(a)7x )ZC(z)(gsx >+(GX7-x )=-;B((1),X )+(9X7-x )

We see that the c,, term in the w equation in (2.14) has a damping effect, which is
not captured by the weighted L? estimates. To handle the coupled term, we also derive
an ODE for (0, x~!) using the 6, equation

¥ (Oc, x 1) = co(fox™)y = =S Afw, x71).

1d 2
577 @ 2= —ZB(w,x N + (B, x N, x7h,
! T (2.15)
l —12__2 —1 1
500 x 712 = == Al 2w, x )
T

The (A, x ') {(w, x~!) terms in the above ODEs have cancellation. This implies
that the c,, term in the 6, equation and 6, term in the @ equation have cancellation,
which is not captured by the weighted L? estimate. We will derive similar ODEs in
the analysis of (2.7) and obtain damping term similar to — % B{w, x~ 12 in the above
ODEs, which enables us to control the c,, terms in (2.7) effectively.

(4) Estimating the u term in (2.7). To estimate the u terms in (2.7) effectively, we
have two approaches. The first approach is to exploit the cancellation between u and
w similar to that in Model 1. See Lemma A.4. The second approach is to decompose i
into the main term 1)y = cxit, and an error term g as (3.17). For i 57, we employ the
estimates on u, discussed previously. The error term i g enjoys better estimate (2.9)
and is treated as a perturbation.

(5) Obtaining sharp estimates for other interaction terms. To obtain sharper esti-
mates for anumber of quadratic interaction terms, we introduce a number of parameters
in various intermediate steps and optimize these parameters later by solving a con-
strained optimization problem. In the ODE for c,, and the weighted L? estimates, we
need to control a number of quadratic interaction terms, e.g. (@, x 1) - (6, x~1). We
treat these interaction terms as the products of projection of 6, and @ onto some low
dimensional subspaces and reduce them to some quadratic forms in a finite dimen-
sional space. This connection enables us to reduce the problem of obtaining sharp
estimates of these terms to computing the largest eigenvalue Ap,x of a matrix. We
then compute Amax as part of the constrained optimization problem to determine these
parameters and obtain a sharper upper bound in the energy estimate.
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3 Linear stability

In this section, we establish the linear stability of (3.6) in some weighted L? spaces.

3.1 Linearized operators around approximate steady state

The approximate steady state of (2.2) (9, @) we construct are odd with scaling factors
¢ =3, |G+ 1.00043212] <1078, ¢, ~ —1.

It has regularity o, 0, € C3 and decay rates 8)’;6) ~ x2l 8)’;9} ~x2i i =0,1,2
with « slightly smaller than —1/3. One can find plots of (&, 6,) (with particular
rescaling) in Figure 2 in Section 5.5. See detailed discussion in Section 4. Note that we
do not require a C> approximate steady state in our analysis, since the C3 approximate
steady state is regular enough for us to perform weighted H' estimates and establish
its nonlinear stability.

Linearizing around the approximate steady state (0, @), we obtain the equations
for the perturbation

00 + (C1x + )0y = (20 — Uy )0x + 2co — Mx)éx - Méxx + Fy + N(9)7(3 1
o + (€1x + Dwy = Euw + 0y + oo — udy + F,y + N(w), '

where the error terms Fy, F,, and the nonlinear terms N (6), N (w) read

Fy :(ZEw_ﬁx)éx_(CTIx+ﬁ)'9—XXs Fw:éx"'c_w@_(élx"'ﬁ)'&)xtsz)
N©) = 2cy — )0y — ubyy, N(w) = o — uwy. '

We consider odd initial perturbation wy, 8y, » With wp  (0) = 0, 8p,xx (0) = 0. Note
that the normalization conditions (2.3),(2.4) implies

Co=ux(0), ¢ =0, 0:x(2,0) =6 xx(0) =0, @x(z,0) = wox(0) =0,(3.3)

for the perturbation. Since w, 6y are odd, these normalization conditions imply that
near x = 0, w = O(x3), 0, = O(x?) for sufficient smooth solution. This important
property enables us to use a more singular weight in our stability analysis to extract a
larger damping coefficient.

We rewrite the ¢, and u terms as follows

ey — ux)éx - uéxx = —(uy — Uy (0))éx — (U — uy (O)x)éxx + Cw(éx - Xéxxeg 4)

Cow — Uy = —(U — U (0)x)0y + co(w — xy)

Denote A = (—A)/2. From d,u = Hw and A = 9,H, we have u(x) =
A lox) = %flog |x — ylw(y)dy. Using this notation, we get u — u,(0)x =
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—A~'w — Hw(0)x. We introduce the following linearized operators

Lo1(f.8) = —(Gx + i) fx + (28w — itx) f — (Hg — Hg(0))d;
— (—A"'g — Hg(0)x)0xx,
Loi(f.8) =—(@x +i)g: +Cug + f — (—A"'g = HeO)x)a,,  (3.5)
Lo(f.8) = Loi(f.8) + Hg(0)(Or — xOyy),
Lo(f.8) = Lo1(f.8) + Hg(0)(& — xivy).

Using these operators, we can rewrite (3.1) as follows

00y = Lo1(6x, 0) + Cw(éx - xe_xx) + Fp + N(9),

- _ 3.6)
O = L1 (O, 0) + (@ — xwx) + Fp + N(w).

Clearly, Ly, L, are the linearized operators associated to (3.1). The motivation of
introducing Lg1, L, is that the estimates of these operators will be used importantly
in both the weighted L? and weighted H' estimates.

3.2 Singular weights

For some ey, e>, e3 > 0 determined by the profile (@, ), we introduce

PV o - 3
a=axw—@+?%x&=qu—@+g%x

£ = —%x—“” — . (.7)

Following the guideline of the construction of the singular weight in [11], we design
different parts of the singular weight that have different decays as follows

Y = ! (a1x74 + a2x73) Yr= ! oeg)c*4/3

n — = = ’ - ;5 0 ’
O + x0cx + XE1 Ox + 3x0cx + xE2 (3.8)

gy =aax ™, g =asax T +ax ), ¢p =aex 3,

where the parameters are positive and chosen in (C.2), and the cutoff function x
defined in Appendix B.2 is supported in |x| > p, for po > 108. The subscripts f, 7, s
are short for far, near, singular. We use the following weights in the weighted Sobolev
estimate

Y=vYn+vr, ©=0¢s+ o+ 5. (3.9

We introduce x, &1, & and add them in the definition of v, v ¢ for the following
purposes. Firstly, recall from the beginning of Section 3.1 that 6, + cxfy, with ¢ = é
or ¢ = 3 has decay x2* which is close to x ~2/3. In particular, for sufficient large x, it

can be well approximated by ex~%/3 for some constant e. The parameters e, ¢3 in (3.7)
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are determined in this way. Secondly, in the far field, where x (x) = 1, the weights
Y, ¥y reducetoc 1x7 713, cax23 forsome ¢y, 2, respectively. These explicit powers
are much simpler than the weights in the near field and have forms similar to those
in ¢. They will be useful for the analytic estimates (see Section 3.6) and simplify the
computer-assisted verification of the estimates in the far field. We introduce &3 similar
to &1, & and it will be used later.

Remark 3.1 Since x is supported in |x| > 103 and the profile (@, 6,) decays for large
|x], we gain a small factor in the estimates of the terms involving x. Thus, the upper
bound in these estimates are very small. The reader can safely skip the technicalities
due to the x terms.

3.2.1 The form of the singular weights

We add 6,, 6., terms in the denominators in Y, ¥ r to cancel the variable coefficients
in our energy estimates. In Model 1 in Section 2.3.2, we have chosen p; = (ux6; Y o
so that we can combine the estimates of two interactions 1n (2.12). Here, we design
Y, on With a similar relation i, = lfx On, [ = Oy + x@xx + x & for the same
purpose. Similar consideration applies to ¥ 7, ¢ . See also estimates (3.18), (3.23).
This idea has been used in [7 11] for stablhty analysis.

The profile satisfies 0y + x@xx, Oy + x0 x> 0 for x > 0. The weight ¢ is of
order x> for x close to 0, Whlle itis of order x~2/3 for large x. We choose ¢ of order
x~* near 0 so that we can apply the sharp weighted estimates in Lemma A.8 to control
u, and u.

We will use the following notations repeatedly

A2 u—u,0)x, fy=ux—uc0). (3.10)

3.3 Weighted L? estimates
Performing weighted L? estimates on (3.6) with weights ¥, ¢, we obtain

1; (Ox, Oxr) = (Lg10x, OxY) + Cor x—Xéxx,exlﬂ)-l—(N(Q),leﬁ)—i-(Fg,QxW)

= (= (@x + DOur. 0:9) + (28 — 1605, 6:))

(= (0 = 1O + 1 = 12 O)X) e, 6:) + (s = xB, 6,9))
+ (N(), 0c¥) + (Fp, 0,) 2 D1 + Q1 + Ny + Fy,
1%«0, 0p) = (L1, 09) + Co(@x — Xoxr, 0:0) + (N(@), 09) + (Fu, 0p)
= (= (@x + Do, 09) + @, 09)) + (0, 09) = (@ = 1011y, 09)

+Co(® = XBr, 09) ) + (N (@), 09) + (Fo 00) 2 Dy + 02 + Na + Fo.
(3.11)
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Our goal in the remaining part of this Section is to establish an estimate similar to
Di+3D2 + Q1 + 2102 < —c(10:¥' 213 + Millwp 2113, (3.12)

for some A1 > 0 with ¢ > 0 as large as possible. This implies the linear stability
of (3.6) with N;, F; = 0 in the energy norm |6, !/?([3 4 A1]|wg!/?||3. The actual
estimate is slightly more complicated and we will add cfo, (6, x~1? to the energy.
We ignore the term c,, and (6, x 12 for now to illustrate the main ideas. See (3.57).

The Dy, D; terms only involve the local terms about 6, @ and we treat them as
damping terms. The Q; term denotes the quadratic terms other than D; in the weighted
L? estimates; The N; and F; terms represent the nonlinear terms and error terms in
(3.6).

For Dy, D,, performing integration by parts on the transport term, we obtain

Dy = (Dg,02Y), Dz = (D, »*¢), (3.13)

where Dg, D, are given by

| _ _ _ 1 _ _
Dy = —((ci1x +)¥)x +2¢y —y, Dy =—((c1x +u)p)y + Co.
2y 2¢

We will verify that Dg, D, < —c < 0 for some constant ¢ > 0 in (D.4), Appendix D.
The weight v in (3.9) involves three parameters o1, o2, o3. We choose the approximate
values of o; with ; > 0 so that Dy < —c with c as large as possible and varies slowly.
This enables us to obtain a large damping coefficient. After we choose «1, a2, a3, we
choose positive a4, o5 and o in the weight ¢ in (3.9) so that D, < —cy with ¢ as
large as possible and varies slowly. The final values are given in (C.2). See also Figure
1 for plots of the grid point values of Dy, D,,.
Using the notations in (3.10), we can rewrite Q1 + A1 Q2 as follows

Q1 +1002= _<ﬁx9_x + ﬁéxx» 0xY) + A{w, Oy ) — A (i@, W)

_ _ _ _ (3.14)
+ col{(Ox — x0xx), Ox W) + Aico (@ — x@y), wp).

The terms in Q1 + A1 Q7 are the interactions among u, w, 6, and do not have a
favorable sign. Our goal is to prove that they are perturbation to the damping terms
D1, D; and establish (3.12). This is challenging since the coefficients of the quadratic
terms in Q1 + A1 Q7 and in D; are comparable.

3.3.1 Decompositions on Q;
Recall different parts of the weights in (3.8). They provide a natural decomposition of

the global interaction among u, w, 6y into the near field and the far field interaction.
We have a straightforward partition of unity

U YT =L e e e = 1 (3.15)
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According to different singular orders and decay rates of the weights in (3.8),
V!, e~ are mainly supported in the far field, ¥, ! in the near field, g, ¢!
near |x| ~ 1, and gy ~! near 0. Next, we decompose the interaction using these
weights. Using ¥ = ¥ ¢ + ¥, we get

_(ﬁxéx» o) = _<ﬂx(9—x + x&1), Ox¥n)
_(ﬁx(éx + x62), 0x¥p) + (ux x G1¥n + &2 1), Ox).

We decompose the first two terms on the right hand side of (3.14) as follows
- <ﬁx9_x + ﬁéxx, O0x¥) + Ai{w, 0x¢)
= (= (s + 82 + Wx, 6:7) + 31 (0r 00))

(= @O + X8 + W, 6:v) + 21 (65, 090)) + 2161, 0)
+ (i x E1ym + %_21»”]”), Ox) £ If + 1y + I + 1.

(3.16)

The subscripts f, n, s, r are short for far, near, singular, remainder. Denote 1, =
—A1{Uidy, wep) in (3.14). The main terms in (3.14) are I 7, I, and I;. From the above
discussion on (3.15), the interactions in I, I ¢, I; are mainly supported in different
regions. Since # depends on w linearly, I,,,, can be seen as the interaction between w
and itself. This type of interaction is different from 1, I, I;. Since ¢, = u,(0) =
—1 [ wdx, the terms ¢, (Ox — x0yx), Ox W), Aicw((@ — x@y), w@) in (3.14) are the
projections of w, 8, onto some rank-1 space. The estimate of the c,, terms is smaller
than that of I, I7, I, Iy,. The term 1, is very small compared to other terms and
will be estimated directly.

We will exploit the structure of the interactions in (3.14) using the above important
decompositions.

3.4 Outline of the estimates

In order to establish the weighted L? estimates similar to (3.12), we first develop sharp
estimates on each term in the above decomposition. In these estimates, we introduce
several parameters, when we apply the Cauchy-Schwarz or Young’s inequality. These
parameters are important in our estimates. Since the coefficients in the damping term
Dy, Dy (3.13) are relative small, we can treat the interaction term as perturbation to
the damping term using the energy estimates, only for certain range of parameters.
See more discussion in Remark 3.3. Thus, the upper bound in these estimates depend
on several parameters. Then, using these estimates, we reduce the estimate similar to
(3.12) to some inequality constraints on the parameters with explicit coefficients. See
(3.40) for an example. Finally, to obtain an overall sharp energy estimate, e.g. (3.12)
with ¢ > 0 as large as possible, we determine these parameters guided by solving a
constrained optimization problem.

In our energy estimates, to obtain the sharp weighted estimates of xu,, u with
singular weight x =27 by applying Lemma A.8, we can only use a few exponents
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p=3,2, % Thus, we need to perform the energy estimates very carefully. The linear
combinations of different powers in Lemma A.8, e.g. ax ~*4 Bx 2, plays arole similar
to that of interpolating different singular weights, e.g. x ~*, x 2. It enables us to obtain
sharp weighted estimates with singular weight x ~2¢ and intermediate exponent g. In
our weighted estimates of u,, u, we choose some weights with a few parameters, see
e.g. (3.33). Moreover, to generalize the cancellations and estimates in the Model 1 in
Section 2.3.2 to the more complicated linearized system (2.7), we also need to perform
the energy estimates carefully so that we can apply the cancellation in Lemma A.4.

3.5 Estimates of the interaction in the near field /,,

We use ideas in Model 1 in Section 2.3.2 to estimate the main term introduced below
and ideas in Section 2.3.2 to estimate u.

Firstly, we choose ¢ = % in the decomposition 2.8 u = %xﬁx +u— %xﬁx, and
decompose i, (O + x 1) + 0y, into the main term M and the remainder R as follows

- g g - [ S
Uy (Or + x&1) + ubyx = 1, (0 + X + x&1) + (4 — guxx)exx £ M+TR.

(3.17)

| —

This term also appears in Iy and we will use another decomposition in Section 3.6.
Recall I, in (3.16). Using the above decomposition, we yield

Iy = —(itx (bx + x&1) + 0y, Ox¥n) + Ao, Oxgn)
= (= M Ouv) + 21, c00) ) + (=R, Oc) 2 Ly + I

The estimates of /x4 are similar to that in Model 1 in Section 2.3.2. Recall the
formulas of v,,, ¢, in (3.8). Using Young’s inequality ab < ra® + %bz for 1, > 0,
we obtain

I = — (i, Ox(@ax 2 4+ a1x ™) + (@, O ks (x ™2 + ajx ™)

= (—ﬂxx*2 + Alaswxfl, Qx(ozzx*l + Ol1x72)> (3.18)
1

0 -1 -2y12.
4t2||x(0l2)6 +a1x )3

< || — it x "2 + Masox 3 +

Remark 3.2 We design the special form v, in (3.8) so that the denominator in v, and
the coefficient 6, + %éxxx + x&; in M cancel each other. This allows us to obtain
a desirable term of the form J £ —ii,x 2 + Ajaswx . The term t2||J||% in (3.18)
is a quadratic form in w, where we can exploit the cancellation between i, and w to
obtain a sharp estimate. See Model 1 for the motivation.
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Using the weighted estimate in Lemma A.8 and Lemma A.4 with f = wand g = u,
we get

ol = iixx 2 + asox 13 = 1o (llixx 213 = 21as (i, o) + (xwes>2|\cwf1||%)(3 10
= (Jlox 213 + (a5 ller ! B) = (0? a7 + Guas) % ?)

The cancellation is exactly the same as (2.13) in Model 1. For I, using Young’s
inequality ab < 1a® + Aﬁzzlﬂ, (2.9) with p = 3 and the weighted estimate in Lemma
A.8, we obtain

I 1. _ 1 _
IR = (i — =i X)0xx, W) < t0|(@ — —iixx)x |13 + — X3 0x ¥ubs |3
5 5 4tyo

1593 _ 1 -
= Jiixx ||%+ ||x39xan9 12 = 22 jox 212 + —— 1038 ybs 2.
25 4t22

25
(3.20)

The remainder Iz is much smaller than 7, since we get a small factor 5—— 2p 7= %
from (2.9). Combining the above estimates, we establish the estimate for I, = Iy +

Iz

t
I, < <a)2, nx 4 22; 4 h(has)x >
1 1 -
o2 @t (Paa)Y). G2D)
41 412

Remark 3.3 If we neglect other terms in (3.14) except I,, a necessary condition for
(3.12) is

Iy + Dy + 2Dy < —c([16:¥ 212 + M1l ?113) (3.22)

with ¢ > 0, where Dy, D, are the damping terms in (3.13). We cannot determine
the ratio 1| between two norms and #; in Young’s inequality without using the profile
(0, @). For example, if we use equal weights A\; = 1,10 = 1) = 7> We cannot apply
estimate (3.21) to establish (3.22) even with ¢ = 0. Therefore, we introduce several
parameters, especially when we apply Young’s inequality. At this step, we do not fix
A1, tij such that the subproblem (3.22) holds with ¢ > 0 as large as possible. In fact,
such parameters may not be ideal for (3.12) since the final energy estimate involves
other terms in (3.12),(3.14) to be estimated later on. Instead, we identify the ranges
A1 € [0.31,0.33], 1, € [5,5.8], trp € [13, 14], such that a weaker version of (3.22)
with ¢ = 0.01 holds with the estimate (3.21) on [I,,. See Appendix D.1 for rigorous
verification. Similarly, we will obtain the ranges of other parameters ¢; introduced in
later estimates. We will determine the values of A1, ;; in these ranges by combining
the estimates of /7, I, and other terms in (3.14).

The estimates (3.18), (3.19) on the main term is crucial. If we estimate two inner
products separately without using the cancellation between i, w in Lemma A.4 with
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f = wand g = u, we would fail to establish (3.22) even with ¢ = 0 since the damping
term D; is relatively small.

Remark 3.4 Several key ideas in the above estimates will be used repeatedly later.
Firstly, we will perform decompositions on # into the main term and the remainder
similar to (3.17). Secondly, we will use Lemmas A.4, A.5 to estimate the inner prod-
uct between # and w similar to (3.19). Thirdly, we will use Lemma A.8 to estimate
weighted norms of i, u similar to (3.19).

3.6 Estimates of the interaction in the far field I

We use ideas and estimates similar to that of I, to estimate /. The main difference
is that to estimate the inner product between i, and w, instead of using Lemma A.4,
we will use Lemma A.5. See estimates (3.18) and (3.23).

Firstly, we choose ¢ = % in (2.8) and decompose iy (9 + x &) + itby, into the
main term M and the remainder R as follows

- - .- 3 - .3 . -
uy(Ox + x&2) + by = 1,0 + 7)69,” + x6) + (u — ?xux)exx £ M+TR.

We choose ¢ = %, which is different from that in (2.8), since we will apply (2.9) with
a different power p later. Recall I in (3.16). The above formula implies

Iy = —(itzOr + x&2) + i, 0V p) + 21 (B, 0py)
= (= M6+ 21(0. 6:00) ) + (=R, 0:8p) 2 Ing + I

Recall the weights ¥ ¢, ¢ ¢ in (3.8). Using Young’s inequality a - b < na*+ ﬁbz
for some #; > 0 to be determined, we obtain

Ing = (—esitex ™7 4 djaswx ™3, 0;) = (—oziix ™ + Magox ™', 0,x715)
S _ 1 B
< nill = asilax™ + e Pl + - l10exT I Lug + I

(3.23)

We design the special form v in (3.8) to obtain a desirable term of the form
—a3ii x4 Ajagwx /3. See also Remark 3.2. We further estimate In.1. Applying
Lemma A.8 and Lemma A.5, we derive

Iner = t1(leiiex '3 — 203 h 106 (fiy, wx~43) + (hiae)?|lwx™13]13)

_ 2030106, . _ _ _
2 12 232 23,12 2 1/32
=11 = 22 i1 = llow 1) + Gaellox™ 1D (3 59
2 2 2, 3MOs 43 2 —2/3,  HO3AMA6 530
=tj{w”, 03x" " + ———x + (Rae) x 7)) = ———luxx "3,
} V3 N ?
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Remark 3.5 The negative sign in —#1 234 a6 (il , X —4/3Y in (3.24) is crucial. Firstly,
we can bound the positive term % [|wx~2/3||5 derived from the identity in Lemma

A.5 directly without an overestimate. Secondly, — % lliixx~2/3]|3 from the same

identity provides a good quantity that allows us to control the weighted norm of i, i,
with a slowly decaying weight using Lemma A.8.

We introduce D, to denote the parameter in (3.24)

fHaziiag

) = Lshide, 3.25
7 (3.25)

We use Young’s inequality ab < ta*+ ﬁbz for some t12 > 0 and (2.9) with p = %

to estimate I directly

.3 . - _ 3. _ 1 _
IR = —((ii — Sxiix), Oex ¥ £0x) < ti2)|(it — St x)x 3|3 + —— 10 fOrc x> |13
7 7 4t1n
0 | (3.26)
~ —2/32 n 5/3,2
=12 o5 lliex / 114 s 16V B3

The remainder I is smaller since we get a factor ﬁ = ; from (2.9).
Combining the above estimates, we obtain the estimate of Iy = Iaq1 +Ip 0+ IR

2 72+°‘3)‘10‘6x74/3

Iy §t1<a)2, azx + (k1a6)2x72/3)

V3 (3.27)

1 1 - 9
2 -2/3 5/32 - _2/32
{02 x4 g ™) = (Du = g )13

Similar to the discussion in Remark 3.3, in order for Iy + Dy + Dy <
—c([10:9" 2112 + r1llwp'/?113) with ¢ = 0.01, we can choose #; € [1.2,1.4], 11> €
[0.55, 0.65]. See Appendix D.1 for the verification.

3.7 Estimates of the interaction with the most singular weight /;

Recall I, in (3.16) and v/, = aux~* in (3.8). Using Young’s inequality ab < t4a® +
31; 0% for 14 > 0, we yield

2 73>+ ()¥1()l4)2

Iy = A0, 0r05) = Aag(o, x4 < 14(0?, x " (62, x73).(3.28)
4

X

In order for Iy + Dy + Dy < —c(||0x¥ 2]z + A1l|op!/2]3) with ¢ = 0.01, we
can choose #4 € [3,5]. See Appendix D.1 for the verification. We do not combine
estimates of I; with the estimates for the interaction between # and 6, in Section 3.5
since the weight x ~# is too singular. In fact, to apply estimate similar to that in (2.12)
in Model 1, the weight for 6, near O is 2 order more singular than that of w. In this
case, it is of order x ~® near 0 and more singular than 1.
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3.8 Estimates of the interaction v and w

Firstly, we rewrite —X| (i1, @ywe) in (3.14) by decomposing @, into the main term
wy + x &3 and the error term &3

Liw & —h1il, Oy0@) = =i (it (&r + xE)0@) + Ai{i, xE30¢0) £ T + 1.
(3.29)

We will estimate /,, in Section 3.9 and show that it is very small. See also Remark

3.1.
Difficulty The main difficulty in establishing a sharp estimate for J is the slow decay
of the coefficient (wy + x&3)¢. A straightforward estimate similar to (3.26) yields
[J]| < Mllux"P||2]|@xwpx?]|2. In view of the weighted estimate in Lemma A.8, we
have effective estimates of (# — u,(0)x)x~? for exponent p = 3,2 or % In order to
further control ||@,wex?||2 by the weighted L? norm ||wg'/?||», we cannot choose
p = 3 or p = 2 due to the fast growth of x? for large |x|. On the other hand, if
we choose p = %, the resulting constant 431_3 in Lemma A.8 is much larger than the
constant 24—5, g corresponding to p = 3, p = 2.

To overcome this difficulty, we exploit the cancellations between # and w in both
the near field and the far field, which is similar to that in the estimate of I,,, Iy. We
decompose the coefficient (wy + x £3)¢ in J into the main terms M; and the remainder
’Cuw

- 1 -2 —4 - 1 -2 —4
(0x + x&3)p = —3€306X +Tx" 4 ((wx + x&)e + 36306X " — T1x )
A2 M+ M+ Kuws (3.30)

where e3, o are defined in (3.7) and (3.8) and 7; > 0 is some parameter.

Let us motivate the above decomposition. From the definitions of &3, ¢ in (3.7)-(3.9)
and the discussion therein, we have @, + x&3 ~ —%e3x’4/ 3, @~ agx 23 for some
e3, ae > 0 and large |x|. Thus, (@x + x&3)¢ can be approximated by —%636(6){'_2 for
large |x|. Since ¢ ~ asx 4 and &, ~ 0, (0) > Onear0, (O, + x&3)@ is approximated
by 71x~% for some 7; > 0 in the near field.

Using the above formula, we can decompose J as follows

J = —hu, (@x + x&)op) = —ri{u, Mio) — A (u, Mrow)
_)L1<ﬁv Icuww> = vy + v + IR

To estimate the main terms, we use cancellations in Lemma A.4. Using izt = u—u, (0)x
defined in (3.10), —uy(0)(x, wx~2) = %”)2; (0) and Lemma A.4 with f = w and
g = u, we get

] Aesg Alesag T

M = T(ﬂ,wx_z) =

Aesag U U
0)2 — &%\ 1y
3 2O 3 AT
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where A = (—8%)1/ 2. We denote by A(u) the right hand side of the above equation

A AlE 30(671 AMe3og U u
uy(0)? — =2(A =, —). (3.31)
3 3 X X

Al 2

Since e3agr; > 0 and (AT, %) > 0, the second term in A(u) is a good term and
we will use it in the weighted H! estimate.

Although 7, is a quadratic form on w, it does not have a good sign similar to the
identities in Lemma A.4. Yet, we can approximate & by i, using (2.8) and then use
the cancellation between i, and w. Choosing ¢ = % in 2.8 and using the cancellation
in Lemma A.4 with f = w and g = u, we obtain

- .1 _
Iymo = (i, x o) = —riT (i — guxx, wx ™)

u
—X1T1(?x,wx_3) = —ATi (it

The form it — %ﬂxx allows us to gain a small factor % using (2.9) with p = 3. Using
Young’s inequality ab < ca’® + 41—6192, (2.9) with p = 3 and Lemma A.8, we obtain

O N 1 1,2
Ipmn < Mt 134 (6 u)x 75+ —|lox™ 15
5 At34

Ba, - o0 1 —12
= tari (el 213 + 7 llox ™' 113)

25 4t34
= n(Efor 213+ T llox 1) = himfo?, Zet g x?)
25 27 Ay 2 ' 25 4ty I
(3.32)
for some t34 > 0. For 31, 130 > 0 to be defined, we denote
Syl =t31x 0+ tpx 421077571073, (3.33)

We estimate I directly using Young’s inequality and the weighted estimate in
Lemma A.8

1/2 1/2
IR = = (il, Kuwo) < 21(|ES)] ||2+—||S PKuwol3)
Atz _ 4t22 _ 361 o
2 4 2 5 2/312
91(0),3)6 + o lCuw L,1)+F 2107 ja.x 2R3,

(3.34)

where IC,,, in defined (3.30).

Remark 3.6 From (3.7),(3.8) and (3.9), we have asymptotically K., ~ Cx~* for x
close to 0. The slowly decaying part in Ky, is given by f = (@, + x&3)aex 2> +

%e3a6x_2 = (I — x)(x + %egx_4/3)a6x_2/3. In the support of 1 — x, since
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—%e3x’4/ 3 approximates @y, f can be approximated by cx’ with some very small

constant ¢. We add x~°,2 - 1079x~10/3 jn §,,; so that K%w ul can be bounded by ¢.
We also add the power x % in S| to obtain a sharper estimate. See also Remark 3.3
for the discussion on the parameters.

Combining the above estimates on /4;, IR, we prove

4t 4t
Ljw=J4+ 12 < Al(wz, Bl + 122 + - K%w 1 Iy fl(ﬂx74 —x72)>
25 9 Su 4134
(3.35)
T2h ~ 232
+A®) + 9 107 Jiixx 15+ Ir2.

The term I, was not estimated and we keep it on both sides. We can determine
the ranges of parameters 731, 132, 134, 7] sothat J + D; + Dy < —O.Ol(||9xw]/2||2 +
Ml 213).

3.9 Estimates of the /1, /2
Recall /;1, 2 in (3.16) and (3.29). Since x is supported in the far field |x| > pp > 108

and the profile (w, 6, ) decays, we can get a small factor in the estimate of these terms.
We establish the following estimate in Appendix B.2

[L1] + 112l < (Gg, 02) + (G, @) + Gec2, (3.36)
where Gy, G, G, are given by

Alxgsx 1291213

XE Y+ 807 Ge= : 102,

— 1010 .

Q2 +/3)?
4

10° 6112+ +/3
Gy = 10710x =43 1 1075x 723 + T(%‘/_))Z(x““xgwf +10 % .

(3.37)

These functions are very small compared to the weights ¢, ¥ (3.8)-(3.9). We focus on
a typical term Gy to illustrate the smallness. From (3.7)-(3.8), for large lx[, &, vr, ¥
have decay rate x~%/3, 1, has a decay rate at least x 2. For 9! Ox, we recall from
the beginning of Sectlon 3.1 that it has decay rate x°*~! with « slightly smaller
than —%. Thus |y (&1, + égl/ff)|2/w has decay rate x~2. Since x is supported in
|x| > p2 > 108, we get a small factor x 21y~ , < 107!, which absorbs the large
constant 10'% in Gy. Therefore, Gy is very small compared to .

3.10 Summary: estimates of Lg1, L1

Recall Lg1, L4 in (3.11), the quadratic terms in (3.11), (3.14). Combining (3.13),
(3.27),(3.21), (3.28), (3.35) and (3.36), we obtain the estimate on Lg1, L1
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(Lo10x, 0x¥) + A (Lo, 0p) < (Dg + Agy ", 029) + (1 Dy + Awp ™", 0?p)
9 72X _ -

—~(Du = g5tz = g 107 ) lix P + 4@ + Geel, (3.38)
where A(u) is defined in (3.31), Dy, t2 are given in (C.2), and the Ay, A,, terms are
the sum of the integrals of w?, #2 in the upper bounds in (3.27),(3.21), (3.28), (3.36)
given by

1 _ 1 - 1 _ B 1 i}
Ap & —x 2/3+—(wfexxx5/3>2 + [ —x ™ Farx™H? + — (30 )
4t 4t 4t 4tr)

Aoa)?
(Mag) 54 Gy,
4ty
A t
Ap 21 (Ol%)fz + L\/%%xfém + 0\1016)2)572/3) + (tzx74 + 22§ b h(aas)?x T )

dt31 4 4132 2 134 o 1
t A IC — Ggy.
+14x" 4 1<25x + — 9 + o ul 25 +4[34x + Gy
(3.39)

In the previous estimates, we have obtained the ranges of #;; such that / + D1+ D; <
—0.01(/10x ¥ '/2113 + Allwg'/?||3) for several terms I in (3.14), e.g. [ = Iy, I,. We
further determine the approximate values of A1, #;; so that

Dy + Ay ' < —¢, AMDy+ Awp! < —hic (3.40)

with ¢ > 0 as large as possible. The functions in (3.40) depend on the parameters
and other explicit functions. The above task is equivalent to solving a constrainted
optimization problem by maximizing c, subject to the constraints (3.40)and A1, #;; > 0
within an interval that we have determined.

Estimates (3.38), (3.40) imply the linear stability estimate (3.12) up to the ¢, terms
in (3.14), A(u) (3.31) and Gccfo. In Section 3.11, we further control these ¢, terms. The
estimate of these ¢, terms are small. We will perturb A1, #;; around their approximate
values and finalize the choices of A1, #;;. The final values of these parameters are given
in (C.2), (C.3).

The main reasons that we can establish (3.40) are the followings. Firstly, we exploit
several cancellations using Lemma A.8 and apply sharp weighted estimates in Lemma
A.8to estimate the nonlocal terms. Secondly, we have I+ D1+ D> < —c (|0 172 | |%+
Mllwp!/?[13) for I being the main terms in (3.14), i.e. I = Iy, I, or I,. Thirdly, the
interactions in /¢, I, Iy are mainly supported in different regions. See the discussion
after (3.16). Finally, the main term in [, is estimated using several cancellations.

To illustrate that the inequalities in (3.40) can actually be achieved, we plot in
Figure 1 the grid point values of the functions —Dy — Agyy ' and =1 D, — A, ™!
for x € [0, 40] with the parameters Ay, ¢;; given in (C.2), (C.3). It is shown that
their grid point values are all positive and uniformly bounded away from 0. In fact,
the minimum of the grid point values of —Dy — Agy~! is above 0.032 and that of
—x Dy — Apg ™! is above 0.054.
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0.9 0.6

——Dy T T
——\D.
087*146/1!’ 05 A }Lp 4
0.7H —Dy — Aﬂ/'w w
06k 04| -MD, — Ay/e |

Fig. 1 Left : Grid point values of —Dyg, Ag 1//_1 and —Dy — Agl//_l for x € [0, 40]. Right: Those of
—A1 Do, Apd~V and =1 Doy — A~ (with A = 0.32)

Estimate (3.38) on Lg1, L, is important and we will use it in Section 5 to establish
the weighted H' estimates.

3.11 Estimate of the ¢, term

We use the idea in Model 2 in Section 2.3.2 to obtain the damping term for ¢, by
deriving the ODE:s for cZ) and (6, x—1)2. We introduce some notations

_ _ — 1
do = (0. x7"), dg & (Oc.x7"), dlgx 2 HO:, ua=ii — Sibex. (341)
3.11.1 Derivation of the ODEs
Recall ¢, = u,(0) = —% f0+°° %dx from (3.3). Using a derivation similar to that in

Model 2 in Section 2.3.2, , we derive the following ODE in Appendix B.3

1dmn T o _ X hwy + uw
—— 2 = (G + i (0))c2 + cwf — dx
2dt 2 2 0 X
© F. 4 N) (3.42)
— Cpdp — wa 2 x
0 X

The ODE for dg (B.5)is derived similarly in Appendix B.3.1. There is a cancellation
between these two ODEs, which is captured by Model 2 in Section 2.3.2. To exploit
this cancellation, we combine two ODEs and derive the following ODE in Appendix
B.3 with A, A3 > 0 to be chosen

1d Mmm
571 22 2 + hadd) = —<cw + it (0)c2 4 28ph3d3 + To + Rope, (3:43)

where 7 is the sum of the quadratic terms that do not have a fixed sign

— (A2 — A3dp)cwdy + racw(w, fr) — A3do (Ox, fo) + Asdo(w, fi)

4 1 (3.44)
+ Aaco(uax™, f3) — Azdg{upax", f9),
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up isdefined in (3.41), f; defined in (B.2) are some functions depending on the profile
(w, 0), and R pEg is the sum of the remaining terms in the ODEs given by

RODE 2 —2Co(Fup+ N(@), x™V) + A3ds (Fg + N©),x71).  (3.45)

Since the approximate steady state satisfies ¢, < 0, u,(0) < O, "T)“z (Co+uyx (O))c?U
and 25wA3d92 in (3.43) are damping terms.

3.11.2 Derivation of the 7 term

Let us explain how we obtain (3.43). The ODEs of ci, d92 ((3.42) and (B.5)) involves
the integrals of the nonlocal terms u, uy in the form of (i, f) or (i,, g) for some
functions f, g. To estimate these terms effectively, we use the antisymmetry property
of the Hilbert transform in Lemma A.3 to transform these terms into integrals of w.
We first consider (ii,, g) and (uy, g). Using u, = Hw, %"(O) = H (%) and Lemma
A.3, we get

(ur.8) = (Ho. §) = —(. Hg). (ir.g) = (H (7). xg) = ~(. H(xg)). (3.46)

For (u, f), we first approximate f by p, for some function p and then perform a
decomposition u = cxiiy + (u — cxii,). We obtain

<ﬁv f) =<’2’Px>+<ﬁ’f_Px> =<L~"Px)+<cx’2x»f_l7x>
+(i — cxity, f — px) é]l‘f‘]2‘i‘]3~

The last term enjoys much better estimate than (iz, /) due to (2.9) and the fact that
f — py is much smaller than f. For Iy, I», using integration by parts, we get

It + I = (ux, —p +cx(f — px)).

Using (3.46), we can further rewrite the above term as an integral of w.

In addition, we introduce the function f; to simplify the integrals of w, 6. These
derivations lead to the 7y term. We refer the details to Appendix B.3.

We remain to estimate the ¢, terms in (3.11) in the weighted L? estimates and
f3, fy that are defined in (B.2). We combine 7 and these c,, terms, and define

T= To +Cw(éx - Xéxx, 0x¥) + Acw({w — xwx, wp)
=Ty + colw, f3) +cwlbx, f7). (3.47)

In the weighted L? estimates, it remains to estimate 7". Though each term in 7 can
be estimated by the weighted L? norms of w, 0, and cZ), (0, x~1)? using the Cauchy-
Schwarz inequality, these straightforward estimates do not lead to sharp estimates
since these Cauchy-Schwarz inequalities do not achieve (or are close to) equalities for
the same functions. We use the optimal-constant argument in [11] to obtain a sharp
estimate on 7.
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3.11.3 Sharp estimates on 7~

For positive 71, T>, T3 € C(R4) and positive parameter s1, s» > 0 to be determined,
we consider the following inequality with sharp constant C,,

1/2 12

1/2
T < Copi(lloT}?113 + 116, T, /

70N
I3+ T3 15 + 5165+ 52d5), (3.48)
where u A is defined in (3.41). We define several functions

12

1/2 —1p1/2
X =ol}?, Y=6T,7 Z=usx"1)"?

2 -1 —1/2 —1/2 —1/2
s1=—77 TV g = AT g = BT ga = fat (3.49)

e1/2 ~12 —1,2 —12 —172
gs=x""'T, /786:f6T2 /,g7=f7T2 /,g8=f8T3 /,g9=f9T3 2

Notice that each term in (3.44) and (3.47) can be seen as the projection of X, Y, Z
onto some function g;. For example, c,,, dyp can be written as follows

2 [*w 9
cw=ux<0>=—;/0 Car=(x.q0). d(a:/o Har =7, gs).

Using the definition of 7 in (3.44), (3.47) and the functions in (3.49), we rewrite
(3.48) as

T =X, 11X, g3) + (X, a1(Y, g7)
— (2 — 23da) (X, g1)(Y, gs5) + A2 (X, g1)(X, g2)
— 13(Y, gs)(Y, g6) + A3(Y, gs)(X, ga)+ (3.50)
M(X, g1)(Z, g8) — A3(Y, g5)(Z, g9)
<Copr (IXI13+ Y13 +11Z13 + s1(X, g1)* + 52(Y . g5)%).

We project X, Y, Z onto the following finite dimensional spaces

X € span{gi, g2, g3, 84} = £1, Y € span{gs, g6, g7} = T2,
Z € span{gs, go} = X3, (3.51)

which only makes the right hand side of (3.50) smaller. Then (3.50) completely reduces
to an optimization problem on the finite dimensional space. Using the optimal-constant
argument in [11], we obtain

Capt = )\max(D_l/zMs D_l/z)’
where D, M, defined in (B.14) are symmetric matrices with entries determined by

the inner products among g;. In particular, C,), can be computed rigorously and we
present the details in Appendix B.5.
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3.12 Summary of the estimates

Recall the ¢, terms in (3.11), the operators in (3.5). Combining (3.38), (3.44) and
(3.47), we yield

(Loby, 0x¥) + M {Lyw, W) + Ty = (Lo10x, Ox¥r) + A {Lw, wp) + T

< (Dg + Apy ™", 020) + (M Doy + Awp ™!, 0?9) (3.52)
9 T2A U
B (Du o2~ Wl ' IO_S)HMM PIR+T +Aw) +Geepy 2.

We use the remaining damping of w, 6y, ity and the argument in Section 3.11.3 to
control 7. In (B.16), Appendix B.6, we define T; > 0, s; > 0 that are used to compute
the upper bound of C,,; < 1 in (3.48). These functions and scalars are essentially
determined by four parameters 1>, A3, «, tg; > 0. Using the estimate (3.48), we obtain

1/2 1/2 UA 172
T < |loT}*113 + 116, T,/ ||§+||7T3/ 1B+ 512 + 52d3. (3.53)
The u o term can be further bounded by ||iZ,x ~%/3||5 and ||wx ~2||, similar to (3.34),

which is established in (B.19) in Appendix B.6. Plugging (B.19) and (3.53) in (3.52),
we obtain

J < —k)l0:9 213 — knllwe 213 + (51 + Goel,
+s2d3 — 107 it x 233 + Au), (3.54)

for « > 0 determined in Appendix C. The details are elementary and presented in
Appendix B.6. For A2, A3 > 0 given in (C.3), we define the weighted L? energy

T 4 _ _
E}(by, 0) = ||9xw‘/2||%+x1||ww”2||%+A25 o, x D2 42300, x 72
(3.53)
Note that %(a), x_l) = —uy(0) = —c, (3.3). Recall the relations of different oper-

ators in (3.5). Combining the equations (3.11), (3.43) and using the estimates (3.52)
and (3.54), we establish

1d

ME%(& w) = (Loby, Ox) + M {Lopw, 09) + T

TAy B _
+ Tz(cw + it (0))c2 + 26, 03d2 + R 2
< —kc |10 2113 — kallwe' 2113 — 1070 |dx 2313 + Aw)

A _ 2 - 2
+ (F52 @0+ 1 (0) 451 4 Ge )l + Qs + 5205 + Ry,
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where R is given by
RLzéN1+F1+)\1N2+)»1F2+RODE (3.56)

and N;, F; are defined in (3.11) and Ropg in (3.45). Recall A(u) in (3.31), ¢, =
u,(0). Using the definitions of s; in (B.16), we get

TA1€306

Ay _ _ _
72(Cw+ux(0))+sl+Gc+ o = e 52+ 2Cph3 = —KA3,

for ¢, , & > 0 determined in Appendix C. Hence, we obtain

A2 - 2 - 2
AW + (752 @o + 1 (0) + 51 + Ge )l + (2euhs + 52)d;
A
= —rcwci — K)\3d92 _ L% (AZ, Z).
X X

Therefore, we obtain

d
55’512(9’ w) < 1602113 — ichl|lop' %13

AMe3og U U .
oA ) 537
X X
2 2 A
— Ve, Cop —kM3dy +Rp2 = Q+ Ry,

— 1070, x 233 -

These parameters satisfy ., > F«Az. Thus (3.57) implies

d
EE1512(9,@ < —kE}0,0) +R;2, (3.58)

and we establish the linear stability. See also (3.12). Compared to (3.58), (3.57) con-
tains extra damping terms —||iZ, x ~%/3| |%, —(A%, ¢)and —(rc, — %Klz)ci. We choose
e, > K%)\,z and keep these terms in (3.57) mainly to obtain sharper constants in our
later weighted H' estimates.

3.13 From linear stability to nonlinear stability with rigorous verification

In this subsection, we describe some main ideas how to go from linear stability to
nonlinear stability with computer-assisted proof.

(1) As we discuss at the beginning of Section 2, the most challenging and essential
part in the proof is the weighted L? linear stability analysis established in Section 3,
since there is no small parameter and the linearized equations (2.7) are complicated.

(2) The weighted L? linear stability estimates can be seen as a-priori estimates
on the perturbation, and we proceed to perform higher order energy estimates in a
similar manner and establish the nonlinear energy estimate for some energy E(¢) of
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the perturbation

d 5 3y 2
th <CE MES + ¢E. (3.59)

Here, —AE? with A > 0 comes from the linear stability, C E3 with some constant
C(®,0) > 0 controls the nonlinear terms, and ¢ is the weighted norm of the residual
error of the approximate steady state. See more details in Section 5. To close the
bootstrap argument E (1) < E* with some threshold E* > 0, a sufficient condition is
that ¢ < ¢* = A2/(4C), which provides an upper bound on the required accuracy of
the approximate steady state.

The essential parts of the estimates in (1), (2) are established based on the grid point
values of (@, ) constructed using a moderate fine mesh. These parts do not involve
the lengthy rigorous verification in the Supplementary Material [10]. These estimates
already provide a strong evidence of nonlinear stability.

A significant difference from this step and step (1) is that we have a small parameter
e. As long as ¢ is sufficiently small, thanks to the damping term —A E? established in
step (1), we can afford a large constant C (®, ) in the estimate of the nonlinear terms
and close the nonlinear estimates. We can complete all the nonlinear estimates in this
step.

(3) We follow the general approach in [11] to construct an approximate steady state
with residual error below a required level ¢*. To achieve the desired accuracy, the
construction is typically done by solving (2.2) for a sufficiently long time using a fine
mesh. The difficulty of the construction depends on the target accuracy &*, and we
refer to Section 4 for more discussion on the new difficulty and the construction of the
approximate steady state for the HL model. Here, the mesh size plays a role similar to
a small parameter that we can use. In practice, the profile (&1, f1) constructed using
a moderate fine mesh 2 is close to the one (w3, 6>) constructed using a finer mesh
2, with higher accuracy. As a result, the constants C (w, ) and A that we estimate
in (3.59) using different approximate steady states (w;, 6;) are nearly the same. This
refinement procedure allows us to obtain an approximate steady state, based on which
we close the nonlinear estimates (3.59). We refer more discussion of this philosophy
to [11].

(4) Finally, we follow the standard procedure to perform rigorous verification on
the estimates to pass from the grid point value to its continuous counterpart. Estimates
that require rigorous verification with computer assistance are recorded in Appendix
D. In the verification step, we can evaluate the approximate steady state on a much
finer mesh €23 with many more grid points so that they almost capture the whole
behavior of the solution. Then, we use the regularity of the solution to pass from finite
grid points to the whole real line. In this procedure, the mesh size in 23 plays a role
similar to a small parameter that we can exploit. In practice, to perform the rigorous
verification, we evaluate the solution computed in a mesh with about 5000 grid points
using a much denser mesh with more than 5 - 103 grid points.

In summary, in steps (2)-(4), we can take advantage of a small parameter which
can be either the small error or the small mesh size, while there is no small parameter
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in step (1). Though these three steps could be technical, they are relatively standard
from the viewpoint of analysis.

We remark that the approach of computer-assisted proof has played an important
role in the analysis of many PDE problems, especially in computing explicit tight
bounds of complicated (singular) integrals [4, 19, 34] or bounding the norms of linear
operators [1, 30]. We refer to [33] for an excellent survey on computer-assisted proofs
in establishing rigorous analysis for PDEs, which also explains the use of interval arith-
metics that guarantees rigorous computer-assisted verifications. Examples of highly
nontrivial results established by the use of interval arithmetics can be found in, for
example, [31, 35, 51, 67]. Our approach to establish stability analysis with computer
assistance is different from existing computer-assisted approach, e.g. [3], where the
stability is established by numerically tracking the spectrum of a given operator and
quantifying the spectral gap. The key difference between their approach and ours is
that we do not use direct computation to quantify the spectral gap of the linearized
operator. One of the main reasons is that the linearized operator in our case is not com-
pact due to the Hilbert transform, and the non-compact component cannot be treated
as a small perturbation. Thus we cannot approximate the linearized operator by a finite
rank operator that can be further analyzed using matrix computation.

4 On the approximate steady state

The proof of the main Theorem 2 heavily relies on an approximate steady state solution
@, @, ¢, &) to the dynamic rescaling equations (2.2), which is smooth enough, e.g.
@, 6, € C3. Moreover, as discussed in Section 3.13, the residual error of the approx-
imate steady state must be small enough in order to close the nonlinear estimates.
In particular, the residual error ¢ requirement depends on the stability gap A via the
inequality & < A%/(4C).

For comparison, we refer the reader to our previous work on proving the finite-time,
approximate self-similar blowup of the 1D De Gregorio model via a similar computer-
aided strategy [11], where the corresponding approximate steady state is constructed
numerically on a compact domain [—10, 10]. The stability gap that the authors proved
in that work is relatively large (around 0.3), and thus the point-wise error requirement
on the residual can be relaxed to 107°.

For the HL model, however, the stability gap A ~ x = 0.03 (see (C.3)) that we
can prove in the linear stability analysis (3.58) is much smaller, which leads to a
much stronger requirement on the residual error. More precisely, we need to bound
the residual in a weighted norm by 5.5 x 10~7 with weights (3.9) that are singular of
order x %, k > 4 near 0 and decay slowly for large x. This effectively requires the
point-wise values of the residual to be as small as 10719, To achieve this goal, it is not
sufficient to simply follow the method in [11], mainly due to the following reasons:

(1) The steady state solution to (2.2) is supported on the whole real line and has a
slowly decaying tail in the far field (see below). If we approximate the steady
state on a finite domain [—L, L], we need to use an unreasonably large L (roughly
L > 10%%) for the tail part beyond [—L, L] to be considered as a negligible
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error, since truncating the tail leads to an error of order Leo/et ~ =13 Tt is
then impractical to achieve a uniformly small residual by only using mesh-based
algorithms such as spline interpolations.

(2) Numerically computing the Hilbert transform of a function supported on the whole
real line R is sensitively subject to round-off errors. For example, when computing
u from an odd function w via the Hilbert transform, we need to evaluate the
convolution kernel log(|y —x|/|y +x|), which will be mistaken as O by a computer
program using double-precision if |x/y| < 107'°. Such round-off errors, when
accumulated over the whole mesh, are unacceptable in our case since we have a
very high accuracy requirement for the computation of the approximate steady
state solution.

To design a practical method of obtaining a sufficiently accurate construc-
tion, we must have some a priori knowledge on the behavior of a steady state
(W0, oo, Cloos Cwv,00). Assume that the velocity u, grows (if it grows) only sub-
linearly in the far field, i.e. uoo(x)/xX, oo x(x) — 0 as x — oo. Substituting this
ansatz into the steady state equation of 0, in (2.2) yields

B0, xx - 20,00 x_l

, which implies B , ~ x2Cw00/Cloo,
900,)6 Cl,00

Furthermore, using these results to the steady state equation of w in (2.2) yields

Woo, x Cw,00 _ L .
~ 220 =1 which implies weo ~ xCen00/Cloo
Woo Cl, 00

From our preliminary numerical simulation, we have ¢, /¢l 00 close to —1/3. This
straightforward argument implies that ws, and 6, should behave asymptotically like
xC.00/Cloo x2Cw00/Cloo g5 x — 400, respectively, which in turn justifies the sub-linear
growth of 1.

Guided by these observations, we will construct our approximate steady state as
the combination of two parts:

O=wp+w, 0=0,+0,. .1

We will call (wp, 6p) the explicit part and (wp, 6,) the perturbation part. The explicit
part (wp, 6p) is constructed analytically to approximate the asymptotic tail behavior
of the steady state for x > L, and satisfies wp, 0 x € C3 and wp ~ x%, Ox.p ~ x2e
with @ & ¢, /¢c; < —%. The construction of w;, and its Hilbert transform relies on the
following crucial identity

— a —
H(sgn(x)|x|™%) = —cot - lx|7%, a€(0,1), 4.2)
which is proved in the proof of Lemma A.5 in the Appendix. It indicates that the
leading order behavior of H f for large x is given by —cot ¢ - |x|~¢, if f is odd with

a decay rate |x|“. By perturbing sgn(x)|x|~% and (4.2), we construct wp € C> and
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obtain the leading order behavior of Hwj, for large x. This is one of the main reasons
that we can compute the Hilbert transform of a function with slow decay accurately
and overcome large round-off error in its computation. The perturbation part (w,, 6,)
is constructed numerically using a quintic spline interpolation and methods similar to
those in [11] in the domain [—L, L] for some reasonably large L (around 1016). By our
construction, they satisfy that w,, 0, x € C 3 Since achieving a small residual error
is critical to our proof, a large portion of the Supplementary Material [10] is devoted
to the construction (Section 10) and error estimates of the approximate steady state
(Section 11-15) with the above decomposition, especially the wj part.

4.1 Connection to the approximate steady state of the 2D Boussinesq in Ri

To generalize the current framework to the 2D Boussinesq equations, an important
step is to construct an approximate steady state with a sufficiently residual error. The
construction of the approximate steady state of the HL model provides important
guidelines on this. The steady state equations of the dynamic rescaling formulation of
the 2D Boussinesq, see e.g. [7], read

(cix +u) - Vo = c,0 + 0y,
(c1x +u) - VO = (¢ +2¢,)0, u=V+(—A)"lw.

Denote r = |x|. Assume that the velocity u# grows sub-linearly in the far field :
@ — 0 as r — oo and the scaling factors satisfy ¢; > 0,¢, < 0. Note that
x -V = ro,. Passing to the polar coordinate (r, 8),r = |x|, B = arctan f{—f and

dropping the lower order terms, we yield
croyw(r, B) =cow + 6, +1l.o.t., cro0(r,B) = 2cy, + )0 +1.0.t.

Using an argument similar to the above argument for the HL. model, we obtain

Cl)(r, ,3) ~ P(ﬂ)r"" Q(F,ﬁ) ~ q(ﬂ)rl-‘rZOc’ o = Cc"_clo -0

We remark that 6, has a decay rate r>* faster than that of w. The computation in
[55] suggests that o ~ —%. Thus, the profile (if it exists) for the 2D Boussinesq
does not have a fast decay, and we also encounter the difficulties similar to (1) and
(2). In particular, the 2D analog of difficulty (2) is to obtain the stream function
¥ = (—A)"'w accurately in R%r. To design a practical method that overcomes these
difficulties, it is important to perform a decomposition similar to (4.1), where w,, V8,
have compact support and wj, 6, capture the tail behavior of the steady state. For the
2D Boussinesq, wp, 6, become semi-analytic since the angular part p(8), g(8) cannot
be determined a-priori. To overcome the difficulty of solving the stream function in
the far field, we seek a generalization of (4.2). We consider the ansatz Y = 2T f(B)
and solve

— AT (B) = r"p(B)
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with boundary condition f(0) = f(r/2) = 0 due to the Dirichlet boundary condition
and the odd symmetry for the solution w. In the polar coordinate, the above equation
is equivalent to

(= — C+ D) f(B) = pB). fO) = f(x/2)=0.

Solving the above equation is significantly simpler than solving —Ay = w in Rf_
since it is one-dimensional and in a compact domain. The above two formulas are a
generalization of (4.2) that connects the leading order far field behavior of w with that
of the velocity. We believe that the above decomposition is crucial to construct the
approximate steady state with sufficiently small residual error for the 2D Boussinesq
equations. The supplementary material on the analysis of the decomposition (4.1) for
the HL model can be seen as a preparation for the more complicated decomposition
in the 2D Boussineq equations.

5 Nonlinear stability and finite time blowup

In this section, we further establish nonlinear stability analysis of (3.6).

5.1 Weighted H" estimate

In order to obtain nonlinear stability, we first establish the weighted H' estimate
similar to

1d
M(HDXGXWZH% + M1 Dy ?(13) < —c(|| DxOc v 2|13

+ M|IDrwp'?|3) + CE}O, w) + Ry
(5.1)

for some ¢, C > 0, where Dy = x0y, E| is defined in (3.55) and R 1 are the error
terms and nonlinear terms in the weighted H' estimate to be introduced.

In the work of Elgindi-Ghoul-Masmoudi [26], they made a good observation that the
weighted H'! estimates of the equation studied in [26] can be established by performing
weighted L? estimates of xd, f with the same weight as that in the weighted L>
estimate, since the commutator between the linearized operator and xdy is of lower
order. Inspired by this observation, we perform weighted L? estimates on xd,6, and
x0dyw. However, one important difference between our problem and that considered
in [26] is that the commutator between the linearized operator in (3.6) and xd, is not
of lower order.

Denote D, = xd,. Similar weighted derivatives have been used in [7, 24, 26] for
stability analysis. We derive the equations for D,.6,, Dyw. Taking Dy on both side of
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(3.6), we get

O D0y = Lg1(Dxbx, Dyw) + ¢y Dy (0 — x0yy)

+ [Dy, Lo11(0x, ) + Dy Fp + Dy N (), 52)
0Dy = L4,1(Dyby, Dyw) + ¢y Dy (@0 — x0y)

+ [Dyx, Lo11(0x, ) + Dy Fg + DN (9),

where [Dy, L1(f, ) £ D, L(f, g) — L(D f, Dyg). In the Appendix B.4, we obtain
the following formulas for the commutators

_ u _ .= o= -
[Dy, ﬁ@l](e)ca w) = —(ly — ;)Dxex — Dyity0y — DyitOyy — u(Oxx + DiOyy),

. (5.3)
[Dy, Lo1](bx, ) = — (it — ;)wa — i(wx + Dywy),

where i, u, are defined in (3.10).
Performing the weighted H'! estimates, we get
li((D Oc, DeOcW) + A1 (D, D >)
2 dr xUx, UxUx 1 x@, Dyw®
= ((£o1(D18, D1w), Db, ¥) +21(L01 (D26, Dsw0), Drog))
+ ({1De, L6116, @), D) + 21 (1Dx Lot Or ), Dy )5 0
+ ((c0 Dx(: = x8rx). Di6,Y)

+ 10D (@ = X32), Droogp)) + Ry
201+ 02+ 03+ Ry,

where R 1 is the remaining term in the weighted H! estimate

Rur = (DxN(0), Dx6x¥) + 21 (DxN(w), Dxwg)
+(Dx Fy, Dx0xY) + A1 {Dx Fo, Dywo).

(5.5)
5.1.1 Estimate of Q,
Applying the estimate of Ly 1, L1 in (3.38) to (Dy6y, Dyw), we obtain
Q1 < (Dy+ Agy ™", (Dx0:)*Y) + (M1 Doy + Awg™ ', (Dr0)*0) 56
+ A(=A"Y(Dyw)) + G - (HD(0))?, '
where G is defined in (3.37), and we have dropped the term related to || x 23 |% in
(3.38) since D,, — %tlz — % -1073 > 0. In addition, we have replaced u = —Alw
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in A(u) in (3.38) by —AY(D,w) and replaced ¢, = Hw(0) by HD,w(0). Recall
the definition of A(u) in (3.31). Since A = Hdy, and H o H = —1d, we yield

1
3 (—=A"'D w)(0) = HD,w(0) = ——/ wydx =0,
T JR

which implies
Ge - (H(Dx»)(0)* =0, A(-A"'Dyw) <0. (5.7)

We treat Q as the damping terms in the weighted H! estimate since from (D.5), we
have

Dy + Aoy~ < —k, MDy+ App~! < —rik, Kk > 0. (5.8)

5.1.2 Estimate of Q,

Recall the commutators in (5.3). The profile satisfies i, — )% > (0 and thus — (uty — %) f

with f = D,60,, Dyw is a damping term in the D,6, or D,w equation. We do not
estimate these terms.
For the term D, u, 6, in (5.3), using integration by parts, we get

- _ 1 1 _
—(Dyiix0y, Dby V) = — (x%iixx Y, §8x(9x)2> = E<(x2u“1p)x, 021).
The approximate steady state satisfies the following inequality

(i )y < 0.029), (5.9)

which will be verified rigorously by the methods in the Supplementary Material [10].
We record it in (D.8), Appendix D. Using (5.9), we obtain

— (Dyitxby, Di6y ) < 1|10 /213, &1 = 0.01. (5.10)

The nonlocal terms in (5.3) are of lower order than D,w and we estimate then
directly. We introduce some weights
S = t71x_6 + t72x_4 +2- 10_6)6_10/3,

Su3 =l‘31x—6+t82x_4+2' 10_6)6_10/3, (5.11)
for some parameters #;; > 0 to be determined. Using Young’s inequality, we get

Dy, Dx6x )| + (i (Oxx + Dxbrx), Db )|

Y L 127 12
< 1DLS, 4115 + 7118, Oux DOy 113 +1185,57113 (5.12)

L —12,7 = 2
+ Z||Su3 (Qxx + Dx‘gxx)ngxw”Z
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We introduce the weights S,2, S,3 for a reason similar to that of S,;; in Remark 3.6.
Recall Dy = u, and u, iy in (3.10). Using the weighted estimates in Lemma A.8
yields

~l/2 ~al/2
DS 113 + 11aS,57113
dtg dtgy 36 e . (513)
=(0” n 4+ S (x50 2- 107 i 2512

In (5.13), we do not estimate ||i,x /3|3 in || D,iiS.}’||> and keep it on both sides.

Remark 5.1 We will choose large enough parameters f;; in S,2, S,3 (5.11) so that the
weighted L? norm of D, 6, terms in (5.12) are relative small compared to the damping
term of D,6, in the weighted H! estimate (5.4), e.g. Q11in (5.6). See also (5.8). The
weighted L? norm of @ and ||iix ~2/3|| in (5.13) will be bounded using the damping
terms in the weighted L? estimate (3.57). The same argument applies to controlling
the weighted L? norm of Dyw term in (5.18).

Next, we estimate the i((@y + D,®) term in (5.3). The idea is similar to that in
Section 3.8. We perform the following decomposition

- _ Lo _ 1
—A(i(wx + Dyawy), Dywg) = —A1(u(@y + Dxy — §X$3)7 Dywe)

1 -
— Shilixgs. Dyoy) .14
£J+ 1.

The estimate of /,3 is similar to (3.36) and we obtain the following estimate in
Appendix B.2

3] < (Gu2, %) 4+ (G o3, (Dyw)?) + Geac2, (5.15)

where G, G,3 and G, are given by

1 (2)\1(24‘ ﬁ))2x_2/3 G — )\%||X§3X1/2§01/2||% . 103
4106 5 v e = 36 '(5.16)
Gos = 1003 x&30)2 + 107 x .

Gw2 =

These functions are small due to the same reason that we describe in Section 3.9.
For J, we perform a decomposition

-, - - 1 €30 o
J = =hii, (@r+ Dedoy — SXEe = 5 ) Dso)
s
_L1e3%6 (i, Dyox )2 11 + I
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Note that it = u — uy(0)x and [~ xDywx2dx = [~ wydx = 0. Using Lemma
A.4 with f = w and g = u, we get

Ale30e Ale30e

o0
L =— ((u, Dywx~2) — ux(O)/ xwax_zdx> - (s wex~ )
9 0 9
AMe3og U U
= T(A_’ =),
X X

which can be controlled using the damping term in (3.57). Denote

Sy4 = l‘91x_6 + t92x_4 +5- 10_416_10/3

_ _ 1 e3xg _
Kuoz = (@ + Dy = 3xE)9 = =5=x 2, (5.17)

For 11, using Young’s inequality and the weighted estimate in Lemma A.8, we get

- Al _
1] < A1{(Sua, %) + Z(iciwzsuﬁ, (Dyw)?)

4191 _ 4oy _ 3641 -
5,\1<w2, 53 ¢ 5 Nt = o 510 Hligx 23

<lcm2 s (Dyw)?).

13 (5.18)

We introduce the weight S,4 for a reason similar to that of S,; in Remark 3.6. The
i, x 273 |§ term is further controlled by the corresponding damping term in (3.57).
Combining the above estimates on the commutators in (5.3), we obtain

- u —1 2 - u -1 2
02 <(—(uyx — ;) + Boyr 7, (Dy6x) ) + (—A1(ux — ;) + Boy~, (Dyw) @)
+ 1110y 2113

N 36 (5.19)
(Ao o) + SRS Sy (4 ) 201070
9 x x 49
36\ _ .
+ 510 4)||uxx 2B13 4+ Geac?,

where G is defined in (5.16). The term (i1, — )%) comes from the commutators (5.3)
and we do not estimate them in Q» in (5.4). The terms By, B,,, A,y are the sum of
the coefficients in the integrals of (Dxex)z, (Dwa))z, @? in the above estimates

1 1
Bs =37 4 M2 (Qxxw) +37 4 u3 (9’”‘ + Dx Qxx) wz’ B, ICua)ZSu41 + Gw3,
(5.20)

4tg _ 4tz _ 4t9; _ 4t92 _
A 2 (¢ — 4 t — 2o —=x* 2 G
2 (71+25>x +<72+ 9>x + 1(25X + — 9 + Gu2.
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5.1.3 Estimate of Qs
Recall the ¢, terms in (5.2). Denote by K1, K5 the following L? norms
Ki 2 1100y Pl Ko 2 o (Pan)e™ Pl (521
Using integration by parts and the Cauchy-Schwarz inequality, we obtain

lew(Dx Bx — x0xx). Dybx )| =lcw(—x20rrr - (xV), 3:600)] = lo(dy (P Orrr ). 0:)]
<lewl - 110x (3 Beer )9 21121105 ¥ 2112
* = Ki|cyl - ||0x1/,1/2||2’

where we have used xdy (f —x 0y f) = —x2f” = 0, in the first equality. Similarly,
we have

Mo (D (@ — xidy), Dywp)| < Alco| - 118 (2@ @)™ V2 2l lop' /]2
= rKalco| - llwp!? 2.
Using Young’s inequality, we obtain
03 <Kileol - 16:¥ %12 + 21 Kaleol - o'/ ]2
K2 (M K»2)? (5.22)
< 1601722 17212 2(_1 )
<villbs 211+ vallop I 4 e (- + =

where y1, 2 > 0 are chosen in (C.4).

5.1.4 Summary of the estimates

We determine the parameters #;; in the estimates in Sections 5.1.1-5.1.3 and choose
K2 so that

1

Do, + Boy ™! < —k3, Dya + Bop™' < —kah1,

. L . . ) 5.23)
Dg> = Dy + Agr _(ux_;), Dyy =MDy + Apep™ — A1 (ity —

(
).

= | =

The terms Dg>, D, are the coefficients of the damping terms in the weighted H 1
estimate (5.4) and are already determined in the weighted L? estimates. The terms
By !, B,o~! defined in (5.20) are the coefficients in the weighted L? norm of
D0, Dyw in (5.12), (5.18). The motivation of (5.23) is that we use the damping
terms to control the weighted L? norms of D6y, Dyw in the estimates of Q;. The
idea is the same as that in Remark 5.1.

We first choose k; < k = 0.03 in Appendix C, where « is related to (3.58). This
choice is motivated by our estimate (5.28). The dependences of A, By, B, ont;; are
given in (5.20), (5.11), (5.17). Inequalities in (5.23) can be seen as constraints on f;;.
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We choose #;; subject to the constraints (5.23) such that l|Aw2¢!|oo is as small as
possible. This enables us to obtain sharper constant az1 in the weighted H ! estimate
(5.25). After t;; are determined, we verify (5.23) and

Awe e < ag, (5.24)

using the methods in the Supplementary Material [10], and record them in (D.9),
Appendix D, where a1 is given in (C.4).
Combining (5.6), (5.7), (5.10), (5.19), (5.22) and (5.23), we prove

1d
Ea<\|(Dxex)w‘/2||% + 1(Dx )¢ ?113) < —k2l|(D20)Y 2113 — kont [[(Drw)e' /213
K? 2 K2)?
+ (&1 + YOO 213 + (ag +yz>||w<p'/2||%+(Gcz+—' + K2 )cf, (5.25)
4y %)
riesag

U u 36 _¢ = 36A; 4\~ —2/32
- (Ax,x>+((1+49)-2.10 + 5510 Wiex P13+ Ry

Recall the weighted L? energy E; in (3.55). For some A4 > 0, we construct the
energy

E*(0y, ) = E(0x, ©) + Aa(|| D0 72113 + 21| Drwg'/?|13)
T
=169 213 + Al /2113 +A25c3, + A3d} (5.26)

+ 2 (|1 DxO: ¥ 2113 + M| Dy ?(13).

Note that ¢y, ||6x¥/?|]2, ||w@'/?||> in (5.25) can be bounded by the energy E in
(3.55). The terms (A%, ) and ||ftxx_2/3||% can be bounded by their damping terms
in (3.57). To motivate later estimates and the choice of several parameters, we neglect
these two terms. Then (5.25) implies (5.1) with ¢ = «3 and some C > 0. Combining
(3.58) and (5.1), we get

1d
EEEZ(GX, ®) < —(k — MC)ET — 2|1 D30 2113 + at || Drwp' 2 113) + R 2

PRy, (5.27)
where k = 0.03. We first choose k2 < k and then A4 small enough, such that
Kk —MC > K. (5.28)

Then we obtain the linear stability of (3.6) in the energy norm E.
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5.2 Nonlinear stability

Combining (3.57) and (5.25), we derive

1d
5727 B0 @) = =cl10:9 2113 = kchllog 2113 = re, ) — xdad]

— 22 [(D20)W 213 = harcai [[(Dr@)p 2113 + Aater + ylI6w 2113
K?  (MK))?
+ Aa(ag +yz)||wqo”2||%+M(Gﬂ+4_l+( 2 )Ci

i 4y>
" AlegaﬁM _ Aezag (AZ, Z)
9 3 X X

36 _¢ . 36X 4 -6\ 15 .—2/312
+(((1+49).2.10 + g 5010 )M—IO )||uxx 12

+ RLZ +)\.4RH1.

Since k3 < k, we choose small A4 > 0 in Appendix C so that

Ae3og Areszae 36 _¢ . 36\ 4 _6
: C(a+2y 2 100+ 22 500 )/\ 1076,
YT T3 (( Ty 0 4=
K? A K»)? A
Tey — )»4(—1 + Q) — G > K2 - E, (5.29)
4y, 4y) 2

K — A4yl — A48 = k2, KAl — A4Y2 — Adagt = KoAi, KA3 = K2A3,

where K, K> are defined in (5.21). The above inequalities will be verified rigorously
by the methods in the Supplementary Material [10]. Note that r., > %)»2/( and kp <
k. The above conditions are essentially the same as (5.28). We keep the damping
term (AT, %) and ||11xx_2/3||% in (3.57) to control the corresponding terms in (5.25).
Plugging the above estimates and (5.29) into the differential inequality, we yield

1d TA
5 2 6 0) < —sallocy I — kol 2113 — k2=l — kakadj

— a2 l[(DB )Y 21 = Aaaht (D)9 213 + Rz + AaR {230
<—E*0r, 0) + Rj2 + MRyt 2 —E* (0, ) + R,

where R = Ry2 + ARy and ko = 0.024 is given in (C.4).

5.2.1 Outline of the estimates of the nonlinear and error terms

Recall the definitions of R;2 and Ry in (3.56) and (5.5). The nonlinear terms in
Rz, Ry, e.g. (DxN (@), Dy6cy), depend cubically on 6, w. In the Supplementary
Material [10], we use the energy E (6, w) and interpolation to control ||uy||sc and
[16x |loo- Using these L°° estimates, we further estimate the nonlinear terms in R. For
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example, a typical nonlinear term in R can be estimated as follows

1 2 1 2 1 2
|, 6} = Sy, 0,05 = S @), O] = 3w+ iy, 67)]
1 X
< 5 Ulusll + 1 ool 2 o 1609212
X
<

1 Xy
Sllelles (1+|| wxnm)nexw”znﬁ,

where we have used |)%| < ||ux||oo in the last inequality since u#(0) = 0. The above

upper bound can be further bounded by E3 (6, w).

The error terms in R;2, Ry1, e.g. F1 = (Fp, 0x¥), depend linearly on 6, w. We
estimate these terms using the Cauchy-Schwarz inequality. A typical term F} can be
estimated as follows

|F1l < 11Fay 211201029212
The error term ||Fpyr!/?||5 is small and ||0x¥'/?||> can be further bounded by
E@0y, w).

In the Supplementary Material [10], we work out the constants in these estimates
and establish the following estimates

R=Rp>+Rp2 <36E>+¢E, £¢=55-107".
5.2.2 Nonlinear stability and finite time blowup

Plugging the above estimate on R in (5.30), we establish the nonlinear estimate

1d

57 E10x, @) < —E6r, ©)F + 36E (0, 0) + £E(:, 0),
where k> = 0.024 is given in (C.4). We choose the threshold E, = 2.5 - 1073 in the
Bootstrap argument. Since

—i2E2 +36E2 4 ¢E, < 0,
the above differential inequality implies that if E(0) < E\, the bootstrap assumption
E@Ox(1), (1)) < Ex (5.31)
holds forall 7 > 0. Consequently, we can choose odd initial perturbations 6y, » which
satisfy wy (O)_ = 0,x(0) =0, E(0y, w) < E, and modify the far field of 8, ® so that
wo+w,0,+0, € C: 0. The bootstrap result implies that for all ti_me t > 0, the solution
() + @, 0;(t) + 6y, c1(t) +¢1, ¢y () + ¢, remain close to @, Oy, ¢;, €y, respectively.

Using the rescaling argument in Section 2, we obtain finite time blowup of the HL
model.
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5.3 Convergence to the steady state

We use the time-differentiation argument in [11] to establish convergence. The initial
perturbations (0, w) satisfy the properties in the previous Section. Since the linearized
operators and the error terms in (3.6) are time-independent, differentiating (3.6) in ¢,
we get

9 (0x)r = Lo((0x)r, ) + 0 N(@B), 0(w); = Lo((O)s, wp) + N (w).

Applying the estimates of Ly, L, in Section 3 and (3.58) to (0,);, w;, we obtain

1d
577 1@, w)? < =k E1((0x)r, @)% + Ra,

where the energy notation £ is defined in (3.55) and R, is given by

T
E1(B)es @) = 11609 2113+ rllwryr V213 +A25<atcw>2 + A3(3,dp)?,

Ra = (3 N©), 0x):¥) + 11(0: N (w), ;)
— 220Co (N (@), x7') + A30,dg (3, N (0), x").

The term 0;c,, in the above estimates is from
Hw;(0) = 0, Hw(0) = 0;¢y,.

Similarly, we obtain the term 0d;dp. Using the a-priori estimate E(0y, w) < E, in
(5.31) and the energy E((0y);, w;), we can further estimate . In the Supplementary
Material [10], we prove

1d
577 E1(@0r, w)? < —0.02E1((6x)1, @) (5.32)

Using this estimate and the argument in [11], we prove that the solution w +
@, 0, + 0, converge to the steady state woo, Ooo,x 1N L2(g0), Lz(w) and c¢; (1), ¢, (1)
converge to ¢j, o0, Cw,00 €Xponentially fast. Moreover, the steady state admits regularity
(D) (w0 — @) € L*(9), (Dy) (Bx.00 — 0y) € L>(¥) for i = 0, 1. We obtain 6
from 6 x by imposing 6+,(0) = 0 and integration.

Recall the energy E in (5.26). Since

Mr/2>3>1.5% E> (ar/2)Y?|col = 1.5|col

(see (C.3)), using the convergence result, the a-priori estimate (5.31) and (3.3), we
obtain

= _ _ . 2
EOy 00 —0x, 000 —®) < Ey, Cloo=0C =3, |Cwo0—Col = §E* =

5
3
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Recall ¢, < —1.0004 from the beginning of Section 3.1. Thus, ¢y.0c < —1 and
we conclude that the blowup is focusing and asymptotically self-similar with blowup

scaling A = =3 satisfying

- C,
A=A < |L=

cl c ooz -
— —|+|=+Al <3|co — Cw,00
Cw,00 Co Co

+107° < 6-107°, X = 2.99870,
where A is the determined by the first 6 digits of —¢;/c.,.

5.4 Uniqueness of the self-similar profiles

Suppose that (w1, 01) and (w2, 6») are two initial perturbations which are small in the
energy norm E(w;, 6; x) < E.. The associated solution (w;, 6; ) solves (3.6)

00;x = Lo (b x,0) + Fg + N(6;), 0wj =Ly(0; 5, i)+ Fp + N(w;p).
Denote

SwEw —wy, 8020 — 0,
dNg = N(01) — N(62), 6N, = N(w1) — N(w2). (5.34)

A key observation is that the forcing terms Fy, F,, do not depend on (w;, 6;). Thus,
we derive

380y = Lo(80y, 8w) + Ny, 88w = Ly(86y, @) + SN,.

Applying the estimates of Lg, L, in Section 3 and (3.58), we get

Ed_tE](SQx,aw) < —kE1(86x, 0w)” + R3

where the energy notation £ is defined in (3.55) and R3 is given by

R3 = (8Ng, 86x W) + A1 (8Ny, 8wg) — 2oy (8) - (SN, x 1)
+43dp (86y) - (8Np, x ).

The above formulations are very similar to that in Section 5.3. Formally, the differ-
ence operator § is similar to the time differentiation 9;. In the Supplementary Material
[10], we show that (60,, §w) enjoys the same estimates as that of (9,60, ;) in (5.32)

1d
EEEl((S@x, Sw)* < —0.02E1(80y, Sw)>. (5.35)
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As aresult, E1(360y, dw) converges to 0 exponentially fast and the two solutions (w; +
i, 0 +6;),i = 1,2 converge to steady states (w; oo, 0i,00) With the same ws, and
Ooo,x- Since 6; »(0) = 0, two steady states are the same.

5.5 Numerical evidence of stronger uniqueness

The above discussion argues that the steady state is unique at least within a small energy
norm ball. However, our numerical computation suggests that the steady state of the
dynamical rescaling equations (2.2),(2.3) is unique (up to rescaling) for a much larger
class of smooth initial data w, 6 with 6(0) = 0 that satisfy the following conditions:

(1) odd symmetry: w(x) and 6, (x) are odd functions of x;
(2) non-degeneracy condition: wy(0) > 0 and 6,,(0) > 0;
(3) sign condition: w(x), Oy (x) > 0 for x > 0.

In fact, these conditions are consistent with the initial data considered by Luo-Hou in
[54, 55] restricted on the boundary. They are preserved by the equations as long as the
solution exists. Moreover, this class of initial data leads to finite time blowup of the
HL model [12].

Here we present the convergence study for the dynamic rescaling equations for four
sets of initial data that belong to the function class described above. The four initial
data of w are given by w(i)(x) =aq, fi(bjx),i = 1,2,3,4, where

~(x/10)?

x(1 = x2)2

. f3lx) = (l—i——xz)3’

filx) = fr(x) = fa=

X
14 x2’ 14 x2 14 x4’
and the parameters a;, b; are chosen to normalize the initial data such that they satisfy

the same normalization conditions:
0?0 =1 and () =-25 i=1,2734.
The initial data of 6, are chosen correspondingly as
0% = (c;x + uMyo) — c,0?, i =1,2,3,4,

so that the initial residual of the w equation is everywhere 0. The initial value of the
scaling parameters are set to be ¢; = 3 and ¢, = —1, respecting our preliminary
numerical result that ¢; /c,, & —3. Note that all these initial data of w, 6, are far away
from the approximate steady (with proper rescaling) with O (1) distance in the the
energy norm that is used in our analysis. In particular, we have oV (x) = O(x™1),
0@ (x) = O(x_le_("/m)z), @3 (x) = O(x73) forx — 400, while the approximate
steady should satisfy @(x) = O (x®/) where ¢,,/¢; is approximately —1/3 according
to our numerical results. Moreover, »® (x) has two peaks, while w(x) only has one.
Figure 2(a) plots the four initial data of w for x € [0, 40].

With each set of these initial data, we numerically solve the dynamic rescaling
equations (2.2) subject to the normalization conditions (2.3) using the algorithm
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initial data of w for « € [0,40] profile of w when Re drops below 10+ profile of , when Re drops below 10~
.
——initial data 1 ——initial data 1 0393 ——initial data 1
—— initial data 2 o — initial data 2 osszs — initial data 2
2 initial data 3 initial data 3 526 initial data 3.
— initial data 4 os| — initial data 4 o —initial data 4
osens
. os
o o e oo s oz
04 /
0588 o
" \
o
o oser o1
z x z
(4) (B) ()
profile of w when Re drops below 10-° profile of 6, when Re drops below 10-0
— initial data 1 03 — initial data 1
og| —initial data 2|{ o[\ ., — initial data 2
initial data 3. . initial data 3
os| \ — initial data 4 “" — initial data 4
osens
o

S5 601 6o 602

03

osso.
02

osars|
ot 01

o567

o eon G0 6o
z T

Fig.2 (A) Four different initial data of w; (B)(C) Profiles of @ and 6 when Re drops below 104 the first
time. (D)(E) Profiles of @ and 6 when Re drops below 1070 the first time

described in Section 10 of the Supplementary Material [10] (by modifying the ini-
tial values of the part w, and (6x),). We verify the uniqueness of the steady state
by comparing the profiles of w at the first time the maximum grid-point residual
Re :=max;{|F,(x;)|, | Fp, (x;)|} drops below some small number €. Here the residu-
als F,, and Fp, are defined as

Fo=—(cx +u)ox +co+v, Fo = —(c1x +u)bx + (2cy — uyx)by. (5.36)

Figure 2 (b) and (c) plot the solutions of @ when Re < 10~ and when Re < 1079,
respectively. We can see that the profiles of w from different initial data are barely
distinguishable when the residual is smaller than 1074; they become even closer to
each other when the residual is even smaller. This implies that the solutions in the four
cases of computation should converge to the same steady state.

6 Holder regularity of the blowup solution

To estimate the C? norm with y = ‘C‘l’;’j of the solution 8, we will use the following
estimate '
If ) — f&l i 7 o [ - _
o = =y A@da S =yl 2z [ e T oo
|x - }’|y X X

A

e =707 =) 1fex T oo S 1Lfex ™ Moo (6.1)
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for any 0 < x < y. The difficulty lies in the decay estimate of 6, since the previous
a-priori estimates only imply that 6, decays with rate slower than x” ~!. The decay rate
x?~1 is sharp since it is exactly the decay rate of the self-similar profile A ., which
will be established in Section 6.1. In Section 6.2, we establish the decay estimates of
the perturbation. In Section 6.3, we estimate the Holder norm of the solution.

Notations In this Section, we use the notation A < B if there exists some finite
constant C > 0, such that A < CB. The constant C can depend on the norms of the
approximate steady state (9, @) and the self-similar profile (0o, wso) constructed in
Section 5.3, e.g. ||0x|loos [10x||oo, as long as these norms are finite. These constants
do not play an important role in characterizing several exponents and thus we do not
need to track them.

6.1 Decay estimates of the self-similar profile

Recall that we have constructed the self-similar profile (fso, W) in Section 5.3. Using
the estimate (5.33),we obtain

oo ()] S 1P/, et 00X + oo (X)] = 0.3]x],  Uoor € L,
Ooo(1) #0, Oy oo € L™, (6.2)

whose proofs are referred to Section 10 in the Supplementary Material [10]. Recall
that the profile (A0, Wso) sOlves

(Cl,oox + uoo)eoo,x = C(iooeoo’ Uoo,x = Hwso. (6.3)
Solving the ODE on 6,, we obtain

Co,00

oo (x) = Ooo (1) exp(J (x)), J(x) = /; mdy,

€0,00000(X)
0, = 6.4
ST oo + o (X) ©4

Z‘I’:’ . Using the estimates on u, in (6.2), we obtain | J (x) —y log(x)| <

1. Thus, for some constant C; > 0 depending on the profile, we get

Denote y =

lm Ooo (x)x ™7 = C1600(1) # 0.
X—> 00
Plugging the above limit and (6.2) in the formula of 6 x in (6.4), we yield

. _ . Ch,00X
lim 6, oox!™ = lim ——2—
X— 00 X—>00 ] 00X + Moo(x)

Ooo(X)x" = Crybc().  (6.5)

Combining the above estimate and 6 » € L™ from (6.2), we prove

1B00,xx 7 [loo S 1. (6.6)
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Differentiating (6.3) and using ¢g oo = ¢/,00 + 2C0,00, WE get

(Cl,oox + uoo)eoo,xx = (69,00 —Cl,oco — uoo,x)eoo,x = (zcw,oo - uoo,x)goo,x'(6~7)
Using (6.2), we further obtain

X000, xx _ (2cw,00 — Moo,x)x‘ < )
Cl.ooX + Uoo ~

a ’ <1. (6.8)

~

Ooo.x ClooX + Uoo

6.2 Decay estimates of the perturbation

Note that we have constructed (6o, wso) in Section 5.3 with estimate (5.33). We treat
them as known functions. Similar to (3.1), (3.2), linearizing the 6, equation around
the self-similar profile, we get

0:0x + (Cl,oox + oo +Uu)0yx = (2cw,oo - uoo,x)ex + 2cy — ux)eoo,x
_Meoo,xx + (2ce — ux)Oy,

with normalization conditions
co =ux(0), =0, cg=c1+2c,. (6.9)

Here, the nonlinear terms are given by u6,, (2c,, —u, )6y, and the error term is O since
we linearize the equation around the exact steady state. To obtain the decay estimates
of 0, with a decay rate O(|x|”~"), we choose p with a growth rate O(|x|'~%) and
perform L estimate on 6, p, which will imply |6,| < [p~!'| < |x|”~! for large x.
We derive the equation for 6 p as follows

0 (Oxp) + (Cl,oox + oo + 1) (Oxp)x = 1(0)0xp + J,
1(p) £ 2¢0,00 — tioo,x + (ClooX + o) pxp” (6.10)
J = (2cw — ux)eoo,xp - ueoo,xxp + uby px + (2ce — ux)bxp.

For a typical function p with a growth rate O (|x|? ™), e.g. p = sgn(x)|x|" !, since
U has sublinear growth (6.2), for large x > 0, we get

I(p) = 2Ca),oo + Cl,oox(xl_y)xxy_l +l.o.t.
=2Cp,00 + Cloo(l —y) +1lot.=lo.t.,

where we have ¢; oo(1 — ¥) = €100 — Ch.00 = —2Cw, 00 to obtain the last equality.
Thus, we expect that /(p) is not uniformly negative, i.e. I(p) < —c for some ¢ > 0,
and we do not obtain a damping term in the L°° estimate of 6y p, which is different
from the weighted L? and H! estimates in Sections 3, 5. In some sense, the decay rate
O(|x|”~1) is critical. An ideal choice of p with the desired growth rate is 90_0%)(, since
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we have (6.5) and I (p) term in (6.10) vanishes :

(Cl,oox + uoo)eoo,xx
B0, x
. (2Cw,oo - Moo,x)eoo,x - (Cl,oox + uoo)eoo,xx

I(p) = 2cu),oo — Uoo,x —

= 0’
eoo,x
where we have used (6.7) to obtain the last equality.
Recall ¢, = u,(t,0). Using p = Qo_o}x, |xg;°";*| S Lin (6.8) and [5] < uxloos
we get '

0 0 0
1] = |20 — ) o5 — =5 — Uy
Ooox oo 03,

S MNutxlloo (14 1162 £11o0)-

+ (2cy — ux)0xp

For 6, (-, 0)p € L, performing L*° estimates in (6.10), we yield

d
EHQXPHOOS [t [oo (1 + [10x £l 00)- (6.11)

Next, we control ||uy||oo. Recall the energy E in (5.26) and the a-priori estimates
in (5.31),(5.33)

E(ex,oo + 0y — éx» W0 +w — ) < Ey, E(gx,oo - éx, Weo — @) < Ey.
Using the triangle inequality, for any t > 0, we get

16092112 + DBt 2112 + g 2l + | Decwg 112
Hew(@)] + 1ds 0] 5 1. 612

Denote k3 = 0.02. Applying (5.35) to two solutions (feo, ®Woo) and (O + 6, Weo +
w), we get

10x OV 2112 + o) 1 + lcw(®)] S E1(0x(1), o (1))
< e*"-’tEl(ex 0), w(0) 5 e’w, (6.13)

where we have used (6.12) to obtain the last inequality. Since H (D, w)(0) = 0, using
Lemma A.1, we get H(Dyw) = DyHw = Xxuy,. From (3.8) and (3.9), we have
x™43 4 x7213 < ¢. Applying Lemma A.6 to f = D,w and f = o (note that
H(D,w)(0) = 0), we obtain

||ux||305/ |uxxux|dx=/ |H(Dyw) - Hox '|dx
R R

S IH (Dyo)x |l [Hox ™13
S IDyox 23 allox ™3 S 11Dxwp 2|2 l|wg' 2]y < e 32 (6.14)
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Plugging the above estimate in (6.11), we yield
d < ,—k3t/4
77 110xPlloo S e (I +110x plloo)-

Since k3 > 0, solving the differential inequality and using |x !~ | < 0 éol from (6.6),
we prove

sup [0 () plloe S 1. sup [10x(1)x" 7 |l S sup [16x(1)0; 3 lloo S 1,

>0 >0 >0

Since 6 is even, using (6.1), (6.6) and the above estimate, we prove

Sup [|0oc +0()|lcr S 1. (6.15)

>0

Remark 6.1 Since we do not have a damping term in the L® estimate (6.11), the
exponential convergence estimates in (6.13), (6.14) play a crucial role in obtaining
(6.15).

6.3 Holder regularity

Denote 6 = 6 + 6 and by 64y the solution with initial data 6(0, -) in the physical
space. Recall the rescaling relation and the normalization conditions (6.9)

Cy(r) = eXP(/t Co(s) + Cw,ood5)7 t(r) = /t Cy(s)ds,
0 0

T T
Co(r) = eXp(/ co(s) + co,00ds), Ci(t) = exp(—/ (ci1(s) + ci,00)ds),
0 0
O(x,7) = Co(T)0pny(Ci(T)x, (7)), €9 =2cw, ¢ =0. (6.16)
From assumptions 6, (0)|x|' =" € L* in (d) in Theorem 2, E (6 (0) —fx, &(0) —&) <
1, and estimates (6.5) and E(6oo x — Oy, woo — @) < 1, it is not difficult to obtain

that 6, p € L. Thus, 6, 6 enjoys the energy estimates in Section 6.2. Using (6.13),
(6.15), (6.16) and y ¢;,00 = €p.00, WE prove

T

sup |6pny (1 () lcr = sup [18(0)||cr €y ' €7 = sup [18(Dllcr exp(|  —2codt) S 1.
>0 >0 0

>0

6.3.1 Blowup in higher Hélder norm

We show that for any 8 > y, the C# norm of the solution blows up. Since 1 < ¥ (x)
for x € [0, 1], using (6.13) and Cauchy-Schwarz inequality, we get
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! ! 2, \2 1/2 k3T
o) =601 =1 [ onar < ([ owidr) " S oy il 5 e
(6.17)

Recall the formulas in (6.16). Denote T = t(00). Since |c,(7)| decays exponen-

tially (6.13) and ¢y 00 < —%, We obtain

ColT) Z €T, Co(r)™ Z e, C)~! 2 e,

© 00
T — t(f) = f Cw(s)ds Z / ecw,oosds Z eCw,oo‘L'.
T T

Recall y¢j.00 = Ch.00 = Cl.oo + 2Cw.00- Denote § = —ﬂcl’zj::g*“’ = 2(]’3:;) > 0. We
have '

S £ Himinf |6y (v, Dl s (T = 1(0))° Z liminf [16e, DllesCy ' €7 exp(dca,oom)-

Note that 65,(0) = 0. Using (6.17), we have [|8(2)||cs = |0(z, 1) — 0(z,0)| >

|60 (1)| — C exp(—k37). Using this estimate, § = — ﬂ"o"% and (6.2), we establish

(&)

§ Z liminf 6o (1)] exp((—¢p,00 + Bcl,00 +8¢w,00)7) Z 10oc(D)] > 0.

We conclude the proof of result (d) in Theorem 2.

Remark 6.2 The exponential convergence in (6.13) is crucial for us to obtain the unique
Holder exponent y that characterizes the regularity of the singular solution and the
sharp blowup rate. It enables us to essentially treat the perturbation as 0.

7 Connection between the HL model and the 2D Boussinesq
equations in R}

In this section, we discuss the connection between the leading order system of the HL
model and that of the 2D Boussinesq equations in R; with low regularity initial data.

7.1 The leading order system for the 2D Boussinesq equations

The 2D Boussinesq equations in R; read

wr+u-Vo =0,

(7.1)
6[ +u- Vo = 0,
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where the velocity field u = (u, v)T : Ri x [0, T) — Ri is determined via the
Biot-Savart law

—AY =w, u=-—yy,, v="1uy,
with no flow boundary condition ¥ (x,0) =0 x € R.

Consider the polar coordinate (r, §) in ]R;' ir = (x4 yH2, B = arctan(y/x).
For o > 0, denote

R:rav Q(Rvﬂ)z('()(xvy)7 n(Rvﬂ):ex(x7y)a é(Rvﬂ):ey(-xsy)'

In [7], the following leading order system of (7.1) is derived based on the framework
developed in [24] under the assumption that @, VO are in some Holder space C* with
sufficient small «

2 oo 71/29 , in2
2= m=—Lp@n L@ = /R fo wdsdﬂ.(m)

An important observation made in [7] is that for certain class of C* data, 6 is
anisotropic in the sense that |6, | < «|0x|. Moreover, this property is preserved dynam-
ically. Therefore, the 6y, variable does not appear in the leading order system. Define
the following operators

/2 ) 2 o das
Pf(R) =/ f(R, B)sin(2B)dB, Sf(R) = —/ f&—. 713
0 Ta JR S
By definition, we have
2 2 o ds
—L;x(Q2) = —/ PQ(s)— = S(PRQ). (7.4)
To Ta Jg S

Since L7(£2) does not depend on S, we apply the operator P to both sides of (7.2)
to obtain

2
Q=P 8 P1="—Ln@P1=S(PQ)- Pi. (7.5)
o

The above system is an 1D coupled system on P2, Pn. Once P2, Pn are deter-
mined, we can obtain an explicit solution of (7.2).

7.2 The leading order system for the HL model

We use the observation made in [28] that the advection can be substantially weakened
by choosing C* data with sufficiently small «. Suppose that w, 8, € C“ with small
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«. Then the advection terms in the system of (w, 6,) in the HL model become lower
order terms

w; =0 +1.o.t.,, (Oy)=—uby+lot., u,=Hw. (7.6)

The above system is already very similar to (7.2) by taking 2 = w,n = 6,. We
further perform a simplification for the Hilbert transform. We impose extra assump-
tions that w, 6, are odd, which are preserved dynamically. Due to these symmetries,
it suffices to consider the HL model on R... For x > 0, symmetrizing the kernel, we
get

1 1 I 1 2y
7 Jr, x—y x4y m Jr, x2—y
1 2 d

=— | O .

e, /21y

We learn the following formal derivation of the leading order part of general singular
integral operator from Dr. Elgindi. ! Denote

X=x% Y=y QX)=owkx), nX)=0x). 1.7
Using the above change of variables and ’% = édTY, we get
1 2 dy 1 dy
Hw(x):—/ a)(Yl/a)X——=— Q(Y)Kot(X’ Y)_v
arw Jr, (7)1/0l —-17Y arm Jr, Y

where Ky (X,Y) = (X)I%l Next, we consider the leading order part of K (X, Y)
)i

as o — 07T. Note that
X X

lim (=)/* =0, for X <Y, lim ()% =00, for X > Y.
Y a—0t Y

a—0t

Hence, for X # Y and X, Y > 0, we get

Iim Kyo(X,Y)=-2-1y-%.
a—0t
Therefore, formally, we get

2 [ dy
How(x) = _E/X a)(Y)T +lot.=—-8SQ2X)+1l.o.t., (7.8)

! Similar derivation was presented in the One World PDE Seminar “Singularity formation in incompressible
fluids” by Dr. Elgindi. https://www.youtube.com/watch?v=29zUjm7xFll&feature=youtu.be
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where the operator S is defined in (7.3). Now, plugging the above formula in (7.6),
dropping the lower order terms in (7.6) and applying the notations (7.7), we derive
another leading order system for the HL model

3 Q(X) = n(X), 9n(X) = QLX) - n(X). (1.9)

The above system is exactly the same as that in (7.5). We remark that the lower
order term in the simplification (7.8) needs to be estimated rigorously. In general, the
system (7.6) is more complicated than (7.9) since the Hilbert transform is nonlocal
and is a singular operator, while we can obtain a local relation between Sf and f by
taking derivative dx (Sf)(X) = —%%

Note that 1y .y = 1,.,. Undoing the change of variables in (7.7), we get

2 dy 2 dy
SQX) = — L, QY)— =— 1x<ya)(y) o
o Jr, Y an Jr, y
2 [ d
_ _/ o2, (7.10)
T Jx y

The operator on the right hand side is closely related to the Choi-Kiselev-Yao (CKY)
simplification of the Hilbert transform [13]. Therefore, the leading order system (7.9)
can be seen as the CKY’s simplification of (7.6) without the lower order terms.

8 Concluding remarks

In this paper, we proved that the HL model develops a finite time focusing asymptot-
ically self-similar blowup from smooth initial data with compact support and finite
energy. Moreover, we showed that the solution of the dynamic rescaling equations con-
verges to an exact steady state exponentially fast in time and the self-similar blowup
profile is unique within a small energy ball. We also presented strong numerical evi-
dence to demonstrate the uniqueness of the self-similar profile for a much larger class
of initial data that satisfy certain symmetry and sign conditions consistent with the
initial data considered by Luo-Hou in [54, 55]. The possibility of having a unique self-
similar profile for a large class of initial data is very interesting and quite surprising if
it can be justified rigorously.

One of the main difficulties in our stability analysis is to control a number of nonlocal
terms with a relatively small damping coefficient. This is also the essential difficulty
in generalizing the method of analysis presented in this work to prove the finite time
blowup of the 2D Boussinesq equations or 3D axisymmetric Euler equations with
smooth initial data and boundary. To establish linear stability, we designed singular
weight functions carefully, applied several sharp weighted functional inequalities to
control the nonlocal terms, and took into account cancellation among various nonlocal
terms.

Our ultimate goal is to prove rigorously the Luo-Hou blowup scenario for the 2D
Boussinesq equations and 3D Euler equations with smooth initial data and boundary.
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Our numerical study suggested that the real parts of the eigenvalues of the discrete lin-
earized operator for the 2D Boussinesq equations with smooth initial data and boundary
are all negative and bounded away from 0 by a finite spectral gap. See also Section 3.4
in Dr. Pengfei Liu’s Ph.D. thesis [53] for an illustration of the eigenvalue distribution
of the discretized linearized operator. Moreover, our numerical study shows that |6 |
is an order of magnitude smaller than |0, |. This seems to imply that the main driving
mechanism for singularity formation is due to the coupling between w and 6,, which
is captured by our analysis for the HL model.

The framework of analysis that we established for the HL. model provides a promis-
ing approach to studying the singularity formation of the 2D Boussinesq equations
and 3D axisymmetric Euler equations with smooth initial data and boundary. We can
follow the general strategy developed in this paper by (1) extracting the damping effect
from the local terms, (2) treating the advection terms as perturbation to vortex stretch-
ing, and (3) controlling the nonlocal terms by developing sharp functional inequalities
on the Biot-Savart law and exploiting cancellation among them to control the nonlo-
cal terms by using the damping effects from the local terms. Compared with the HL
model, we will encounter some additional difficulties associated with the advection
away from the boundary, and need to estimate more complicated Biot-Savart law in
2D Boussinesq and 3D Euler equations. We will explore a more effective functional
space, e.g. weighted L? or weighted C space, to establish the stability analysis. Such
space offers the advantage of weakening the effect of the advection in the stability
analysis and extracting larger damping effect from the local terms in the linearized
equations. Moreover, it still allows us to estimate the Biot-Savart law effectively.

Guided by the singularity analysis presented in this paper, we have recently made
some encouraging progress towards the ultimate goal of proving finite time self-similar
blowup of the 2D Boussinesq equations and 3D Euler equations with smooth initial
data and boundary. We will report our results in our future work.

Supplementary Information  The online version contains supplementary material available at https://doi.
org/10.1007/540818-022-00140-7.
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Appendix A. Properties of the Hilbert transform
Throughout this section, we assume that w is smooth and decays sufficiently fast. The
general case can be obtained by approximation. The properties of the Hilbert transform

in Lemmas A.1-A.3 are well known, see e.g. [6, 11, 23].

Lemma A.1 Assume that w is odd. We have

Ho(x) — Ho(0) = xH (%) .
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Lemma A.2 Assume that w is odd and w,(0) = 0. For p = 1, 2, we have
(uxy —ux(0)x " = H(wx™7). (A.D)
Consequently, the L? isometry property of the Hilbert transform implies
[1ax = ux Q27|13 = llox~"|I3.
Recall the inner product ( f, g) = fooo fgdx (see (2.5))and A = (—D)'/? = Ha,.
LemmaA3 For f € L?, g € L1 with % + é =land1 < p < 0o, we have
(Hf,g) = —(f, Hg). (A2)

Lemma A.4 Denote A = (—83)]/2. Assume that f is odd and g, = Hf, g(0) = 0.
We have

(Hf = HfO), fx7) =0, (g, fix™") = (%, 5),

=

= |0
og

T
- ng(O)z.

Identities similar to those in Lemma A.4 have been used in [2, 6, 11, 26]. We refer
the proof of Lemma A.4 to the arXiv version of this paper [8].

LemmaA.5 Assume that w € L2(|x|_4/3 + |x|_2/3) is odd and uy = Hw. We have

(ux (x) — uy(0))? w? @y (x) — 1y (0))

It seems that the identity (4.2) H(|x|~%) = tan (%) sgn(x)|x|~%, which will be
used in the proof of Lemma A.5, is difficult to locate in the literature. We thus give a
proof.

Proof Firstly, we compute H(|x|™). For « € (0,1), we have H(|x|™%) =
Cysgn(x)|x|~%, for some constant C,. We determine C, by applying Lemma A.3
to

X 1

f=1xI"% Hf = Cysgn(x)|x|™%, g= T =1

which implies

o0 xlfa oo 1
Ca/ —zdx :/ —zdx
o l+x o Xx%(14x°)
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The integrals can be evaluated using the Beta function B(x, y) and B(8,1 — ) =

Sm( ) for B € (0, 1). In particular, we get

B(*3=, 5%)  n/sin((@+ Dm/2) (ﬂ)
B2, 9)  a/sin(@Q-wm/2) o\ 2

Choosing o = 1/3, we get
_ 1 _ _ _
H(lx| 1/3>=ﬁsgn(x)|x| 3 H(sgn()lx|73) = —V3x| 713, (A4)

Recall that w is odd. We assume that  is in the Schwartz space. Applying the
Cotlar identity, see e.g. [11, 23],

(HF)?> = F> 4 2H(F - HF),

we yield

. 2
[ (ux (x) —ux(0))” /| |2/3 )) dx

) :fI:{mm (;) Lo PH (;H (;)) }dx.

Since the Hilbert transform is antisymmetric ( Lemma A.3), we get H (wH (%)) =
fR P H($)dx = 0. Using Lemma A.1, we obtain

|x|2/3H(§H(%)) _ |x|2/3%H(wH(§)) = sgn(x)|x|‘1/3H<wH(%)).

Thus, applying Lemma A.3, then (A.4) and H(?) = %*(0) in Lemma A.l, we
prove

1 :/]R |Xa|)42/3 —2H (sgn(x)|x|_1/3) wH (%) ]dx

{
:A{{le“” +2f|x|—1/3wH( )]dx
{

— 0
o 2ﬁ|x|—1xaww_ux<>}dx
X X

|x|4/3

:/ (| |4/3+2fsgn( )w(ux(x)—ux(()))>dx.

To prove the Lemma for general odd @ € L?(|x|~*/3 + |x|=2/3), or equivalently
% € L2(|x |2/ 34 |x |4/ 3 ), we approximate % by the Schwartz function and use the fact

that |x|?/3 is an A, weight [23]. o

@ Springer



24 Page 58 of 75 J.Chenetal.

The weighted estimates in Lemma A.6 were established in [18].

LemmaA.6 For f € L2(x=%3 4+ x72/3), we have

(Hf — Hf(0)x 2|2 < cot %IlffmIIz = Q2+ fx" 2,

_ /4 _ _
||Hfx 1/3II2§C°t§||fx V= @+ V3 fx 3.

The estimate in the following Lemma is the Hardy inequality [36].

Lemma A.7 Assume that u is odd. Then for p > %, we have

/+°° (u(x) — ux(0)x)? .4 /+°° (ux (x) — ux(0))?
0

x2p ~@2p-—1)2 x2p—2

Lemma A.8 Assume that w is odd and w € L*(x™* 4+ x~2/3). Let uy = Hw. For any
o, B,y >0, we have

[y — ux (0))(ax™ + x~HV2|3 = [|w(ax™ + px=H)||3

H(u—uv(O)x)< +£+x1]g/3)1/2H —H (25x4
36y

+ 9x2) /ZH 7”("% Mx(O))x_2/3||%_

. . . . 5
The first identity follows from Lemma A.2. Applying Lemma A.7 with p = 3,2, 3

and then Lemma A.2 to the power X ’4, x~2 yield the second inequality. The constants

4 4 36 5
55> 9» 79 are determined by e with p =3,2, 5.

Appendix B. Derivations and estimates in the linear stability analysis
B.1 Derivation of (2.9)
For p € [1, 3], using integration by parts yields

) 1 ii2 2 i i
. - -p 2 _ X _ X —_
|| (u 2p — 1Mxx)-x ||2 = /RJr ((2[7 _ 1)2 x2p—2 2[7 — 1 x2p-1 + le’)d_x

1 iz 1 i
:/ ((2p— )2 2 T 2p— O e + _>dx

1 ﬁfd
T @p - 12 Je, 2
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B.2. Estimate of /1, I;2, I;3

We construct the cutoff function y in (3.8) as follows

x —1

2
% (x) = = arctan(( sy, Lh=5-10%, L =100,
s

I

Recall 1,1, 1,7 in (3.16), (3.29) and (5.14)

Iy = (ax x Gy + &%), 0x), Lo = A (U, x&309),

1 -
I3 = —gkl(ux&, Dywe). (B.1)

Recall from the beginning of Section 3.1 that o, Oy, @y, Oyx have decay rates
x%, x%%, x@~1 x22=1 respectively, with « slightly smaller than —%. Using the for-
mulas of & in (3.7) and ¢f, @,, ¥ in (3.8), (3.9), we obtain the decay rates
x &1 +Eyr) ~ Cix~43, x&3¢ ~ Cox~? for sufficiently large x, where Cy, Cy
are some constants.

Recall iy = u, — u,(0). Using the Cauchy-Schwarz inequality and Lemmas A.6,
we obtain

11l < iex ™22l x €W + 29 )6k
< Q4+ V3lox 2P allx E¥n + &9 )|l

For I,,, we first decompose it as follows using # = u — u, (0)x
Lo = Miu, xE300) — ux(0)A1(x, xE300) = Jy + J.

Using the Cauchy-Schwarz inequality, Lemma A.7 with p = % and Lemma A.6,
we get

_ 61 _
111 < A llux =313 x 300l |2 < — e 31111x*3 x & 00] 12

< 6)L1(25+ ﬁ) ||wx,1/3

4/3

211x™" x&300] 2.

Recall ¢, = ux(0). For J>, using Cauchy-Schwarz inequality, we yield

|2l < Aol - 1x " 2we! 2|1l 1xE3 x 20! 2 5.

In the above estimates of /.1, if we further bound ||x (§1¥, + & r)0x|l2 by
the weighted L? norm ||6,%/2||», we obtain a small factor Py 13 since X 1s sup-
ported in |x| > p and the profile has decay. See also the above discussion on
the decay rates. Similarly, we get a small factor in the estimates of Ji, J; from
|1x* x&300l12, [|x*3 xE30¢]]2, respectively.
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Using Young’s inequality ab < ra® + 3 b2 we obtain

_ 2+ /3)? _
[et| + 2] < t51]|wx 2/3”%“1‘THX(EI'/M+§21/f_f)‘9x||%+152||wx 17312
1 6x1(2+J§)
— [ ) I g0l
4tso 5

MllxgEx' 2o 2115

+ t5311x 2w |13 + 1 2,
153

where t51 = 10719 s5, = 1072, 153 = 1072, We choose these weights 75; so that the
terms ta?, Jt b? in Young’s inequality are comparable. It follows the estimate (3.36).

Note that replacing @ in 1,5 in (B.1) by — % D, w, we obtain /3. Therefore, applying
the same estimate as that of 7, to 7,3, we yield

211x*3 x &3 Dol |2

115 < w| =13
- 5

Al
+5 1ol l1x'2Dywp | alIxE3x 20 ).

Using Young’s inequality ab < ra” +3 b2 we establish

3] < toa]|x*3 x &3 Dy w3
2
2012 3 —
a7 (G2 flox IR + toslx 2 Dewp 113

Mllxgsx 20118
36195 @

where 794 = 100, 795 = 1073, We choose these weights fo4, f95 so that the terms

ta®, -b? in Young’s inequality are comparable. It follows (5.15).

B.3 Derivations of the ODE (3.43) in Section 3.11

We use the following functions in the derivations

la 13 lu _ _
fzézf—5<4 ot g *)——+—, 32 M@ — xdn)g,
3 1y, 1/3 2y, i
f4é§ xx+5<5“9xx+5 xx), féép, (B.2)
1o 3. 20
f7 £ (9x x9xx)1ﬂ f8 a)x +-—, f9 £ =0y + =
4 x 5 5
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B.3.1. Derivations of the ODE for c(f,, dg and (3.43)

Recall ¢, = u,(0) = 0+°O 2dx from (3.3). Multiplying the equation of w in
(3.1) by —; and then takmg the integral from 0, +o0 yield

X
— —Cp =— —dx = _dx
dt 2 dt Jo —X X X

+/°° Eww—i—cwc?)dx_/oo Fw—i—N(w)dx
0 0

—X X

x5 ~ o0 F N
:/ wdx —dy + %(gw + i, (0))cy — / de,
0 0

X X

dm d [T®° ® (x + )wy + udwy Sl
d dx —
0 0

where we have used the notation dy in (3.41) and fooo _ix =ZHf(0) with f = w, ®
in the last identity. Multiplying c,, on both sides, we yield

1d a7} v
__ZC; — Z(gw + ﬁx(O))CZ) + Cw/ de — cods
2di 2 2 0 x 53
/00 F, + N() '
— ¢y = dx
0 X

which is exactly (3.42).
. . .. . G100y .
We derive the ODE for dy using the 6 equation in (3.1). Since fR+ Lrdx =0,
we get

d iy + iy % 4 g
dt R, X R, X 0 X

F 9 (B.4)
+/ o+ N@©)
0 X

dx 2L+ h+ L+ 1L+ Is.

We use the notation (-, -) in (2.5) to simplify the integral. For /3, using integration
by parts, we obtain

—((@0y)x, x7 1y = (@6, 0,x7) = — (b, x72).
Similarly, for 14, we get
o

Iy = —(uby, x

Recall ¢, = u,(0). We rewrite the above term using the decomposition u =
i+ uy(0)x (3.10)

= —((@l + 1 (0)X)0y, x2) = (i, x %) — Coyidp.
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where we have used the notation dy defined in (3.41). Using (3.41), we can simplify
I, I, as

I} = 2C,dy, In =2cyds.

The c,dp term in I and I4 are canceled partially. Using these computations and
multiplying both sides of (B.4) by dy yields

1d o
2dr !
* F N
—|—d9/ L()dx.
0

X

. > i > if
28,d} + codyds — dy / D dx — dy / Eax
0 X 0 X

(B.5)

Since dy > 0, the term ¢, dp in (B.5) and (B.3) have cancellation.
The quadratic parts on the right hand sides in (B.3), (B.5) involve the following
terms remained to estimate

1= (it, wxx 7Y, o = (u, @xx7), J3 = (i, 0x72), Ja = (ii, Ox %), (B.6)

We use the idea in Section 3.11.2 to rewrite the integrals of u as the integrals of w
and of 1 — %ﬁxx = un (see (3.41)). We use the functions f; defined (B.2) to simplify
the integrals of 6, . In Appendix B.3.2, we rewrite J; as follows

Ji+ D = (o, H) + uax™", f5),

-1 (B.7)
J3 = (bx, f6), Ja={(uax"", fo) — (o, fa).

For some parameters A2, A3 > 0 to be determined, combining (B.3) and (B.5), we
yield

1d )\,27'[ 7.[)\2 _ _
EE (TCS) + )»3d92) = T (Co + 1y (0)) Cczu + Ay (J1 + 1)

— MCods — 2Cw(Fy + N(@),x7")

+ 250,)\3613 + A3de_9d9

— A3dgJ3 — AadgJa + h3de(Fy + N(0), x').
Plugging (B.7) in the above ODE, we derive (3.43).
B.3.2 Derivations of (B.7) in the ODEs
Recall the integrals J; from (B.6). We use the idea in Section 3.11.2 to derive the
formulas in (B.7).

Recall # = u — u, (0)x from (3.10). Firstly, we consider J;. Since fooo wydx =0,

we have

Jo = (U — uy (O)x, yx ™) = (@1, dpx 7).
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We approximate the far field of @,x~! by %(%)x and derive

.y 1 o 1/. @ N
B= (i, 2 = 2 )+ i (D) 2 dar + o
X 4" x 4 X
Applying integration by parts, (A.1) and (A.2) yields
L. _ 1 w\ ljw  _ ljo _
=iy =4 (2).5) = 42 m)= 4.
In J31, the coeifficient
B 1o
4 x = 442

decays much faster than @, x~! for large x. We approximate ii by %ﬁ X

13 Diis 0 13 1wy
2= 5 Gl @) + (=5 8) = 5 Gl @) + (2).a»

X X

_ 1 o _ 1 3. 1y

= —(— Hoy) — — (=, H®)) = ——{(w, = -=
(== (w, Hay) 4(x, w)) S(w,4uxx+4x),

where we have used fooo uy(0)wydx = 0 in the second identity. Using the notation
and function in (3.41), (B.2), we can simplify /1 as

I = (upx™", fg).
Combining the above calculations on J22, I1, I>, we obtain
h=h+h+In=(o, %”7 - é(%ﬁm + %i—ﬁ) +(%2, f).
For J; in (B.6), using integration by parts, we obtain
Ji=(ix " o) = —(0c(ix ), @) = <—‘_;—* + % )

We can simplify J; + J> using the function f> in (B.2)

Ji+J2 = (w, fo) + (uaxt, f5). (B.8)
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For J3, using fg defined in (B.2), we get
J3 = (0, iix"2) = (6y, fo). (B.9)
For J4 in (B.6), we use a similar computation to obtain

_ O 3 (0, 3 0 36 20 3 0
_ ~ -2 I X = X _ s X o~ 3(\’ = X _ s X
Jo = (i, Orx )—<u, 2t3 (—x >X> 5<u, (*x )X> -~ +3.2) 5(14, G )x)

~ 1 ~ 3 éxx 2 éx 1 ~ 3 éxx 2 Gx ~ X N
(i-5 ) 5("”’57*5;%5(“’(;”):’41”42“43-

For J41, using the notations in (3.41) and (B.2), we obtain
Jar = (uax, fo).

For Ju3, Ja3, using Lemmas A.2 and A.3, we derive

Jip = é<ﬁx» géxx + %i—x> = é <§<Hﬂ) — Hw(0), éxx) + §<H (%) ’ _x>>

1/3 _ 2 w _
= _g <§<w, Hby,) + g(;’ H0x>) >

o= 3o )= Y 32

Combining the above computations and using the notations iy ., f4 defined in
(3.41), (B.2), we yield

3u 1/3._ 2u
Jo=Ja + Jao + Jaz = (uax”", fo) < S20x gy - —igyx + = 0.x )
5 x 5\5 5 x
uax™', fo) — (w, fa).

The formulas in (B.8), (B.9) and the above formula imply (B.7).

B.4 Derivations of the commutators in (5.3)

Recall D, = x9, and the operators in (3.5). We choose f = 0y, g = win (3.5). We
use the notation uy = Hw. Thenu = —A "l o.

Firsrly, we compute the commutator related to the transport term. Using (¢;x +
u)oy = (¢ + %)Dx, for p = w or 6, we yield

— [Dy, (¢ix +u) 0x]1p = —[Dx, (El + ?_C) D]

p=—Dy <(El + Z) Dxp) + (El + E) Dy (Dyp)
X X
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_ o u _ 7
= —-D, <cl + —) Dyp=— (ux — —) D.p. (B.10)
X X
Next, we compute the velocity corresponding to D, w. Using Lemma A.1, we get
H(Dyw) — H(Dyw)(0) = xH(wy) = x0r Hw = Xlyy.

Note that H(D,w)(0) = —% fR wydx = 0. We obtain Dyu, = xuy, = H(D,w).
From

(xuy —u)x = xuxy = H(Dyw), (xuy —u)(0) =0,
we obtain that xu, — x is the velocity corresponding to Dy w. Therefore, we have

Ho =u,, —A'o=u, H(D,w)0) =0,
H(D,w) = xuyy, —A_l(Dxa)) = XUy — U.

Using these formulas, for ¢ = w, or O,y We obtain

Dx< (Ao — Ha)(O)x)q) - ( —(~A"'Dyw — HDxa)(O)x)q)

= Dyo(—( — ux(0)x)q) + (xuy —u)q (B.11)
= —(u — ux(0)x) Dxq + (= (xuy — ux(0)x))q + (xuy — u)
q =—u—uy(0)x)(Drq +q).

Similarly, we have

Dy (= (Ho — Ho(0)x)q) = (~(H Dy = HD,(0))

= Dy (—(uy —ux(0))g) + xuxxq
= —Dyuxq — (uxy — ux(0))Dxq + xuxxq = —(ux — ux(0)) Dxq.

(B.12)

Since ¢pw, Oy in L1 (3.5) vanish in the commutator, applying (B.10) with p = @
and (B.11) with ¢ = @, yields the formula for [ Dy, L] in (5.3). Note that

Dx((ZEa) - ’Zx)ex) - (2Ew - ’/_tx)Dxe = _Dxlf_txex-

Combirling this computation, (B.10) with p = 6, (B.11) withg = Oy and (B.12)
with ¢ = 6,, we derive the formula for [ Dy, Lg] in (5.3).

B.5 Derivation and computing C,; in Section 3.11.3

Recall the inequality (3.50), the functions in (3.49) and the spaces X; in (3.51). We
use the argument similar to that in [11] to derive and compute Cy;.
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In Section 3.11.3, we have reduced (3.50) to an optimization problem on the finite
dimensional space X1 @ X, @ X3 with X € X1,Y € X5, Z € X3. Here, we have a
direct sum of spaces since there is no inner product among X, Y, Z. Let {e1, e>, e3, e4}

be an orthonormal basis (ONB) of ¥ withe; = ﬁ; {es, eg, 7} be that of X, with
112

e = II;TSI@; {eg, e9} be that of X3. Then {el-}?:1 isanONBof T £ %, T, @ ¥3.

Let v; € R? be the coordinate of g; in ¥ under the basis {e,-}?= jand p = (x,y,2) €
R* x R? x R? be that of X + Y + Z. The vectors v; and p are column vectors. By
abusing notation, we also use (-, -) to denote the Euclidean inner product in R®. With
these convections, each summand on the left hand side of (3.50) is a quadratic form
in p. For example, we have

(X, g)(Y, g7) = (p,vi){p,v7) = (p v (] p) = p” (v1v])p.

Hence, (3.50) is equivalent to

p"Mp < Copp" Dp, (B.13)
where M and D are given by
M = v1v3T + 1)11)7T — (A — )»3(29)1)11); + szlva
—)»31)51)5-I—)\3U5UZ—i—)»zvlvgw —A3v5ng, (B.14)

D = Id—i—slvlvlT +szv5v5T.

By definition of ef, es, i.e. €] = ”ggﬁ, es = H;ﬁ’ we have v| = ||g(||2E1, vs =
llg5|l2E5, where E; € R? is the standard basis of R?, i.e. the i-th coordinate of E; is
1 and O otherwise. Therefore, D is a diagonal matrix

D =diag(1 +sillg1l13, 1, 1, 1, 1 +s2llgsl3, 1, 1, 1, 1) e R¥.

Symmetrizing the left hand side of (B.13) and using a change of variable ¢ =
D'/ p, we obtain

1
Copt = hmax(D™2M;D7V2), M, = 5 (M + m™.

Firstly, M can be written as

M =WVl Vi = (v3,07,vs, 02, V6, V4, V8, V9),

Vi = (v1, v1, — (k2 — dgh3)v1, Aav1, —A3vs, A3vs, Aav1, —A305).
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Then My = 5(Vi V) + VaV) = LUUT with Uy = [Vi, V21, Uy = [Va, Vi] €
R?*16_ Using the argument in [11], for any even integer p > 2, we obtain

Copr < (Te|D™2M, D712 VP = 27 (Te(D™ 20 Uy D™V P

(B.15)
=27 (i D~ tupr)lr.

We will explain how to rigorously estimate the bound above in the Supplementary
Material [10].

B.6 Estimate of 7 in Section 3.12

For A2, A3, t61, k, re,, > 0 chosen in (C.3), Appendix C and t¢, determined by these
parameters, we define 7; and s;

Ti = (= Dp — App™ ' = )@ — te1x ™4, Ty = (=Dp — Agyy ' — i)Y,

— @.16)

TA1€306
12

4/3

T _ _
T3 = 251610 4 1603, 51 = — 2o+ x(0) = e, —

§) = —2CpA3 — KA3,
We will verify that 7; > 0, s; > O later. The parameter r., is essentially determined
by k. See Appendix C.2 for the procedure to determine these parameters. Plugging

the above T; and s; in (3.48), we can compute the upper bound of Cy); in (3.48) using
(B.15) with p = 36

Copr <271 (Tr(UI D~'UNP)P < 0.9930 < 1, (B.17)
which is verified in (D.7), Appendix D. Thus from (3.48), we obtain

1/2

u
T < |loT, 1/2 A1/2

113+ 116: T, 7113 + 1T |13 + s1¢2 + s2d3,

which is exactly (3.53). By definition of T, 7>, we have

((Dg + Agy M)y, 02) + (T2, 02) = —k (62, %),
(M Dy + App™ N, %) + (T1, 0*) = kA1 (@?, @) — to1 (@0, x74).

Hence, plugging the above estimate on 7 in (3.52), we yield

J = —k|10xy 2115 — keallwg (13 — t1llwx 2|13 + s1¢2, + s2d]
UA . 1)2 9 7211 N\ L (B,18)
1= - (Du - i = ot 10 a1 + A + Gecl,
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It remains to estimate the u term. Recall u A in (3.41) and T3 in (B.16). A direct
calculation yields

UA 117202 R -6
|I—T;""|l; = (it — =uyx)” - 25tg1x "dx
X 0 5

00
1
—|—/ (n — gftxx)z . t62x710/3dx AN +D
0

Using (2.9) with p = 3 and Lemma A.2, we get

2,12
I

~ 2.2 _
I = te1||uxx 7|15 = te1||wx™7|]5.

For I, using integration by parts and Lemma A.8 about # with « = 8 = 0, we get

1 @ 2y i? 1@ 1, i
— _z — ity =1/3
Iz—l@[) 35343 5577 + x10/3dX—t62/0 25 4/ + SM 0y X +x10/3dx
* 1 @2 7. i a2 /1 8 36
=1 — = l — —)—=mdx <t 2l =+ = = )dx.
62/0 25 van U T 5o = 62/0 X4/ (25 s 49) !
Combining the estimates of I, I yields
UA 1722 -2/2 1 8 36 - _2/32
—T < p1||lwx + (—+— . —)t UyX s B.19
[l o 13 13 < te1ll 12 3T 15 1 62|ty [12 (B.19)

We define 76y in Appendix C so that the terms ||ﬁxx’2/3||% in (B.19) and (B.18)
are almost canceled. We establish (3.54), i.e.

J < =il 213 — knillwe 213 + (51 + Goel
+52d3 — 1079t x 72313 + Aw).

Appendix C. Parameters in the estimates
C.1. Parameters

Parameters eq, ez, e3 introduced in (3.7) are determined by the approximate self-
similar profiles

e1 = 1.5349, ey =1.2650, e3 = 1.3729. (C.1)
We choose the following parameters for the weights ¥, ¢ (3.8),(3.9)
a; =53, =33, a3=0.68, as=12.1, as5=2.1, ag=0.77,(C.2)

@ Springer



Self-similar blowup of the HL model Page690of75 24

and the following parameters in the linear stability analysis in Section 3

49
M =032, =129, tp= 3 -0.9D,, 1t =15.5, ty=13.5, 33 =32,

2 =05, 134=29, 7 =47, 14=38 A =215 i3=0135 (€3

te1 =0.16, K =0.03, r., =0.15.

Parameter A is introduced in (3.12), (3.14); t», 12> are introduced in the estimates
of I, (3.18), (3.20); 11, t12 are introduced in the estimate of I (3.23), (3.25); 14 is
introduced in the estimate of I in (3.28); (#31, #32), t34, 71 are introduced in the estimate
of I, in (3.33), (3.32) and (3.30), respectively; A2, A3, fe1, k, 7, are introduced in
(B.16) to estimate 7 in (3.53).

The parameter D,, introduced in (3.25), 67 in (B.16) are determined by the above
parameters

tHoziiag 9 T2A1 _5 6. 1
D,=——, to=D,— —tip———-107°—-10 —
u 7 62 = (Dy 927 1o )(25 +

8 ﬁ)—l
15 49"

After we complete the weighted L? estimate, we choose the following parameters
in the weighted H' estimates and nonlinear stability estimates

kp =0.024, 171 =28, th =2, tg1 =5, t =07, tor =1, ty= 1(%, 4
y1 =098, 1 =0.07, Ay =0.005 E,=25-107, a; =0.3l. '

Parameters #7;, tg;, to; are introduced in the estimates of Q; (5.11), (5.17); k> in (5.23);
Y1, ¥2 in (5.22); X4 in (5.29). Parameter ay is determined by the above parameters
via A,p (5.20) and (5.24)

ag =031,

C.2. Choosing parameters in 7 and determining «

We first choose r¢,, = k5 A2 with small « = 0.001. The remaining unknown param-
eters in the linear stability analysis are A, A3, 61 > 0. Once Ay, A3, fe1 are chosen,
the functions 7; and scalars s; in (B.16) are determined and then we can compute
Cop: in (3.48) using the argument in Section (3.47) and Appendix B.5. We optimize
A2, A3, te1 > O subject to the constraints 7; > 0,s; > 0, such that C,,, < 0.98 and
Copr is as small as possible. Then we obtain the approximate values for A2, A3, 6.
Our goal is to obtain « as large as possible. The estimate of C,,, depends on all
the parameters in (C.2)-(C.3). We gradually increase « until C,p; < 0.98 is violated.
We further refine all the parameters in (C.2)-(C.3) one by one and by modifying them
around their approximate values to obtain smaller C,p,. Then we increase « again.
Repeating this process several times, we obtain larger ¥ and « = 0.03. Finally, we
increase r.,, until C,p; < 0.98 is violated. This allows us to obtain a damping term for
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cfo with a larger coefficient in the weighted L? estimate (3.57), Using this procedure,
we determine the parameters in (C.2), (C.3) and further establish (3.57).

In our process of determining the parameters, we actually first use the grid point
values of the functions and only need to track the constraints, e.g. 7; > 0, on the
grid points instead of every x € R. After we determine all parameters, we verify the
constraints rigorously by using computer-assisted analysis and establish the desired
bound C,,; < 0.993 < 1 (B.17).

Appendix D. Rigorous Verification

This section is a collection of inequalities that will be rigorously verified with the help
of computer programs. The methods of computer-assisted verification are introduced
and discussed in detail in the Supplementary Material [10]. All the numerical compu-
tations and quantitative verifications are performed in MATLAB (version 2020a) in
double-precision floating-point operations. The MATLAB codes can be found via the
link [9].

D.1. Ranges of the parameters
Denote by

4 1

_ o _ _ 1 _
Gi(A1, 12, 12) 2 x ™+ x4+ n(vas)’x 2, Gaty, 1) & E(azx

25

) I
+o1x 2)2 + Fzz(x?’@xan)z

the coefficients in (3.21). Applying estimate (3.21) on I,,, we establish (3.22) with
¢ =0.01if

1 _ _
k—Gl(kl, 0,12)¢ ' 4+ D,y < —c, Gatr,t2)¥ ™' + Dy < —c,
1

where D,,, Dy defined in (3.13) are the coefficients in Dy, D;. To verify the above esti-
matefor Ay € [Ayy, A1l = [0.31,0.33], 12 € [, t2u] = [5.0, 5.8], 122 € [t201, to2u] =
[13, 14], since G, G2 are monotone in A1, t2, t27, it suffices to verify

1

Iy lGl(Mu, us 22)9 " + Doy < —¢,  Galta, o) ' 4+ Dy < —c. (D.1)
1

Similar, in order for Iy + Dy + Dy < —0.01(/10:% /2|2 + A1 [|wp!/?|3) with esti-
mate 3.27 on Iy and A1 € [Ay, A1, ] =[0.31,0.33], 1y € [t1, 1] = [1.2,1.4], 112 €
[#12, t12u] = [0.55, 0.65], it suffices to verify

1

A”G?}(Mu, s 120)9 "+ Doy < —¢, Ga(ty, 1)y ™' + Dy < —c, (D.2)
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where

azhiog _
G3AI%6 a3

/3

1 1 _
Galtr. 1) = —x~23 + —— (1B x>/3)2,
4(t1, 112) 4[1x + 4m(iﬂf exX717)

G3(Ai, 11, 112) =14 (a%x‘2+ +()L1a6)2x—2/3>,

In order for Iy + Dy + Dy < —0.01(|0x¥'/?|]2 + A1 llwp!/?[13) with estimate

(3.28) on I and A1 € [A17, A1y] = [0.31, 0.33], t4 € [t47, tay] = [3.5, 4.0], it suffices
to verify

1
A_”GS(M") + Dy < —c, Ge(Aru, tg) + Dy < —c, (D.3)
where
3 (Mas)? s
Gs(ty) = tyx 3971, Ge(r1, 14) = 4—t4x Syl

Remark D.1 We do not actually use the above estimates. Yet, they provide a useful
guideline to determine the parameters ¢#;; in the estimates.

D.2. Inequalities on the approximate steady state

To establish the nonlinear estimates in Sections 3 and 5, we have used several inequal-
ities on the approximate steady state and the parameters defined in Appendix 1. These
inequalities are summarized below.

In (3.13), we derive the damping terms in the weighted L2 estimate with coefficients
Dy, D,,. These coefficients are negative uniformly. That is, for some ¢ > 0, we have

Dy,D, < —c <0. (D.4)

Recall that we choose the weights 7; and s; defined in (B.16) and apply the argument
in Section 3.11.3 to obtain the sharp estimate of the 7 term defined in (3.47). This
estimate requires that the weights are nonnegative, i.e.

Ty = (—1 Dy — Awp™ " — iK)g — te1x ™+ > 0,
Ty = (=Dy = Agy ™' — i)Y >0, (D.5)

T3 = 25t61x_4 + t62.x_4/3 > 0.
and

TAle30 G. >0
- 5 C 9

b/ _ _
§1 = _E)LZ(Cw +ux(0)) — Lo 12 (D.6)

8§y = —2CupA3 — kA3 > 0.
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Using the above T}, s; and the argument in Section B.5, we establish the following
estimate for the constant Cp; in (3.48)

Copr <27 1(Tr(U] D™'UNP)P < 0.9930 < 1. (D.7)

The fact that C,,; < 1 implies (3.53).
In the weighted H I estimates, we have used

(i )y < 0.029 (D.8)

in (5.9) to establish (5.10). We have also used

. u _
Dy + Ael/f_l - (ux - ;) + By 1 < —kK2,
_ (D.9)
_ U _
MDy+ App ™ = (Mx - ;) + Bog ! < —kah1.
and
A9 oo < agt, (D.10)

originated from (5.9) and (5.24) to establish (5.25).
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