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Abstract: Singularity formation of the 3D incompressible Euler equations is known
to be extremely challenging (Majda and Bertozzi in Vorticity and incompressible flow,
Cambridge University Press, Cambridge, vol 27, 2002; Gibbon in Physica D 237(14):1894—
1904, 2008; Kiselev, in: Proceedings of the international congress of mathematicians,
vol 3, 2018; Drivas and Elgindi in EMS Surv Math Sci 10(1):1-100, 2023; Constantin
in Bull Am Math Soc 44(4):603-621, 2007). In Elgindi (Ann Math 194(3):647-727,
2021) (see also Elgindi et al. in Camb J Math 9(4), 2021), Elgindi proved that the 3D
axisymmetric Euler equations with no swirl and C!-¢ initial velocity develops a finite
time singularity. Inspired by Elgindi’s work, we proved that the 3D axisymmetric Euler
and 2D Boussinesq equations with C1¢ initial velocity and boundary develop a stable
asymptotically self-similar (or approximately self-similar) finite time singularity (Chen
and Hou in Commun Math Phys 383(3):1559-1667,2021) in the same setting as the Hou-
Luo blowup scenario (Luo and Hou in Proc Natl Acad Sci 111(36):12968-12973, 2014,
Luo and Hou in STAM Multiscale Model Simul 12(4):1722—-1776, 2014). On the other
hand, the authors of Vasseur and Vishik (Commun Math Phys 378(1):557-568, 2020)
and Lafleche et al. (Journal de Mathématiques Pures et Appliquées 155:140-154,2021)
recently showed that blowup solutions to the 3D Euler equations are hydrodynamically
unstable. The instability results obtained in Vasseur and Vishik (2020) and Lafleche et
al. (2021) require some strong regularity assumption on the initial data, which is not sat-
isfied by the C!- velocity field. In this paper, we generalize the analysis of Elgindi (Ann
Math 194(3):647-727, 2021), Chen and Hou (Commun Math Phys 383(3):1559-1667,
2021), Vasseur and Vishik (2020) and Lafleche et al. (2021) to show that the blowup
solutions of the 3D Euler and 2D Boussinesq equations with C1'¢ velocity are unstable
under the notion of stability introduced in Vasseur and Vishik (2020) and Lafleche et
al. (2021). These two seemingly contradictory results reflect the difference of the two
approaches in studying the stability of 3D Euler blowup solutions.
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1. Introduction

Whether the 3D incompressible Euler equations can develop a finite time singularity
from smooth initial data with finite energy is one of the most challenging open questions
in nonlinear partial differential equations [20,25,37,45,51]. In [49,50], the authors pro-
vided convincing numerical evidence that the 3D incompressible Euler equations with
smooth initial data and boundary develop a finite time singularity. This work has inspired
anumber of subsequent theoretical studies,see e.g. [11,15-18,29,31,43,44]. Inspired by
Elgindi’s seminal work on singularity formation of the 3D axisymmetric Euler equations
with no swirl and C-¢ velocity [26], we have proved rigorously that the axisymmetric
Euler and the 2D Boussinesq equations with C!-¢ initial velocity of finite energy and
boundary develop a stable asymptotically self-similar (or approximately self-similar)
finite time singularity [11]. There has been some important progress on singularity
formation and small-scale creation in incompressible fluids. We refer to [25,45] for ex-
cellent surveys. On the other hand, in two recent papers [46,64], the authors showed
that blow-up solutions to the 3D Euler equations are hydrodynamically unstable. The
instability results obtained in [46,64] require some strong regularity assumption on the
initial data, which is not satisfied by the C'** velocity. In this paper, we generalize the
analysis of [11,26,27,46,64] to prove that the cle blowup solutions of the 3D Euler
and the 2D Boussinesq equations [11,26,27] are unstable under the notion of stability
introduced in [46,64].

These two seemingly contradictory results reflect the difference of the two approaches
in studying the stability of singular solutions to the 3D Euler equations. The stability
analysis in [46,64] is based on the linearized Euler equations around a blowup solution
in the original physical variables. However, the perturbed solution of the linearized Euler
equations is completely different from the perturbed solution of the original 3D Euler
equations using a perturbed initial condition. To demonstrate this point, if the perturbed
initial condition leads to a blowup time 7T that is smaller than the blowup time 7 of the
background blowup solution, i.e. 7, < T, the perturbed solution of the linearized Euler
equations would not be able to capture this effect and will remain regular for ¢ € [T, T).
This seems to be one of the main sources of instability induced by the framework of
studying stability of a singular solution to the 3D Euler equations using the linearized
Euler equations. See more discussion on mechanisms of instability in Sect. 1.2. Note
that the blowup time 7, depends nonlinearly on the perturbed initial data [11,27].

The nonlinear stability of the asymptotically self-similar (or approximately self-
similar) blowup profile using the dynamic rescaling formulation [11,13,47,54] is very
different from the linear stability performed in [46,64] and mentioned above. The method
based on this formulation first involves a nonlinear transform of the physical equations
by rescaling the solution dynamically in the spatial and the temporal variables, and
then performs linearization around an approximate blowup profile and stability analysis
in the reformulated equations. Since the linearization is performed after we make this
nonlinear transform, the linear stability under this framework captures some nonlinear
behaviors of the original physical equations. This approach allows us to incorporate
the changes of the blowup time, the blowup profile and the blowup exponent (see
below) by choosing suitable rescaling parameters that come from the scaling symmetry
of (1.1) or (1.5). Note that the dynamic rescaling formulation is closely related to the
modulation technique [42,58], which has also been used to establish nonlinear stability
of the blowup profile of 3D Euler [26,27].

We remark that the authors of [46] also studied the profile instability of a self-
similar blowup solution to the 3D Euler equations in [46]. More specifically, given a
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background self-similar blowup solution u(x, ) = (T — H)*U (¢, ﬁ), the authors
assumed that the perturbed solution of the linearized equation (1.2) takes the same form
vix,t) = (T —H*V (e, (T_+)/3). Thus, the perturbed solution of the linearized equation
does not capture the change in the blowup time and the dynamic changes of the rescaling
rate of the perturbed profile and the blowup exponent g of the original 3D Euler equations
using a perturbed initial condition.

The 3D incompressible Euler equations read

u+u-Vu=-Vp, V.u=0, (1.1)

where u is the velocity field and p is the scalar pressure. In [64], the authors studied the
stability of a singular solution u(#) of the 3D Euler equations by analyzing the growth
of the perturbation v(#) using the following linearized Euler equations around u(#):

vVi+u-Vv+v-Vu+Vg=0, V.-v=0. (1.2)

In a subsequent paper [46], the authors generalized their earlier results to the axisym-
metric Euler equations. Recall that a vector field f(x) is axisymmetric [51] if it can be
represented as

Fx) = £ (e + f7(r, 2)ep + f(r, 2es, (1.3)

where (r, ¥, z) are the cylindrical coordinates with basis e, = (cos ¢, sin, 0), ey =
(—sind, cos 9, 0), e, = (0, 0, 1). For a solution u with axisymmetric initial data ug, the
axisymmetry property is preserved dynamically by the Euler equations (1.1).

1.1. Main results. We consider singular solutions u to (1.1) in a domain D with the
following symmetry in z

4 %4

u=u"e +u’ey +u‘e,, u",u” areeveninz, u*isoddin z. (Sym)

Denote by X the set of axisymmetric functions with symmetry given in (Sym),
H }1( (D) = H'(D)N X. Let v be the solution of the linearized Euler equations (1.2) with
initial data vo. Following [46], we define the growth factors X, p(¢) and )L;y’ Z’ p(1) as

follows:
[lr=ov(t, )lLrp)

hpon(®) = sup -
voeH (D)Y,vo0 1T 77VollLr(D)
rYov(t, -
kj,y:D(t) _ sup I _a( )||LP(D)’ y — 17, (1.4)
voeHL(D)Yvoz0 M7 VollLrp)
0 =<o0p Y= HY(D), o > op,
where 0, = —2=D The functional spaces, e.g. the weight »r = and L? norm, in

the above definitions are the same as those in [46]. If 0 < o, we further restrict the
initial data to vy € L? so that r—°wv(¢t,-) € LP(D) for a domain D with bounded r.
See Remark 1.1 for more discussions about the spaces. We note that if one measures
the growth in a norm X stronger than L7, it is not difficult to prove instability. See
Sect. 2.4 for more discussion. We also refer to [46,64] for the motivations of the above
definition of instability. Note that restricting vg to a smaller class of functions only makes

the growth factor smaller. In particular, we have )»‘;,y, "W < a p.o(t) since H )1((D) is a

subclass of axisymmetric functions in H'(D).
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In the first main result, we consider (1.1) in a cylinder D = {(r,z) : v < 1,z € T}
periodic in z (axial direction) with period 2, where r is the radial variable and T =
R/(2Z). This setting is the same as that in [11,49,50]. We prove that the blowup solution
constructed in [11] is linearly unstable under the notion of stability introduced in [46],
even in the symmetry class (Sym).

Theorem 1. There exists ag > 0 such that for any 0 < a < o, the 3D axisymmetric
Euler equations (1.1) in the cylinder (r, z) € [0, 1] x T develops a singularity at finite
time Ty from some C - initial data ug with finite energy. Moreover, there exists Ryo < 4—1‘,
such that the solutionu (1.3) satisfies u”, u®, u” € L>([0, T, C>°(X)) for any compact
domain X C {(r,z) : v € (0,1), 2 #0}NB(1,0)(R2,o) and T < T. Forany p € [1, 00)

and o < %, we have

1
t

lim A (1) = o0.

2 p,o,D

Note that the range of o is larger than that in [46]. We can prove this range of o since
the singular solution [11] is supported near (r, z) = (1, 0), which allows us to construct
an unstable solution with fast growth near (r, z) = (1, 0). In such a region, the weight
r~% in (1.4) is essentially equal to 1.

In the second main result, we consider the singular solution in R? constructed by
Elgindi [26] (see also [27]) and prove a similar instability result for a smaller range of
parameter 0 < —1.

Theorem 2. There exists ag > 0 such that for any 0 < o < o, the 3D axisymmetric
Euler equations (1.1) in R? develops a singularity at finite time T, from some C% initial
data g with finite energy and without swirl. Moreover, the solutionu (1.3) satisfies u’ =
0,u”, u® € L>®([0, T1, C3°(X)) for any compact domain £ C {(r,z) : r > 0,z # 0}

and T < Ty. Forany p € (2,00) and o € (—@, —1), we have
. sym _
tl_l)n;* )Lpﬁmﬂ@ (t) = oo.

Note that for p € [1, 2], the interval (—%, —1) is empty.

Remark 1.1. We remark that for general o, p and solution v to the linearized Euler
equations (1.1) from smooth initial data vg, v may not remain in the weighted space

r~%v € L? locally in time. For o € (—M, %), p > 1, which covers the range of

(p, 0) in Theorem 2 and part of the range in Theorem 1, the existence and uniqueness of
solution to (1.2) in the class C°([0, T), X), X = {v € H!, vr=° e LP} is established
in Lemma 4.1 [46], where T is the blowup time of u. In the setting of Theorem 1

with o < —@ < 0, since r < 1 in the cylindrical domain, vy € L? (1.4), and

[lor=%||Lr < |v||Lr < +00, v remains in C%[0, T), X N LP). We assume vg € H' in

(1.4) to use the existence and uniqueness result to (1.2) [41,46,64]. Note that to solve the
linearized equations (1.2), the regularity of the data vy +u can be weaker than H*, s > %
or CH o > 0, in which we have local well-posedness for 3D Euler (1.1).

Next, we generalize the instability results to the 2D Boussinesq equations in R

wr+u-Vo =6, 6;+u-Ve =0, (1.5)
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where the velocity field u = (u, v)7 : R2 x [0, T) — R2? is determined via the Biot-
Savart law
_Alp =, u:_wy’ v:Wm (1'6)

with no flow boundary condition v(x,0) = 0. Given a singular solution (6, u), the
linearized equations of (1.5) in the velocity-density formulation around (6, u) read

gn+u-Vnp+v-Vo =0, (w7
dv+u-Vv+v-Vu+Vg=—0,n", divv=0. ’

Denote w = (1, v) and define

sym .
vy (T)y=sup [Iwllze, with |[Wllze ~ [InllLe +[IVILe,
lIwollp <1

with the symmetry property that vy (x, y) is odd in x and vy (x, y), 9 are even in x.
Building on the instability result for Boussinesq equations in R? [63], we have the
following instability result for the singular solution constructed in [11].

Theorem 3. There exists oy > 0 such that for 0 < a < g, the 2D Boussinesq equations
(1.5) in D = R} develops a singularity at finite time T from some initial data wy €
CY(R2),60 € CIY(R2). The initial data satisfy that wo(x, y) is odd in x, 6p(x, y)
is even in x, and ug has finite energy ||up||ly < +00. Moreover, the solution satisfies
(u,0) € L*®([0, T], CO%(%)) for any T < T, and any compact domain ¥ C {(x, y) :
x #0,y > 0}. Forany p € (1, 00), we have

lim y,”" (t) = cc.
t—> Ty

For the same C!* blowup solution to these equations in Theorems 1-3, stability of
the asymptotically (or approximately) self-similar blowup profile has been established in
[11,26,27] using the dynamic rescaling formulation [47,54] or the modulation technique
[42,58]. In [11,26,27], a typical example of stability estimates is the following. There
exist B(t) — 00, A(t) — 00, t(7) increasing with lim;_,» #(t) < +o00 such that a
rescaled version of the vorticity w satisfies

o(x,1(1)) = ADQB[@)x, 1), [IQ1) - Qllx < [1Qlx,

for all T > 0 in some suitable norm X stronger than L°°. See Theorem 6 for a precise
stability statement for a model problem.

Regularity of the singular solution. In [46,64], instability results similar to Theorems
1, 2 are established for singular solutions u satisfying

ue o, 7), H (@) ncl(o, T), H~1(Q)), (1.8)

with s > %, where 2 is the domain of the equation. See hypothesis (H1) and Theorem

1 in [46]. Using Sobolev embedding, one obtains that u(z) € ([0, T), C*(R)). See
more discussions on this regularity assumption in Sect. 1.3. We remark that the singular
solutions u constructed in [11,26,27] and considered in Theorems 1, 2 do not satisfy the
above assumption, and these results are not covered by the proof [46].

The estimatesin [11,26,27] imply that for fixedr < T, the angular vorticity @’ (t,r,2)
satisfies

o (1) =& () +&% (1), 1&7(t,d +ro.d)| = d¥, 1&°(t, sd +r,d)| < d*,
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for0 < d <« 1 and ¢ > 0, where (rg, s) = (0, 1) in [26] or (rg,s) = (1, —1) in [11].
As aresult, »” is notin C#, B=oa+ min(%, o) < 35 and u is not in C1#. For the same
reason, the singular solution considered in Theorem 3 does not satisfy the regularity
assumptions in [63].

1.2. Comparison of the stability and instability results. Given that the same blowup so-
lution of the 3D Euler equations can be both linearly unstable under one definition and
nonlinearly stable under a different definition, it is important to have a better understand-
ing how we define stability and how to quantify instability. First of all, we would like to
emphasize that the instability results in Theorems 1-3 measure the absolute instability,
i.e. the growth of the perturbation relative to the initial perturbation. This rapid growth
is not surprising since the background singular solution u blows up and contributes to a
singular forcing term v - Vu to the linearized equations (1.2), which is the driving force
for instability. If one measures the growth in a norm X stronger than L°°, the insta-
bility result follows directly from the blowup criterion. See Sect.2.4. This mechanism
of instability can be captured by the following simple linear model with a unbounded
coefficient

T
oru(t,x) = a(t, x)u(t, x), / a(s, xg)ds = +00,
0

for some xp. Such instability is quite common in several nonlinear PDEs. In Sect. 2, we
will use a nonlinear PDE of Riccati type and the inviscid Burgers’ equation to show that
a similar forcing term generates linear instability for these equations.

The mechanism of instability considered in Theorems 1-3 is not due to the violation
of or breaking certain symmetry conditions for the solutions. In fact, the perturbation in
Theorems 1-3 satisfies the same symmetry as the blowup solution, e.g. (Sym). Moreover,
itis not related to an unstable eigenfunction of certain linearized operator. The instability
resultin Sect. 2.4 further demonstrates these points. Note that the linearized operator £(¢)
in (1.2) is time-dependent with coefficients blowing up. For nonlinear 3D Euler equations
(1.1), there are different mechanisms of instability due to the scaling symmetries and
time-invariance of the equations. These instabilities can be modulated by performing
suitable time-dependent rescaling. See discussions below Theorem 5.

We believe that it is more reasonable to study the relative stability or instability,
which measures the relative growth of the perturbation compared with the growth of the
background singular solution. More importantly, the nonlinear stability results presented
in [11,26,27] quantify the relative stability: for a small initial perturbation to the blowup
profile, some weighted norm X of the perturbation remains relatively small up to the
blowup time. These estimates and the embedding inequalities imply that the growth of
the perturbation of the vorticity ||@||z~ remains much smaller than the growth of the
blowup solution ||w||z up to the blowup time. Moreover, this stability result implies
that for a small initial perturbation, the change of the blowup time T is very small.
Thus, one can perform reliable numerical computations to provide compelling evidence
of finite time blowup [38—40,49,50].

Studying stability of the blowup based on the self-similar variables, dynamic rescaling
formulation, or the modulation technique has been used in many other equations, such as
the nonlinear heat equations [58], the Burgers’ equation [19,60], the complex Ginzburg-
Landau equation [53,62], the nonlinear Schrodinger equation [55], the generalized KdV
equation [52], compressible fluids [3,4], and incompressible fluids [9,11,13,26]. On the
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other hand, there are some instability results of the blowup based on these approaches.
For example, the authors in [19,60] proved that many blowup profiles of the 1D Burg-
ers’ equation have a finite number of unstable directions. See also the blowup of the
nonlinear Schrodinger equation [56], incompressible fluids [32], compressible fluids
[57] with finitely many potential unstable directions, and further numerical investiga-
tion of the instability [2]. The (potential) instability in [19,32,57,60] is due to unstable
eigenfunctions of a linearized operator around the blowup profile in the equations of the
self-similar variables. It is different from that in Theorems 1-3.

After the completion of this work, there has been substantial progress on singularity
formation of 3D Euler equations. In [9, 13], we have established finite time blowup of 2D
Boussinesq and 3D Euler equations with boundary from smooth initial data by proving
the nonlinear stability of the blowup profile in the dynamic rescaling equations. This
result also demonstrates that the concepts of stability based on self-similar variables
and that in [46,64] are different. In [32,33], Elgindi-Pasqualotto established blowup
of 2D Boussinesq and 3D Euler equations (with large swirl) with C¢ velocity and
without boundary. In [22], Cordoba-Martinez-Zoroa-Zheng developed a new method
different from the above self-similar approach to establish blowup of Euler equations
with u(r) € C®(R3\0) N CH* N L2 In [8], the first author proved that such a blowup
result can also be established by the self-similar approach. By adding an external force
f uniformly bounded in C'-!'/2~ up to the blowup time, the authors of [21] established
blowup of 3D Euler with smooth velocity.

1.3. Main ideas in the instability analysis. There are several main ideas in proving
the main instability results stated in Theorems 1, 2. One of the main difficulties in
proving Theorems 1, 2 is to relax the regularity assumptions in the arguments [46,
64] by using the properties of the singular solutions in [11,26]. We then construct an
axisymmetric approximate solution to (1.2) and follow the arguments in [46] to prove
the main theorems.

For the 2D Boussinesq equations, we use ideas similar to the 3D Euler equations
to relax the regularity assumption in [63] and then apply the argument in [63] to prove
Theorem 3.

Relaxing the regularity assumption. In [46], the regularity assumption u €
c([0, 7), H) N C'([0, T), H*~") with s > 1 (1.8) is to ensure

(a) the solvability of the bicharacteristics-amplitude ODE system [35,46,64];

(b) that the poloidal component of the vorticity w, = w"e, +we; satisfies r%w p € L®
for some a > 0, which is used in [46] to connect the blowup criteria with the
instability.

To relax the regularity assumption for (a), we make an important observation that the
singular solution u constructed in [11,26] is smooth away from the symmetry axis
and the boundary. The C!® low regularity is used essentially near the singularity, the
symmetry axis, and the boundary to weaken the advection. The higher-order interior
regularity of the solution u can be propagated by using careful higher-order weighted
energy estimates and the elliptic estimates with weights degenerated near the symmetry
axis and the boundary [11,26]. In particular, in a compact interior domain, the weighted
energy norms are comparable to the standard Sobolev norms, which allows us to establish
higher-order interior regularity of the solution using the embedding inequalities. See
Theorems 7-9.
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Using the higher-order interior regularity, we can solve the bicharacteristics-amplitude
ODE system, which is local in nature, in the interior of the domain and construct smooth
solution to the modified bicharacteristics-amplitude ODE system. See Lemma 3.2 and
Proposition 3.4.

Remark 1.2. In [11], we proved blowup of the 3D axisymmetric Euler equations with
initial data (ug)z, up, Uy € che, wg € C“. Though the velocity u", u* in the axisym-
metric setting is C1'%, our interpretation that the velocity is C!¢ is not correct since u”
is not C%. This oversight can be fixed easily with minor changes in the construction of
the approximate steady state and the truncation of the approximate steady state. These
changes do not affect the nonlinear stability estimates of the 3D Euler equations, see
[14] and the updated arXiv version of [11].

Blowup quantities. An important step in [46,64] is to show that the growth factor
Ap,o (1.4) controls [|w]|so, which blows up for a singular solution [1]. The singular
solutions in [11,26] are self-similar or approximately self-similar. There are several
blowup quantities other than ||w||. By comparing some blowup quantities and the
growth factor A, , (1.4), we can simplify the proof in [46] and further relax some
constraints. For example, in the proof of Theorem 1, we use the property that ||w || (the
poloidal component) blows up and thus do not need the blowup criterion on ||w, /7|] o
for some a > 0 established in [46]. This relaxes the condition (b).

The singularity considered in [26] develops near the axis » = 0 and has zero swirl
u? = 0, which implies wp = 0. Thus we cannot follow the argument in [46] to prove
Theorem 2. Instead, we use the bicharacteristics-amplitude ODE system and the flow
structure near the singularity in [26] to show that the growth A, ,(¢) controls another
blowup quantity.

Axisymmetric velocity. Another important step in proving Theorems 1 and 2 is to
construct an axisymmetric solution to (1.2). We remark that the initial data of (1.2) con-
structed in [46] is not axisymmetric under the canonical notion (1.3) [51], see Remark
3.5 for more discussions. We use the PDE (Eulerian) form of the bicharacteristics-
amplitude ODE system to construct the amplitude b(t, x) and the phase S(z, x) in the
WKB construction of the approximate solution to (1.2). The initial data (0, x), £(0, x)
are axisymmetric flows in the whole domain, which are constructed by extending some
constant initial data by, & = VSo € R3 of the bicharacteristics-amplitude ODE system.
The axisymmetry properties of b(z, x), £(¢, x) are preserved dynamically by the equa-
tions. We further show that b(z, x) controls the solution to the bicharacteristics-amplitude
ODE system and captures the growth of the vorticity. Based on these functions, we con-
struct the axisymmetric velocity using the formula in [46,64].

Symmetry of the unstable solution. The singular solutions constructed in [11,26] are
symmetric with respect to some axis, e.g., (Sym), and the flow does not cross the sym-
metry axis or the symmetry plane. This allows us to first construct an unstable solution
in the upper half domain following [46], and then extend it naturally to a symmetric
solution to the linearized Euler equations using linear superposition. Therefore, we can
further restrict the perturbation in (1.4) to the natural symmetry class.

The rest of the paper is organized as follows. In Sect. 2, we use several nonlinear PDEs
to demonstrate the difference between the notion of stability introduced in [46,64] and
the stability based on dynamically rescaling formulation. Section 3 is devoted to proving
the main theorems of this paper. Some important properties that we use in proving the
main theorems will be established for the 2D Boussinesq equations in Sect. 4 and for the
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3D Euler equations in Sects. 5, respectively. Some derivations and lemmas are deferred
to the Appendix.

2. Comparison of Stability Versus Instability Through Several Nonlinear PDEs

In this section, we will use several examples to demonstrate that under the notion of
stability introduced in [64], linear instability of a blowup solution is quite common in
several nonlinear equations, even for those nonlinear equations whose blowup solutions
can be shown to be nonlinearly stable using a suitable functional space and the dynamic
rescaling formulation.

2.1. A nonlinear Riccati PDE and the inviscid Burgers’ equation. In the next two sub-
sections, we first study the blowup solutions of the inviscid Burgers’ equation

oru+uu, =0, xeR 2.1)
and then a nonlinear PDE of Riccati type
du(r,x) =u’(t,x), xeR. (2.2)

We will show that the blowup solutions to (2.1), (2.2) are unstable in Theorems 4, 5
under the notion of stability introduced in [64]. In Sect. 2.2, we will use (2.2) to illustrate
the importance of studying the stability of the asymptotically (or approximate) self-
similar blowup profile using suitable rescaling and renormalization rather than studying
the stability of the blowup solution itself. Following [64], we define the growth factor

a0 = sup ROl (2.3)

w=£0,voeL? |vollLr

for the solution v to the linearized equations of (2.1) or (2.2) around a singular solution.
It is well-known that the Burgers’ equation (2.1) blows up (develops a shock) in finite
time T, for initial data ug € C2° satisfying uo(0) = 0 and that d,u is minimal at O with
0xup(0) < 0. Let v be a solution to the linearized equation of (2.1) around the blowup

solution u
v + 0 (V) = vy +uvy +uyv = 0. 2.4)

It has been shown in [64] that the blowup is linearly stable in L! in the sense that
Ap(t) < 1(2.3) up to the blowup time. However, this stability result does not generalize
to L? with p > 1. In particular, we have the following instability result.

Theorem 4. Suppose that the initial data uy € C 1 of (2.1) satisfies that up(0) = 0,
dxug is minimal at 0 with d,ug(0) < 0. Then the solution u blows up in finite time
T, = —m. Moreover, for any p € (1, 00), we have

lim A,(¢) — oo.
t—> Ty

Since u, in (2.4) blows up, it is not surprising that v(¢) can blow up in some L?”
norm. Below, we localize v to the region where —u, blows up to show that v can grow
rapidly. On the other hand, the stability of the blowup profile of (2.1) has been studied
in details in [19] using the modulation technique.
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Proof. FixT < T, = —m = m It is easy to obtain that u (¢, 0) = O for any
t < Ty. Note that u, (¢, 0) satisfies the ODE

—|uo.x(0)] 1
a = — 2 = 2 = —
qu(t3 0) (ux(tvo)) ) MO,X(O) < 0’ ux(t,o) 1 _ t|l/t01x(0)| T* _ t’
(2.5)
where we have used T, = |ugx (0)|~! in the last equality. It follows from the blowup
result and u, (¢, 0) < up »(0) < 0. Since u(t) € co(o, 71, Cl), there exists § > 0 such

that

uy(t, x) > —%ux(t,O) >0, xel[-4,4] (2.6)

for any + < 7', which implies
u(t,x) <0, x €[0,68], u(t,x)>0, x € [-4,0], 2.7
foranyz < T.Consider vg € C*, vy # 0, supp(vg) C [—6, 8]. Due to (2.7), supp(v(?))
remains in [—8, §] for ¢t < T'. Performing L? estimate on (2.4) and using integration by

parts, we obtain

1d
il =/R—<uv)x~|v|f’—2vdx=/H%—ux|v|f’—uvx|v|1’—2vdx

1
:/ —uy|v|? + —uy|v|Pdx.
R p

Since supp(v(t)) C [—6, §], using (2.6), we further obtain

1 —u(t,0)

1
;Envnip = (1 —;) . —uy|v|Pdx > (1 —;) 5 [ H]|v|1’dx
1 —uc(,0)
= (1—;>XT||v||£p.

Solving the above ODE and using (2.5), we prove

1 N
IoCDler = lunllos esp (50 =2 [ e, 0ar)

1 1
= ||vol|Lr exp ( — 5(1 - ;)log(T* — T)).

From the definition of A ,(¢), we yield
1 1 —la=-1
A1) = exp (= 5 (1= S)log(T, = 7)) = (T = ) 277,

p

Since p > 1, taking T — T, we obtain the desired result. o
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2.2. The Riccati-type PDE. 1t is easy to show that if the initial data uq of (2.2) satisfies
max(ug) > 0, the PDE blows up at finite time 7 (1) = . Moreover, the equation
can develop a self-similar blowup

max(ug)

1 | R X

wt. ) = a7 VG V=11 2:8)
The linearized equation around the blowup solution u (2.2) reads
0;v = 2uv. 2.9)
Denote P;
Pe2{u:u=CWU+Vp), C>0, |Vo| <emin(l, |x|*)}. (2.10)

We will study the stability of the blowup solution of (2.2) for initial data in P,. Let us
motivate the class P,. For initial data u( close to (2.8), we have ug(x) = uo(0)u;(x)
with #1(0) = 1 and u; being a perturbation of U. Since the solution u first blows up
at argmax ug and U (x) = 1 — x> + O(x*) near x = 0, we require that V; vanishes to
higher order 0(|x|3) near x = 0 and ¢ is small so that the maximum of uq does not shift.

To further study the instability of the blowup profile U (2.8) to (2.2), we consider the
following ansatz of the linearized solution (2.9) and the rescaled growth factor A, (r)
similar to that for the 3D Euler equations in [46]

I 1 V()|
0 = V0 A= g At =

VT 2.11)

Since the blowup exponent ]th is factored out, A , can be seen as measuring the relative

linear instability between V and the background profile U (2.8), while A p (2.3) measures
the absolute linear instability. We have the following instability results.

Theorem 5. For any vg € C? with vg(0) > 0 and any p € [1, o], we have

_op 1 t
wOllLr = Cvo, p)(1 — 1) 2%, lim ||v(1)]], = 0o, lim vOller_
1—1 =1 |lu(@)||Lr

As a result, we have L, (t) — 00, Ap(v,t) = ocoast — 1.

In the above theorem, we can choose perturbation vy with ug = u + vg € P, (2.10).
On the other hand, we can prove stability of the blowup for ug € P, in Theorem 6.

The above instability results are not surprising since u in the forcing term uv (2.9)
blows up. The problems of using the ansatz (2.11) to study the stability of the blowup
profile U (2.8) are the following. For initial data uo perturbed from i, we expect that
the blowup time 7' changes and the blowup exponent 8 in (2.11) can also change. For
the nonlinear 3D Euler (1.1), if u is a singular solution to (1.1) with ||®||zr, ||®||L
blowing up at r = T, where w = V x u, using the temporal and spatial symmetries of
the Euler equations, we can construct the following three solutions

w207 a0, 1), wx, ) Eulx,r—e), uz(x, 1) 2 u(x, i),
w2V xu, o=Vxu,
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to (1.1). Choosing 0 < 1 — A < 1, |e] < 1, u;(x, 0) can be arbitrary close to u(x, 0).
Yet, we get

llwi (x, 1) — @ Cx, DILr = [[lo1)lLr — lw@|lLe] = A7/ = 1] - [lo(®]|Lr,
w2 (1) — ()| > oDl — o — &)l|1~,
lw3(t) — (D] = (1 — )|l @)L,

which all blow up ast — T ~. Thus, to observe certain stability of the blowup solution to
the nonlinear Euler equations, we need to rescale the solution using a different rescaling
rate in the spatial variable. For the model problem, these lead to the following ansatz of
the singular solution # from initial data u near u

1. }
T~1, u~1, U~U. (2.12)

u(x,w:T1 U(hs"—.t), B~

—1

However, in (2.11), the parameters T, ,3 , 0 are all fixed. Moreover, in (2.12), due
to the composition, the parameters f3, T, 1 depend on the initial data and perturbation
nonlinearly. Thus, they cannot be captured by the linearized equation (2.9) around u.
Without incorporating the perturbation of these parameters, it is not expected to observe
the stability of the profile.

Using the dynamic rescaling formulation, we can obtain the stability of the blowup
of (2.2).

Theorem 6. There exists an absolute constant ¢ > 0, such that for any ug € P, N L*°,

we have
1 X 1 1
(D)= u(r'? ) T=m=— (@) = T(1=e ™),
e =00 ( T —t(@)2 " C @ =T
(2.13)
for any T € [0, 00). Moreover, we have the following stability estimate
UG 1) = O)(Ix] 73+ Dz < [[(Uo — D) (x| 7> + D] |oe™ 5. (2.14)

The formula (2.13) and estimate (2.14) are consistent with the ansatz (2.12). For
initial data u different from u (2.8), we have a different blowup time 7 and we need to
adjust the rescaling rate T'/2(T — ¢)~!/2 in the spatial variable. To study the stability of
the blowup profile, we rescale the spatial variable, the temporal variable, and normalize
the amplitude of the solution according to the initial data. These rescaling relations and
renormalization are nonlinear and thus are not captured by the ansatz (2.11) and the
linearized equation (2.9).

To prove Theorem 6, we establish the nonlinear stability of U in the dynamic rescaling
equation using weighted L estimates. Since the stability estimates are standard [5,11,
15] and the equation is local and quite simple, we do not present the proof here and refer
it to Section 2.4 in the arXiv version [12] of this paper. Below, we prove Theorem 5.

Proof of Theorem 5. Recall u = ﬁ from (2.8). Using (2.9), we obtain

t
u(t, x) = vo(x) exp (/0 Zﬁds) — vo(x) exp(2 log(14+x2) —2log(1—1 + x2))

(I+xH?
= vO(X)m = v(x)

1 _
a- t)Z(U((l _xt)l/z))z’ b = vo(x)(1 +x?)%,
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where U is given in (2.8). In particular, v blows up with a rate (1 — )2, which is
even faster than that of ii. We remark that the exponent 2 in (1 — 1)~ is generic and
does not relate to the coefficient 2 in (2.9) or the formulation of (2.2). We obtain the
same exponent if we consider u; = cu? for other constant ¢ > 0 instead of (2.2). Since
vo(0) > 0 and vg € C?, there exists ¢, § > 0 such that vp(x) > ¢ for |x| < §. For any
p € [1, 00), we have

[wrarzc [ a0 @G m

=c(l — )~ 2*1/2 / \U()*Pdy
lyl<8(1—1)~1/2

_oy L
(@)lLr = Cvo, p)(1 — 1) 2,

1
Recall u from (2.8). We have |[u(t)||, = Cp(1 — t)_1+27. For p € [1, 00), these
estimates prove Theorem 5. For p = oo, the calculation is even simpler and thus is
omitted. O

Remark 2.1. For vg € C2° with v9(0) > 0, since v(¢) blows up faster than i, it is
expected that the relative instability ||v(#)||x/||u#||x occurs in many norms X, e.g., the
Sobolev norms W57 and X = C*¢. This relative instability is generic for (2.9). Thus,
using the linearized equation (2.9) around a blowup solution u is not suitable to study
the stability of the profile (2.8).

2.3. 1D models for the 3D Euler equations. In this section, we study the stability of the
model problems for 3D Euler using notion of stability similar to that in [64].

Consider the De Gregorio model [23,24] ((2.15) with a = 1) and the generalized
Constantin—Lax—Majda (gCLM) model [61]

wr +auwy = uyw, ux(w)=Hw, xeRor Sl, (2.15)

where H is the Hilbert transform and a is a parameter. We consider the following
linearized equation for a singular solution w(¢) that develops a finite time singularity at
T

0w + allwy + auwy = Uyw +Uyw, Uy = How. (2.16)

Clearly, v = 0, is a solution to (2.16). Following [64], we introduce the growth factor

o ®llp

Ap(t) = ,
woel? wo0 l@ollp

pel,o00). 2.17)

For a = 1, in a joint work with Huang [15], we constructed a finite time blowup of
the De Gregorio model ((2.15) with a = 1) from C2° initial data. The singular solution
satisfies

d(x,1)=Co (1) ' QCy(1)x, 1), Cu(0) =1, lim Co(r) =0, 2(x, N=Q(x) +Q(x, 1),
t— T,

where C,, (1) is decreasing, (-, 1) € C®, Q is the approximate self-similar profile, and

Q(x, ) is a small perturbation. In particular, the estimates in [15] imply

1Qx, )] < IxP?, 1Q(x) — Ax| < x?
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for some A # 0, where the implicit constants are time-independent. Therefore, for some
small § > 0, we get |Q2(6, t)| > %8 > O fort € [0, Ty). For any p € [1, 00), we obtain

b
1181 Lr = Co ()P, 01y Zp cw(tr”!’/o 12 (v, 1)|dy

Co)7VP1Q(8, 1)
>, Co(H) P A8,

Since [|[dyapllLr # 0 and C,(t) — 0 ast — T, we yield A,(1) — o0 (2.17) as
t —> T,.

On the other hand, nonlinear stability of these blowup solutions in some weighted H'
norms has been established in [ 15] using the dynamic rescaling formulation [47,54]. The
nonlinear stability in [15] is established by analyzing the stability of the asymptotically
(or approximate) self-similar blowup profile, which is very different from the linear
stability in [64].

Similar discussions on the stability of the blowup solution in the dynamic rescaling
equations and the instability of the blowup solution in the linearized equation apply to
the singular solution of De Gregorio model [6], the gCLM model [5,7,15,28,30], and
the Hou-Luo model [16].

2.4. The 3D Euler equations. Finally, we consider the 3D Euler equations. Suppose that
u(x, ) is a singular solution of the 3D Euler equations that blows up at a finite time
T, with ||u||;2 < +00. We have d;up # O for all i. If 0;up = 0 for some i, the initial
velocity up would have reduced to the two dimensional Euler equations, which could
not blow up in a finite time.

For a domain without boundary, e.g. T3 or R3, the linearized equation (1.2) has exact
solutions v = d;u for i = 1, 2, 3, which was observed in [64] for the Navier Stokes
equations. Suppose that X is some functional space equipped with a norm that is stronger
than the L norm, e.g. X = L, Ck k> 0,a € O,1),or X = H%,5s > % and
it satisfies Vuy € X. Since fé [IVu(s)||cods controls the blowup of the solution, we
obtain

3
o;u(t)|| oo . o;u(t v(t
50 = lim sup ZII Ml <hmsupzl| ()||X<1msup sup [l ()IIX_
-1, = |ldollx -1, = [l9uollx (=T voeX.vo£0 |IVollx

Under the notion of stability introduced in [64], the blowup is linearly unstable in the
norm of X. Yet, this instability result is a direct consequence of the blowup criterion and
does not use further properties of the blowup solution, e.g., the blowup profile and the
blowup exponent.

3. Proof of Main Theorems

In this section, we will prove Theorems 1-3. Our idea is to weaken the regularity as-
sumptions used in the proofs in [46,63] and construct unstable solutions associated with
the singular solutions in [11,26,27] by exploiting the special properties of these singular
solutions.
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Concretely, we first review the construction of the unstable solution to the linearized
equations [46,64] in Sect. 3.1 and the regularity assumptions of the singular solution used
in [46,64]. Then we present the properties that the singular solutions satisfy higher order
regularity in the interior of the domain in Sect. 3.2. We defer their proofs to Sects.4 and
5, which are based on the arguments and estimates in [11]. In Sect. 3.3, we use the higher
order interior regularity of the solutions and localize the construction to the interior of
the domain to solve the bicharacteristics-amplitude ODEs [46,64]. Using the results in
Sect.3.3, in Sect. 3.4, we first relax the regularity assumptions in some steps in [46,64].
Then we construct an axisymmetric unstable solution to (1.2) and prove Theorem 1. This
is the most delicate part of the proof and we refer to more discussion at the beginning of
Sect.3.4. In Sects. 3.5, 3.6, we generalize the arguments in Sect. 3.4 to prove instability
results in Boussinesq equations in Theorem 3 and Euler equations in R? in Theorem 2.
Notations. We first introduce some notations to be used in the analysis. We use (r, ¥, z)
to denote the cylindrical coordinates in R>. The associated basis is

er = (cos ¥, sinv), 0), ey = (—sind,cosv,0), e, =1(0,0,1). 3.1)

For x with coordinate (x,, xg,x;) and A C R3, we use X, A to denote the poloidal
component

X=xrx), A={X:x€A}. (3.2)
The poloidal component of the axisymmetric vorticity w is defined as follows
wp L o'e +te, w=oe + ey + we;. (3.3)

In the analysis of the axisymmetric Euler equations, for any 2D domain X of (r, z),
we abuse the notation and use

xeX if ¥=(x,x)e€X. (3.4)

For example, x € B(1,0)(§) means (x,, x;) € B(1,0)(5), or equivalently, x in the annulus
B(1,00(8) x R/(2nZ). We abuse this notation since the flow is axisymmetric and thus
many variables, e.g., u”, u?, u”, ”, depend on (r, z) only.

3.1. The WKB expansion and the bicharacteristics-amplitude ODEs. The main idea in
[46,64] is to construct an approximate solution to (1.2) using a WKB expansion

v(t, x) ~ b(t, x) exp(iS(t’ x)

) (3.5)

for sufficiently small &, where b(f, x) € R3 and S is a scalar, and the following
bicharacteristics-amplitude ODE system (3.6)—(3.8) [46,64]
Ye =ult,v), Yo = Xo, (3.6)
&= -Vl @, ik, 3.7)
g1 (V) y)b
SR (3.8)
|&¢1
with initial data (xo, o, bo), where (Vu);; = 0ju;. The regularity assumption u €

CO([O, T1, H®),s > 9/2 in [64] is mainly used to guarantee the solvability of the above
ODE:s with smooth dependence on the initial data.

by = —(Vu)(t, y)b; +2
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The ODE system (3.6)—(3.8) has been derived in [35] to define the fluid Lyapunov
exponent and used to study the stability of steady states of the Euler equations [34,
36]. The WKB expansion (3.5) was developed in [65] to study the spectrum of small
oscillations in an ideal incompressible fluid. It has also been used to study the local
stability conditions for the Euler equations [48].

For the sake of completeness, in Appendix 5.7, we begin with the WKB expansion
(3.5) and then explain the use of the bicharacteristics-amplitude ODE system (3.6)—(3.8),
which arise naturally in the construction of the approximate solution. We also explain the
connections among the WKB expansion, the bicharacteristics-amplitude ODE system
(3.6)—(3.8), and the growth of the unstable solution. From the review in Appendix 5.7,
we have a few remarks.

Remark 3.1. (a) From the proof in [64] and the simplified derivations in Appendix 5.7,
the WKB construction and the high frequency (3.5) are mainly used to construct an
approximate solution to (1.2) with a small error in the L? norm but not used to show
the growth of the unstable solution.

(b) The growth of the solution v and the linear instability are coupled with the growth of
the vorticity via the ODE system (3.6)—(3.8) and (A.10).

(c) As we mentioned in Sect.2.4, for a domain without boundary, d;u,i = 1,2, 3 are
the exact solutions to (1.2) and blow up in a functional space X equipped with a
norm stronger than the L* norm. These simple instability results do not use (3.5)
and (3.6)—(3.8).

(d) The argument in [64] has an advantage that several nonlocal terms become local. It
is based on the characteristics and is local in nature. Due to this local property, we
can relax the regularity assumptions in the proof in [64] for the singular solutions in
[11,26] and generalize it to prove Theorems 1-3.

3.2. Properties of the singular solutions. The singular solution to the 2D Boussinesq
equations (1.5)—(1.6) constructed in [11] satisfies the following properties. The C¥ norm
in Theorem 7 is defined in (4.15). The reader should not confuse it with the standard C¥
norm.

Theorem 7. Let w be the vorticity and 6 be the density in the 2D Boussinesq equa-
tions described by (1.5)—(1.6). There exists ag > 0 such that for 0 < a < g, the
unique local solution of the 2D Boussinesq equations in the upper half plane devel-
ops a focusing asymptotically self-similar singularity in finite time Ty for some initial
data wy € C*(R2),60 € CY*(R2). Moreover, we have lim, 7, [|VO(1)|loo = 00,
the velocity field is in C“* with finite energy. For any T < T, and any compact
domain ¥ in the interior of {(x,y) : x # 0,y > 0}, we have 6y € C°(Z) and
w, VO, ——u € L>®([0, T],C° N C(%)),u € L¥([0, T], CO()).

x24y2

The regularity C3°, C3° can be further improved to C¥, C* with larger k directly by
choosing smaller «. The first part of the theorem about the blowup has been proved in
[11]. To prove the regularity in the interior of the domain, we generalize the weighted
energy estimates for the perturbation and the estimates of the approximate steady state
in [11] to sufficiently high order. Since the weighted norms used in [11] and the energy
estimates, e.g. H* (see (4.14)), are comparable to the standard Sobolev norms H k'in
the interior of the domain, we establish the interior regularity using the embedding
inequalities. See Sect. 4 for the proof.
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In [11], the 3D axisymmetric Euler equations are studied in a cylinder D = {(r, 2) :
r € [0,1],z € T}, T = R/(2Z) that is periodic in z. Here, r, z are the cylindrical
coordinates in R3. The equations are given below:
0 o o
1
0 ru”) + " "), + i), = 0, 92—+ (2, +ut(E), = 0. ((ru”)),
r r r
(3.9)
where @V is the angular vorticity and u? is the angular velocity. The radial and the axial
components of the velocity can be recovered from the Biot-Savart law

1 A 0 r 7 c_g 1
~@r + b+ 0T+ ST =0 W= W=t (310)
with a no-flow boundary condition on the solid boundary r = 1
VU(l,2) =0 (3.11)

and a periodic boundary condition in z. For the Euler equations, we have the following
results

Theorem 8. There exists ag > 0 such that for 0 < o < g, the unique local solution
of the 3D axisymmetric Euler equations in the cylinder D = {r,z € [0, 1] x T} given
by (3.9)-(3.11) develops a singularity in finite time T, for some initial data a)g S
C*(D), ug € CY*(D). The initial data a)g, ug are supported away from the symmetry
axis r = 0 with ug >0, wg isoddin z, ug is even in z, and the velocity field ug in each
period has finite energy.

Moreover, the singular solution satisfies the following properties.

(a) The poloidal component w, = w"e, + w*e; blows up lim;_, 1, ||w,(t)|lcc = 00.

(b) There exists constants 0 < 4Ry < Ry < % such that for any particle within the
support ofa)g, ug, its trajectory up to the blowup time is within B 0y(R1,«) N D.

(c) For any compact domain X in{(r,z) : r € (0,1),z #0}N B ,0)(R2,o) and T < T,
we have u) € C(X), ”, )2, u”, u?,u” € L>([0, T1, C (D).

Except for result (c), the above theorem has been mostly proved in [11]. We recall
from Remark 1.2 that the oversight ug ¢ C1%in[11]has been fixed in the updated arXiv
version of [11]. See also Remark 5.5. The parameter R; o, and domain B(j,0)(R3,¢) in the
above theorem relate to the localized elliptic estimate. In particular, the cutoff function
to localize the estimate is 1 in B(j,0)(R2,«). One of the main difficulties in the proof is to
show that u” is smooth in ¥. This does not follow from (u”)? € C°°(X) since u” has
compact support and can degenerate in . We use the property that ru” is transported
along the flow to prove that it is smooth. See Sect. 5 for the proof.

The singular solution constructed in [26,27] enjoys the following properties, which
follow from the estimates in [26,27].

Theorem 9. There exists ag > 0 such that for 0 < a < g, the unique local solution
of the axisymmetric Euler equations (3.9)~(3.10) in R without swirl u” = 0 develops
a singularity in finite time T, for some initial data a)g e C¥ (R3) odd in z with finite
energy ||up|| 2 < +0o. In addition, we have ul.(t,0,0) > 0 and

T,
/ ul.(t,0,0)dt = oo. (3.12)
0

For any compactdomain ¥ C {(r,z) :r >0,z #0}and T < Ty, we have o’ u" ut e

L°([0, T, CO(x)).
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In the blowup results in Theorem 7 and 8, Vu also blows up at the singularity point.
Since the blowup of Vu implies the blowup of the solution, (3.12) can be seen as a
blowup criterion for the singular solution in [26]. A similar one-point blowup criterion
has been established to prove global regularity of the De Gregorio model for a large
class of initial data in [6].

In the remaining part of this Section, we prove Theorems 1-3 using the important
properties of the blowup solution in Theorems 7-9 and the argument in [46,63]. We first
prove Theorem 1.

3.3. Trajectory and the bicharacteristics-amplitude ODE. 1In this section, we solve the
bicharacteristics-amplitude ODEs (3.6)—(3.8) in the interior of the domain. The main
idea is to restrict the characteristics to the interior of the domain, where the singular
solutions are smooth from Theorem 8-9, and then solve the ODEs using standard ODE
theorems.

Due to the periodicity in z, we consider the domain within one period

Dy £ {(r2):r €[0,1],]z] < 1). (3.13)
We further decompose D into the two parts and introduce Y

Df2((r,2):rel0,11,z€ (0,11}, Dy 2{(rz2):rel0,1],z€[-1,0},

Y2 {(rz):r=1orz=0)}.
(3.14)
The set T denotes the boundary of the cylinder D and the symmetry plane z = 0.
Let u be the velocity in Theorem 8. In the cylindrical coordinates (r, %, 7)(3.1), we
have u = u"e, + u” ey + ue.. Since the singular solutions »” , #* in Theorem 8 are odd
in z and we impose the no flow boundary condition (3.11), we obtain

ut)-n T:ur(t)onr+uz(t)onz =0, (3.15)

where n is the normal vector of Y. Let y; = (ry, z;) (3.2) be the (r, z) component of y;
in (3.6). Since the flow is axisymmetric, we have

d p d d

- = 5 3 t 5 - =ut 3 3 t 5 — V= r, < Y, . 7). 3.16
= (re, 21, 1) = (re, ze, 1) ik ", u)(yr, 1) (3.16)
Thus, the angular coordinate xq » of the initial data xo does not affect y;, and y; depends
on Xo = (rg, zo) only. Therefore, we have

7i(Fo) = 7o) = (s 20), v ) = )M = G0N @). (3.17)
We have the following results for the system (3.6)—(3.8).

Lemma 3.2. Let y; be the solution to (3.6) with initial data xq, Ty be the blowup time,
T < T,, and DfE be the domains defined in (3.14). (a) Forany xg € Y andt € [0, Ty), the
trajectory vy remains in Y; for any xo € DfE\T andt € [0, Ty), we have y; € D?E\T.
For any t € [0, T], y; is invertible, and y;, y,_l are Lipschitz in time and the initial
value.

Let Ry o, R2 .o be the radii in Theorem 8.
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(b) Suppose that xy € (Dli\T) Nsupp(wo). There exists §(xo, T) € (0, %) depending
on xg, T and a compact set ¥, such that for any t € [0, T, we have

71 (Bsy (8)) U By, 5y (8) € T2 € (DF\Y) N B(1.0)(R2.0)- (3.18)

As a result, for initial data zo with Zo € Bs,(8) and any by, &, there exist unique
solutions (v, by, &) to (3.6)-(3.8)ont € [0, T]. Fort € [0, T, the functions (y;, bs, &)
are Lipschitz in time and C* with respect to initial data zo with Zo € B %, (8) and by, &,

and y,_l(x) is Lipschitz in time and C* in x with ¥ € V1 (Bz,(8)) U By, (5 (8).

In the above Theorem, we have used the notation (3.4). For example, x¢ € DfE\T
means Xy € D]i\T. The domain of x with ¥ € Bg (8) is the annulus (r, z, ) €
Bz, (8) x R/(2nZ).

The ideas of the above Lemma are simple. Firstly, for any xo € DljE \Y, the trajectory
y; witht € [0, T]remainsin DT\T. Using the Lipschitz property of y;, y,~ ! , we can find
aneighborhood of y; that still remains in DfE\T. We further restrict X sufficiently close
to (1, 0) and use the property that u(x) is smooth for x with x € Dli\T N B,0)(R2,4)
from Theorem 8 to solve (3.6)—(3.8).

Proof. Recall the notation ¥ = (r, z) from (3.2). Due to u € C°([0, T3,), C"%) and
the non-penetrated property (3.15), the results in (a) follow directly from the Cauchy-
Lipschitz theorem.

Without loss of generality, we consider the domain DY\ Y. For any xo € (D{\T) N
supp(wp), from result (b) in Theorem 8 and (3.17), we know

7:(%0) € (DI\Y) N B,0)(R10), 1 €[0,T]. (3.19)

Since y; (X) is continuous in ¢, using compactness, we have dist(y (xo, [0, T']), T) > 0.
Let L,, be the Lipschitz constant of y;, yt_l on [0, T]. Denote

81 1

o I . :
dy = dist(y (%o, [0, T1), 1), & = 3 min(dy, R1¢) >0, &= mm(m, T

).
For y = y,(X), X € Bg,(8), using (3.19), we yield

Y .. 31 . P 51 81
ly =7 (xo)l < Lylx —Xo|l < L,d < > dist(y, ) > dist(y;(x0), 1) — > >3

. 61 3
ly = (LO) <7 (x0) = (1O + = = Z Ria.

It follows that y € DT\T N B1,0 (%nga). We define the compact set

1 _ _
% = (f 1 dist(E, 1) = 281} N DY N B1.0y2R.a). (3.20)

Recall from Theorem 8 that Ry o > 4R; . The above derivations imply y; (Bz,(8)) C
3. The proof of By, (5,)(8) C X7 follows from the same argument and is easier. We
obtain (3.18).

Now, we consider (3.6)—(3.8) for initial data zo with Zop € Bg, () and by, &p. Since
¥, is a compact set in (DT\T) N B(1,0)(R2,¢), from Theorem 8, we have u”, u®, u’ e
L>([0, T1, C3°(%,)). Since 7:(Bz,(8)), Bz, (8) C X, and u(x) is smooth for x with
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X € ¥, using the Cauchy-Lipschitz theorem, there exist unique solutions (y;, by, &) to
(3.6)—(3.8) ont € [0, T], and y4, by, & are Lipschitz in time and C* with respect to the
initial data.

Next, we consider the backward equation. Denote §, =

s € [0, t], from (3.17) and (3.18), we get

3

L+ Fix t < T. For any

77 (Bzy (82)) = 7i—(Bz,(82)) C T, 173713;7,(20)(32) C By,_, o) (Ly82)
- B);tﬂ(,;o)((S) C Y.

From Theorem 8 and u”, u®, u? € L*([0, T], C°°(Z,)), we can solve (3.6) backward
on [0, ¢] forinitial data x; with X; € ;(Bg,(82))U By, (5)(62) C X2, and y,_l is Lipschitz
in time and C* in the initial data.

Finally, due to the inclusion

Vi (B, (82)) U (By, () (82)) C %1 (Bg,(8)) U (By,5)(8)) C X2, 1t €[0,T],

we prove result (b) for ¥, defined in (3.20) and § = &5. O

3.4. Relaxation of B, (t). In this section, we construct the axisymmetric unstable solu-
tion to (1.2) and prove Theorem 1. We first relax the regularity assumptions in some
steps in [46,64] in Propositions 3.3, 3.4. Then we discuss the properties of axisymmetric
solutions and construct them in Sects. 3.4.1-3.4.4 using the ODE system (3.6)—(3.8).
We localize the construction to the interior domain so that we can use Theorem 8. We
show that the solution is unstable in Sect.3.4.5. Various technicalities arise due to the
localization. To grasp the main ideas of the constructions, the reader can skip some
technical steps related to localization, such as (3.30), (3.36), and (3.44).
Recall the definition of B, (¢) from [46]

Bo (1) = sup ;% by (x0. €0, bo), (3:21)
(x0.bo.&0)€D1 xR3x S bo-£0=0,|bo|=r§

where D is the domain for the Euler equations (3.13). Here, the notation §y = é‘o es!
means that the initial data & satisfies &y - ey (x,) = 0 and (& - e,(,m))2 + (& - ez)2 =1,
where e, (x), €9 (x), €z are the basis (3.1) associated with xg. Since &y - ey(y) = 0, it
relates to the notation (3.2).

We focus on the case o = 0 and relax the domain D; (3.13) to (D1\Y) N supp(wo)

B(t) = i sup |b¢ (x0, €. bo) | (3.22)
(x0.bo.&0)€(D1\T)Nsupp(wp) x R3x ST, by-£0=0, b |=1

where wy is the vorticity of the singular solution in Theorem 8. From Lemma 3.2, for
any t < Ty, xo € D1\ Y, by € R3, & € S, b, (x0, &, bo) is well defined.
We have the following result, which modifies Proposition 2 in [46].

Proposition 3.3. Assume that u is the singular solution in Theorem 8, w is the associated
vorticity, and wp is the poloidal component (3.3). For any t € (0, Ty), we have

llop (@, Moo < N2 100,
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Proof. We assume ||w, (t)||oo > 0. Otherwise, the result is trivial. Since w(t) € C* and
|w| is even in z, using continuity and symmetry, we get

llwp(t, oo = sup lwp(t, x)| = sup lwp(t, X)].
xeD}Nsupp(w (1)) xe(DI\T)Nsupp(w(t))

Now, for each (¢, x;) € (0, Ty) X (DT\T) with |w(z, x;)| > 0, we can solve (3.6)
backward on [0, ¢#] with initial data y; = x;. Since x; € DT\T and |w(t, x;)| > 0, using
(1.1) and a simple energy estimate along the trajectory implies |@ (0, x9)| > 0. Thus,
we get xg € supp(wp). From Lemma 3.2, we further obtain xo € (DT\T) N supp(wp).
Then we can solve (3.6)—(3.8) with initial data xo and any by, &) and solve (3.6)—(3.8)
backward with initial data x; and any b,, &;.

We relax the definition of B(z) since it suffices to consider xo € (DT\Y)Nsupp(wp) C
(D1\Y) N supp(wp) instead of all xg € Dj. The rest of the proof follows the same
argument in [46]. O

Next, we show that for the singular solution in Theorem 8, Proposition 3 in [46]
remains true. Recall the definition of A} ;' from (1.4). We drop the domain D to simplify
the notation.

Proposition 3.4. Lett € (0, Ty), p € [1, 00). Assume that u is the singular solution in
Theorem 8. Then we have B(T) <o X;,y,? (T) forany o € R.

One of the difficulties in the proof is to construct an axisymmetric solution to (1.2).
Remark 3.5. The approximate solution and the initial data vé’f(; to (1.2) constructed in
[46]

b x : : : b x
Ve = scurl(?;goels/‘?) = igbe'S/* +ec(x)e’S/* 2 A+ B, c(x) = curl(—|2§<p)
(3.23)
are not axisymmetric, where b(z, x), £(t, x) € R3, S, ¢ are scalar functions, and ¢ is a
small parameter. See equation (21) in [46]. To illustrate this point, we study the initial
data more carefully. According to the construction in the proof of Proposition 3 in [46],
for t = 0, we have b(0, x) = by, £(0, x) = & for some

lbol =1, |§ol =1, bo-& =0. (3.24)

In particular, b, & are constant vectors. Moreover, ¢, S are independent of the angular
variable ¥ [46], i.e. ¢(x) = ¢(r, ), S(x) = S(r, 7). Hence, we get

by x & A bo x &

c(x) = Vo x = Vg x50, s0= , 0pA=0. (3.25)
|50l |50l
Suppose that v, s is axisymmetric (1.3). Then v, 5 - n does not depend on ¥ for n =
er, ey, e; (3.1). Using these properties, (3.25), and dye, = ey, dpey = —e,, we get

0=0y(ves-e) =09((A+B)-e) =A-ey+0y(B-e)

iS/e

=A-eyp+ee”0yc(x)-e — B -ey.

Since the second and the third term have size O(e) and ¢ is taken to ¢ — 0 in [46], for
sufficiently small €, A - ey and 9y (B - ¢,;) must be 0. Similarly, we get A-e, = 0, 9y (B -
e;) = 0. Since the direction of A is given by by, it follows that by = (0,0, by ;) =
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by ;e.. Note that ¢(x) = ¢(r, z) and Vo = 9,¢(r, 2)e, + 3,¢(r, 2)e;. From (3.25) and
0y (B -e;) =0, we get

c(x) - ez = (Orper X 50+ 0;9e; X 50) - e; = 0@ - (er X 50) - €z,

0=20y(B-e;) =ee¥ 0y (c(x) e;) = £e'5/°8,¢ - (dper x 50) - ez
=¢'5%8,¢ - (ey x 50) - €.

Since by = by ze;, we get s - e; = 0, ey - e; = 0, which implies that ey X so and e, are
parallel. Then the above identity implies ey % so = 0. Since s is a constant vector and
¥ is arbitrary, we further obtain so = 0, which contradicts (3.24) and (3.25).

The proof of Proposition 3.4 consists of several steps. Firstly, given xq, bg, &, we
construct axisymmetric flows & (¢, x), b(¢, x) and function S(¢, x) using the PDE form of
(3.6)—(3.8) such that £(0, xg) = &, b(0, x9) = bg, VS = &. Since the singular solution
u in Theorem 8 is only C*, these functions £, b, S are not smooth enough to apply the
argument in [46] to prove Proposition 3.4. Our key observation is that the solution (3.23)
leading to the instability [46] is constructed locally along the trajectory of x¢. Thus, we
can apply Lemma 3.2 and Theorem 8 to localize u and obtain a much smoother localized
velocity u - x. Then we can obtain smooth b, £, S and an axisymmetric velocity field
given by (3.23). Finally, we show that b(T, x) can control B(T") using the axisymmetric
property of b. The remaining proof follows the argument in [46].

Before we present the proof, we need a simple Lemma for axisymmetric flows.

Lemma 3.6. Suppose that A(x), B(x) are axisymmetric flows (1.3), and C(x) = C(r, 2)
is independent of 9. Then Ax B, C(x)A, VX A, 0-A, 0, A, 0y A are axisymmetric flows,
and A - B is independent of 0.

Proof. Since e,, ey, e; (3.1) are orthonormal basis, a simple calculation implies that
A x B, C(r,z)A are axisymmetric and that A - B is independent of ©#. The property
that the curl operator does not change axisymmetry is standard. For example, if the
velocity u is axisymmetric, the vorticity @ = V X u is also axisymmetric. The same
reasoning and calculation apply to V x A. Since d,n = 0,9,n = 0 forn = e,, ey, e;
and 39 A = A7 (r, ey — AV (r, 2)e, for A = ATe, + APey + A%e,, we conclude that
0rA, 9, A, 3y A are axisymmetric. o

Proof of Proposition 3.4. Recall the poloidal component (3.2),(3.17)

X=(r2, vin==0nz2), A={a:aeA} (3.26)

We fix T < T. Suppose that B(T) > 0. Otherwise, the proof is trivial. Using the
definition of (3.22) and result (b) in Theorem 8, for any n > 0, we can choose (xq, &g, bg)
such that

x0 € (DI\Y) Nsupp(wo) C Baioy(1/4), 1o #0, & =&, &-bo=0, (327

and )
0 < B(T) = (1 +n)|br (x0, 0, bo)|. (3.28)

We have ro # 0 since xo € B(1,0)(1/4) implies ry > %. Denote

Yo = X0,9. (3.29)
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Without loss of generality, we assume xo € D}. From Lemma 3.2, there exists § > 0
and a compact set 27 such that (3.6)—(3.8) have a unique solution (y;, b, &) on [0, T']
for initial data x with X € Bj,(8), bo, & and

71 (Bzy (8)) U By, ) (8) C 22 C DI\Y N B(1,0)(R2e), t €10, T]. (3.30)

O

3.4.1. Construction of axisymmetric functions Our goal is to construct smooth (at least
ch axisymmetric flows &(, x), b(z, x) satisfying (1.3) and function S(¢, x) such that

£(@0, x,99) =&y, b(0,Xx,09) =by, &(t,x)-b(t,x)=0, (3.31)
é(tv Vt(i, ‘00)) = Et(ia 1907 50)’ b(ta Vt(i, 190)) = bt(iﬂ 190’ EO? bO)» (332)
VS, x) =&E(t,x), 09S{t,x) =& -e9g =0, (3.33)

for any X € B;,(8),t € [0, T], where ¥g = x0,9 (3.29) and (%, ¥9) means (r, Do, z)
in the cylindrical coordinates. Thus, b(¢, x), £(¢, x) can be seen as the axisymmetric
extensions of the solutions &;, b; to the ODE (3.6)—(3.8) with initial data (X, ©%¢), &, bo.
‘We construct initial data as follows

£(0,x) = &yer +&5e;, b(0,x) = bye, + bgeﬁ +bgez, (3.34)
where e, (y,) = (cos ¥y, sin ¥y, 0), ey(xy) = (— sin Yy, cos Py, 0), and
£ =0 ero) £ =0 €z, by =Dbo-er(x), by = bo - en(xp), b§=bo-e.
The initial data £(0, x), b(0, x) are axisymmetric and only depend on xy (3.1). From
Lemma 3.6, |£(0, x)|[, |b(0, x)[, £(0, x) - b(0, x) are independent of ¢+. Using (3.27) and
(3.34), we have

£§(0,x, 90) = &0, b(0,x, o) = bo, 160, x)| =1, [b(0, x)| =1,
£(0,x) - b(0,x) =& - bo = 0. (3.35)

Localization of the velocity We want to construct £ (¢, x), b(¢t, x) using (3.7)—(3.8) with
the above initial data. Yet, the singular solution u is only C'-* and the resulting solutions
&, b are not smooth enough. To fix this problem, we localize the velocity. From (3.30),
using compactness, we can find a smooth cutoff function y7 (7, z) such that

xr(X) =1, e, XpCsupp(xr)=2X3C DI\YTNBuo(Rea), (336)
where X3 is another compact domain. Now, we modify the velocity u as follows
ur(t, x) £ u(t, x)xr(r, 2). (3.37)

From Lemma 3.6 and Theorem 8, ur is axisymmetric and uy € L*°([0, T], V(D))
is smooth in the whole domain.
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Constructions of b, &, S Consider the PDE (Eulerian) formulations of (3.7)—(3.8) with
the modified velocity ur

27 (Vur)b .

4%
(3.38)
andinitial data& (0, -), b(0, -). We will show that the evolution preserves the axisymmetry
of &, b. For any axisymmetric functions g, f, using dge, = ey, d,ey = —e,, we have

€ +uyp-VE=—(Var)'&, 9b+ur Vb= —(Vur)b+

s s
§VF =0+ 4g00f = Y (& +g 0 " eat S (fTey — fer),

a=a,,z
which is axisymmetric. Therefore, we obtain
ur - V§, (Vur)é =§-Vur, ur-Vb, (Vur)b

are axisymmetric. Lemma 3.6 implies that £ - (Vur)b, |£|> = & - & are independent of

¥. Thus ST(‘;‘;T)”;% is axisymmetric. Using the identity

—(Vur)'& = (Vur — (Vur)")é — (Vur)é = (V x ur) x & — (Vur)é

and Lemma 3.6 again, we conclude that —(Vup)Te is axisymmetric. Therefore, the
equations (3.38) preserves axisymmetry. From (3.38), it is easy to see that

0 (& -b)+ur-V(E-b) =0.

Recall the initial data (3.34). From (3.35), we have £(0, x) - b(0, x) = 0. The above
transport equation implies that £ (¢, x) - b(t, x) = 0 in (3.31).

Next, we prove the identities in (3.32). First, for initial data x with X € By, (), due
to (3.30) and ur = uin ¥, (3.36), (3.37), the flow maps on [0, T'] generated by ur and
u are identical. Hence, we obtain

ut, v (x)) =ur, y(x)), Vu), y(x)) = (Vw) (¢, y1(x)).

Using (3.38) and the flow map y; (3.6), we have

d
SE@ () = — (VW E(t, y, (x)),

d 2£T(Va)b
bt () = ~(Vwb(t, 1 () + sléT“)su, ()

where Vu is evaluated at (¢, y;(x)). Thus, £(z, y,(x)) and b(¢, y;(x)) satisfy the same
ODE (3.7)—(3.8) for &, b;. According to Lemma 3.2 and the discussion below (3.29),
we can solve these ODE:s for initial data x with X € Bg,(8). Using (3.35), we get

£(0, yo(x, Do) = &0 = & (X, Yo, &0)li=0, (0, yo(x, o)) = bo = b (X, Yo, &0)lr=0-

Using the uniqueness of ODEs, we obtain (3.32).
To construct S, following [46,64] we solve the transport equation with the modified
velocity ur
S+ur-VS=0, S0,x)=r§ +z§§. (3.39)
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The equation for VS reads
3 (VS) +ur - V(VS) = —=(Vur)" (VS), (V)0 x) = &je, +Eje; = £(0, x).

Comparing the above equations with (3.38), we yield VS(¢, x) = &(¢, x) for any x and
te[0,T].

Next, we consider 9y S. Since V.S = £ and ur are axisymmetric, using Lemma 3.6,
we get

dy(ur - VS) = dy(ur - §) = 0.
Using (3.39) and (35 5)(0, x) = 0, we yield
0;09S =0, 0998, x)=0.

This proves (3.33).
Since ur € L%®([0, T1, C°(D)), &(t, x), b(t, x), S(¢, x) are smooth and at least C*
in x.

3.4.2. Control of b(T, x) We will show that b(T, x) can control 8(T") via (3.28).
Recall the poloidal notation (3.26). Let x7 = yr(xo) and L, > 1 be the Lipschitz

constant of y;, y,_l on [0, T] x Dj. From (3.28) and (3.32), we get
0 < [br(x0, bo, §0)| = |b(T, x7)|.

Using the continuity of b(7, -), there exists small §; with

8 € (0 (3.40)

’ 4(L, + 1)3)
such that

(1= n)br(xo, bo, &)l = (1 = DIB(T, x7)| < Oses,, ) (T, %, x7.9)|

= O0xen,, () |0(T,x)|.  (3.41)
where we have used the continuity of b(7, x) in the inequality, and the axisymmetry

property that [b(T, x)| is independent of ¥ in the third equality. Here, Ay, (62) = {x :
X € By, (82)} is an annulus. The above inequality reproduces Equation (19) in [46].

3.4.3. Construction of the axisymmetric velocity v, s We follow [46,64] to construct
a cutoff function ¢ so that we can localize b(T, x) to the domain where it is large
using (3.41). Let ¢7(x) = @7(r, z) be a smooth function supported in Ay, (82) with
llorllp = 1. For any t € [0, T'], we define

o, x) 2 or(yr oy, (0)). (3.42)

Since ¢ is independent of ¥, using (3.16) and (3.17), we know that the (r, z) component
of yr o yf] (x) only depends on x. Thus, we yield

o(t, x) = r(Jr o 7,7 (%))

and ¢ (¢, x) is independent of ¥
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Remark 3.7. We can also solve ¢(¢, x) using the PDE similar to (3.38), (3.39)
dp+ur -Vo =0, o(T,x)=¢erx). (3.43)

Tracking the support of ¢ and using the argument similar to that in the proof of (3.32),
one can show that these two constructions are the same.

Using (3.42) and (3.17), for x € supp(¢(¢, -)), we have |yr o )7[_1 x) —yr(xo)| < 8.
Since yr o )7,*1 has Lipschitz constant L2, from (3.40), we get
| — 7o)l < L3 |7r o 77 () — 7r(xo)| < L3,
supp(¢(1, ) C By, (xy)(L382) C By,(xy)(8/2).

Using (3.30), we further obtain

supp(e(t, -)) C o C (DY\T) N B(1,0)(R2,0) C Ba,oy(1/4), t €[0,T1.  (3.44)

For fixed 7, §,, from Lemma 3.2, the function ¢ is Lipschitz in time and C*inx on
[0, T] x D;. Moreover, from (3.36), (3.37), we get

ur(t,x) =u(t,x), x esupp(e,-), tel0,T]. (3.45)

Now, we follow [46,64] to construct an approximate solution (3.23) via the WKB ex-
pansion. Since &, b are axisymmetric flows and S(¢, x), ¢(t, x), |£(¢, x)| are independent
of ¥, using Lemma 3.6 repeatedly, we yield that

b . b .
b x &, Lf(pels/'s, Veyp =€V X ( |§_X|2§ pe'S/®)

1€

are axisymmetric. We remark that |£(z, 0| 1is uniformly bounded on [0, T] x Dj,
which can be proved using the Lagrangian version of (3.38), the boundedness of |Vur]|,
and |£(0, -)| = |&o| = 1 (3.34). Due to (3.44), v, is supported in the interior of D and
Ve, -n=0o0n0dDy.

Since supp(ve,;) C supp(g), from (3.45), the localization of u in (3.36) and (3.37)
does not change the estimates of v, ; in [46,64]. Following the argument in [46,64], we
obtain that v, s, is a solution to (1.2) with a small forcing term

Otves, + (M- V)vg s, + (Ves, - VIU+Vges, = Re5,. (3.46)
Moreover, we have the following estimates

[lve,5, (T)IILr = (1 = m)|b(T, x0, §0)| — Cy 5,6, (3.47)
[ve,5,(0, Ly <1+ Cps,8, [Resllr < Cy 5,6, '
where C,, 5, is some constant independent of €. The first two estimates are consequences
of the leading order formula of v, , (3.23), (3.35), (3.41), and the conservation of
[lo(t, )||L» = 1, which follows from the fact that ¢ is transported by an incompress-

ible flow, see e.g., (3.43). See also Appendix 5.7 for some formal derivations related to
(3.46)—(3.47).
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3.4.4. Symmetrization An important observation is that v, s, is only supported in the
upper half domain D1+\T due to (3.44) and supp(ve,s,) C supp(e(?, -)). For the sin-
gular solution u in Theorem 8§, @Y (1) is odd and u? (¢) is even in z, which induces the
symmetry property (Sym) that u*(¢) is odd and u? (t), u" (t) are even in z. For vector
f =ves,, Res,, we extend it to D according to the same symmetry

fr=rea+ =2, [f=f020-r1r-2, fF=r e+ 0-2,
where f = fTe, + fTey + fie;, f = fTe, + fPep + fe,. For the pressure g s, in
(1.2), we extend it as an even function in z

678,52 = s, (rv Z) + qe.5 (rv _Z)-

The above symmetry properties are preserved by (1.1) and (1.2). We obtain that v, s,
is a solution to (1.2) with pressure g s, and forcing Ié&gz and enjoys the symmetry
property (Sym). Since supp(ve 5,) € Dy, Vg5, — Ve,s, and vg 5, are disjoint, applying
(3.47) yields

[Ve,5,(T)|ILr = 2(1 — m)|b(T, x0, §0)| — Cp.5,¢, (3.48)
|1De.6,(0, Iy <2+ Cysr8, |ResyllLr < Cpsye. '

The last inequality on Rg,gz follows from the triangle inequality. Let v(7") be the solution
to (1.2) with initial data v, s, (0). Following the argument in [46,64], we obtain

V(T) = Ve, (DlLr = Cp 56 (3.49)
Since the symmetry of v, 5,(0) in z is preserved by (1.2), v(T') satisfies the symmetry
(Sym).

3.4.5. Control of Xy for all power o Denote x»(x) = 13(10)(%)(}’, 7). Since

supp(vg,s,(f, -)) = supp(e(t, -)) C B(,0)(1/4) (3.44) and v, 5, is the symmetric ex-
tension of vgs5,, we get xavgs, = Ugs,. Moreover, for x € supp(x2) N Di, we get
r € [1/2, 1]. Then for any o € R, using (3.47), we obtain

[1r ™7 0g,5,(0, )l = 177 x20e,8,(0, )| < ColUe,5,(0, )l|Lr < Co 2+ Cy 5,8).
Applying the above estimate, (3.41), (3.48), (3.49) and the definition (1.4), we yield
Co(2+Cps)hpo (T) = |lIr™70e.5,(0, ) Lo Apo (T)
> |r=7o(M)llr = |Ir™7 x20(D)ILr
> Collx2a®(D)l|Lr = Co (|l X205, (Dl|Lr — [1x2(B(T) = be.5,(T))]|Lr)
> Co (||0e.5, (Tl |r — Cyp.50)

~ ~ /1 —
= Co((1 = (T, %0.0) = Cys8) = Co (L BT) = Cyine).

Taking n = 1/2 and letting ¢ — 0 conclude the proof. O

Proof of Theorem 1. From Theorem 8, we have lim, . 7, ||w,(?)||cc = 00. Combining
Propositions 3.3 and 3.4, we establish
t
liminf A%y (1)* > Cy liminf B2(T) > Cy lim llopOlle _
=T ’ =T =Ty ||lwp,olloo

We conclude the proof of Theorem 1. O
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3.5. Proof of Theorem 3. The proof of Theorem 3 is completely similar to that of The-
orem 1 and is easier. We follow the arguments in [63]. Firstly, we note that there is a
sign difference between the Boussinesq equations used in [11] (1.5) and [63]. In [63],
the Boussinesq equations are given by

6, +u-V6 =0, w+u-Vu+Vp=(0,07, V.u=0. (3.50)

The velocity-density formulation of (1.5) is the above equations with (0, 8)” replaced
by (0, —0)T. Clearly, (1.5) and (3.50) are equivalent: (u, #) solves (1.5) if and only
if (u, —0) solves (3.50). The linearized equation of (3.50) around a solution (u, ) of
(3.50) is given by

ogn+u-Vn+v-Vo=0, ov+u-Vv+v-Vu+ Vg = (0, r/)T, divv =0,
(3.51)

which is also different from (1.7) with (0, )7 in (3.51) replaced by (0, —)7 in (1.7).
Given solution (u, 0) of (1.5) and (v, n, u, 0) satisfying (1.7), we obtain that (u, —0)
is solution of (3.50) and (v, —n, u, —0) satisfies (3.51). To keep the minimal changes
of sign and other notations among this paper, [11], and [63], due to this connection, we
use the following setting. Given a singular solution (u, —6) of (1.5) in Theorem 7, we
obtain the solution (u, 6) of (3.50), which satisfies the same properties in Theorem 7,
e.g., the blowup quantities and the regularity. Then we consider (3.50) and (3.51) in the
following discussions so that the derivations and notations are consistent with those in
[63].

The bicharacteristics-amplitude ODE system of (3.50) [63] read

y(t, x0) =u(t, y(t, x0)), (3.52)
£(t, x0, £0) = — (0, w)T£(1, x0, &), (3.53)

ET(0,5)b  E-(Lb) -
— , 3.54
HE e ¢ 3.3

b(t, x0, &) = —(3:2)b+Lb + (2

where 7 £ (0,u), b € R3, the matrix 9,7, vector § , and linear operator L are given
below

0 910 30 R 0 0
9,7 0duy douy |, E21& ), Lb2| 0 ). (3.53)
0 91uz dus & by

The initial data is given by y|;=0 = x0, &l;=0 = & € IR2\{0} and b|;—g = by € R3.
Denote

T2 {(x,y)eR2:x=00ry=0}, D=R2, D*¥2{(x,y):y=>0,4x >0}
(3.56)
For the singular solution (u, —0) in Theorem 7 (then (u, ) solves (3.50)), since @

is odd, 6 is even in x, and v(x, 0) = 0, we have

u- n|T2 =0, (357)

where n is the normal vector of Y. We first generalize Lemma 3.2 as follows.
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Lemma 3.8. Let y; be the solution to (3.52) with initial data xo, T, be the blowup
time, T < T,, and D* be the domains defined in (3.56). (a) For any xo € Y> and
t € [0, Ty), its trajectory y; remains in Yo, for any xo € Df—L\Tg andt € [0, Ty), we
have y; € D¥\Y5. Foranyt € [0, T}, y, is invertible, and y;, y,_l are Lipschitz in time
and the initial value.
(b) For xg € Di\Tz, there exists §(xo, T) > 0 depending on xo, T and a compact
set Yo such that
¥1(Byy(8)) U By, (x) (8) C 2 C D*\ . (3.58)

As a result, for initial data zo € By,(8) and any by, &y, there exist a unique solution
(v, by, &) to (3.52)—(3.54) on t € [0, T]. The functions (y;, by, &) are Lipschitz in time
and C* with respect to initial data zo € By, (8) and by, &, and yt_l (x) is Lipschitz in
time and C* in x € y,(Bx,(8)) U By, (xy) (8).

Unlike Lemma 3.2 for the 3D Euler equations, in the above Lemma, since it is in 2D,
we do not need to consider the angular variable ¥ and the poloidal component x (3.2).
Moreover, unlike (3.18), we do not restrict the initial data xo and the trajectory y; (xg)
to a domain near the singularity (0, 0) since the velocity u(¢) in Theorem 7 is smooth
in any interior compact domain in R.

The proof of Lemma 3.8 follows from the non-penetrated condition (3.57), the regu-
larity u, 0 € C1% and u, 6 € C°(%) for any compact set ¥ C D*\ Y, from Theorem
7, and the same argument in the proof of Lemma 3.2.

We adopt the following notation from [63] by replacing the domain D by D\Y>

a(T) = sup _Ib(T, xo. 0. bo) |-
[bo|=1,&0]=1,x0€ D\Y2,b0-§0=0

Recall from (3.55) that bg, é’o e R3, & € R2. From Lemma 3.8, for xo € D\Y,,
b(T, xo, &0, bp) and o(T) are well-defined. We modify Proposition 3.1 from [63] as
follows.

Proposition 3.9. Assume that (u, —0) is the singular solution in Theorem 7. Then (u, 6)
is the singular solution of (3.50). For any t € (0, Ty), we have

IVO(T)lloo < [1V60]loce(T).

Note that VO € C¥* is continuous, and we can solve (3.52)—(3.54) for xo € Di\Tz
from Lemma 3.8. The proof follows from the proof of Proposition 3.1 in [63] with minor
modifications similar to those in the proof of Proposition 3.3. Thus, we omit the proof.

We modify Proposition 3.2 from [63] as follows.

Proposition 3.10. Assume that (u, —0) is the singular solution in Theorem 7. Then (u, )
is the singular solution of (3.50). Forany T € (0, Ty) and p € (1, 00), we have

a(T) < Cpyy " (D).

The proof follows from the argument in [63] and the argument in the proof of Theorem
3.4. The key point is that the approximate solution (7. s, v s) constructed in [63] is
similar to (3.23) and supported in a compact domain £, C D*\ ;. See (3.44) for the
case of the 3D Euler equations. The proof is much simpler since we do not need to
construct an axisymmetric solution.

We give a sketch of the proof. We fix T < T. For any initial data xo € D\,
and by, &y with by - g?o = 0, |bo] = 1, || = 1, from Lemma 3.8, there exists § > 0
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and a compact set Xy such that (3.58) holds. Without loss of generality, we assume
xo € DT\ Y,. We construct a smooth cutoff function x7 similar to (3.36) such that

xr(x) =1, xe Xy, X Csupp(xr) =23 C D"\Ts.

We localize the singular solution (u, 8) similar to (3.37) as follows

ur(t,x) £ u(t, x)xr(x), Or(t,x) = 600, x)xr(x). (3.59)

From Theorem 7, we get uy, 67 € L*°([0, T], C50(D)). Then we construct b(t, x),
&(t, x), y (t, x) by solving the PDE (Eulerian) form of (3.52)—(3.54) withu, 6, Z replaced
by ur, 07, zr = (67, ur) using the following initial data

b0, x) = by, £(0,x) =&, S(0,x)=x-&.

We choose 6§, = m similar to (3.40) and choose ¢7 thatis supportedin Bs, (y7 (x0))
14

with ||¢r||Lr = 1. Then we construct a localized function with properties similar to
(3.44)

(1, %) = pr(yr oy, (x), supp(@(t, x)) C By, (1) (8/2) C Ta.

These functions b(t, x), £(t, x), S(t, x), ¢(t, x) are at least C* in the whole domain for
t € [0, T']. From (3.59), we have

ur(t,x) =u(t,x), 0r(,x)=0(,x), x esupp(e()) C X, tel0,T].

Using these functions b, &, S, ¢, we follow [63] to construct the WKB solution, which
is supported in supp(¢(¢)) C X». Due to the above relation, the localization (3.59) does
not change the estimates of the solution. We can further symmetrize the solution using
the argument in Sect. 3.4.4. The rest of the proof follows [63].

One difference between our settings and those in [63] is that our domain R}r has
boundary, while the domain in [63] is R? or T2. In the proof of Proposition 3.10, this
difference appears only in the elliptic estimate

Ag — + 99 _ ¥
—Ag=V-g, xeR;, —— =n-g, ondRy,
on
where 7 is the unit normal vector. In [63], there is no boundary and the second equation.
In RY, the L? estimate

[IVallLe Sp lIgllLe,  p € (1,00)

follows from the Poisson’s formula for g and the Calderon-Zygmund estimates of the
kernel.
Now, we are in a position to prove Theorem 3. The proof is simpler than that in [63]

since we do not require the blowup criterion on fOT [|VO]|odt.
Proof of Theorem 3. From Theorem 7, we have lim,_, 7, ||VO(t)||coc = 00. Combining
Propositions 3.9 and 3.10, we establish
Vo(t
liminf y,”" (1)* > Cp liminf o*(T) > C,, lim V6Dl _
t—T, t—T, =T, ||V6y|loo

We conclude the proof of Theorem 3. O
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3.6. Proof of Theorem 2. For the singular solution [26], near the singularity (r, z) =
(0, 0), the flow moves down the z axis, and then travel outward in the r direction. See
also Remark 2.1 in [26]. We will use the outward flow to prove Theorem 2. Denote

Y32 {(rn2):r=00rz=0}, Bo(t) = sup r; 7 be (x0, §0, bo)|-
(x0,b0,€0)€ R\ T3) xR x ST,
bo-80=0,|bo|=r§
~ (3.60)
The definition of B, (f) modifies (3.21) and is similar to (3.22). The velocity u”, u* in
Theorem 9 satisfies

u(t)-n "= u () -n" +u*(t) -n*(t) =0, 3.61)

3

and (u”, u®) is smooth in ]R3\T3 and 4 = 0. In particular, y; is a bijection from
R3\ T3 to R*\ Y3. Hence, we can generalize Lemma 3.2 to the current setting, and solve
(3.6)—(3.8) in ]R3\T3 with solutions by, y;, &, y,_l that are C* on the initial data.

The following result is established in the proof of Proposition 2 in [46].

Proposition 3.11. For any (T, x7) € (0, T,) x R3\{r = 0} and o € R, let x; be the
backward solution of (3.6) from time T and x1, wg = w(0, x0), & be the solution of
(3.7) with initial data &y - wy = 0, &0 # 0, &0 - ey (xy) = 0, and b, be a solution of (3.8)

with initial data by = r§ ey and by - & = 0. Then we have r§ o+l < rrlbr|.
Applying the above result to x7 € R*\ T3 € R3\{r = 0} and using definition (3.60),
we yield
o+l

<rr 7lbr| < ,BU(T)

o+l —
rr

Since x7 = yr(xp) is arbltrary in R3\ Y3 and yr is a bijection from R3\ T3 to itself, we

derive sup, cr3\ v, :(,7 < Bs(T). Since u € C"* and yr(x) is Lipschitz in x, we get
T

yr (ro, Vo, 0) = lim;_.¢ y7 (ro, P9, z). Hence, we further obtain

a+1

sup

0+ < Bo (D). (3.62)
x0€R3\{r=0} rT

We have the following estimate for r7 /rg. The idea is that the outgoing flow in the r
direction near (r, z) = (0, 0) generates rapid growth of rr/rg.

Lemma 3.12. Let u be the singular solution in Theorem 9. Then for any T < Ty, we
have

1 T
sup T > exp <§/ u.(t,0, O)dt).
0

ro#0 70

Proof. Note that u” (¢,0,z) = 0. For T < T, since u’ (1) € C°([0, T], C"*) and
u/(t,0,0) > 0,¢ € [0, T'], there exists § > 0, such that

1 "(t,r,0
0 < 7 (t.0,0) < % < 2u’(1,0,0). (3.63)
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forall r < §,t € [0, T]. Since u*(t, r,0) = 0, solving the r component of the ODE
(3.6) backward with initial data x7 = (rr, 0), r7 = §/2, we get that the trajectory is on
z = 0and

d l/tr(T—t,rT_t,O)

—rr—=—u' (T —t,rr—,0) = —rr—;
dt rr—¢

Since u" (T —t,r,0) > 0onr € [0, 8], rr—, is decreasing in ¢ and r7—; € [0, §]. Using
the above ODE, (3.63), and Gronwall’s inequality, we obtain

1 T T
rg < exp(—E/ ul.(t,0,0)dt)yrr, ro> exp(—2/ u.(t,0,0)dt)rr > 0.
0 0

The desired result follows. |

For the singular solution in Theorem 9 , Proposition 3 in [46] remains true.

2 2

Proposition 3.13. Let t € (0,T,),p € (1,00),0 € (—7, >

solution in Theorem 8. Then we have B,,(T) < X;Z?(T).

) and u be the singular

From Theorem 9, for any 7 < oo and any compact domain ¥ C R3\ Y3, we can
localize u using some cutoff function such that u(z, x) x (x) = u(¢, x) for (x,t) €
¥ x [0, T'], and uy is much smoother. The weighted estimate involving the weight » =
in Lemma 4.1 in [46] does not require higher order regularity on u. Thus the proof
follows from [46] and the proof of proposition 3.4.

Now, we are in a position to prove Theorem 2

Proof of Theorem 2. From Theorem 9, we have fOT* ur(t,0,0)dt = oo. Foro < —1,
—o — 1 > 0, combining Lemma 3.12 and (3.62), we obtain

MIT) = CPo(T) = € sup ()71 = C(sup 22) 7177 = Cexp(
ro#0 I'T ro7#0 10

T
g / u' (2,0, 0)dr).
0

Letting T — T, we complete the proof. O

4. Properties of the Singular Solutions to the 2D Boussinesq Equations

In this Section, we prove Theorem 7 regarding the properties of the singular solutions
to the 2D Boussinesq equations (1.5) constructed in [11]. In Sect. 5, we generalize these
estimates to the 3D Euler equations with boundary. We will prove the higher-order
interior regularity in Theorems 7-9 by generalizing the nonlinear stability estimates in
[11] to the higher order and using embedding inequalities. These quantitative stability
estimates can be useful for future study of the singular solution. Since the estimates
essentially follow from similar estimates in [11], we will only summarize the estimates
and refer the details to Section 4.1—4.4 in the arXiv version of this paper.

After the completion of this work, recently, the first author [8] established the higher-
order interior regularity using another approach. This is done by performing weighted
Holder estimates of the physical equations directly with a BKM-type [1] continuation
criterion.

4.1. Setup for the 2D Boussinesq equations. Firstly, we recall the setup from [11].



On Stability and Instability of cle Singular Solutions Page 33 of 53 112

4.1.1. Dynamic rescaling formulation The analysis of the singular solutions [11] is
based on the dynamic rescaling formulation [47,54]. To distinguish the solutions to (1.5)—
(1.6) and the solutions to its dynamic rescaling formulation, we denote by w,py (x, 1),
Ophy (X, 1), Uppy(x, 1) the solutions of (1.5)—(1.6). Then it is easy to show that

w(x, 1) = Co(T)wpny (Ci(D)x, 1(1)),  O(x, T) = Co(T)0pny (Ci()x, 1(T)),

1 4.1)
u(x, 7) = Co(r)Cr(T) " upny (Ci(7)x, 1(7)),
are the solutions to the dynamic rescaling equations
wr(x, )+ (cj(t)x+1u) - Vw = ¢, (T)w + 6y, O:(x, )+ (c(v)x+u) - VO =0,
(4.2)
where u = (u, v)T = VJ'(—A)_lw, X = (x, )’)T,
T T
Cy(t) =exp (/ cw(s)dr> , Ci(t) = exp (/ —cl(s)ds> ,
0 0 (4.3)

Co(t) =exp (ft ce(s)dr> ,
0

t(r) = for C,(t)dt and the rescaling parameter ¢;(7), cp (), ¢, (T) satisfies
co(t) = ¢i(T) + 2¢4 (7).

‘We have the freedom to choose the time-dependent scaling parameters ¢;(7), ¢, (7)
according to some normalization conditions. Then (4.2) is completely determined and
(4.2) is equivalent to the original equation using the relations (4.1)—(4.3), as long as
¢i(1), ¢, (7) remain finite. We refer more discussion about this reformulation for the 2D
Boussinesq equations to [11].

The dynamic rescaling formulation [47,54] is closely related to the modulation tech-
nique [42,52,55,58,59]. It has been a very effective tool to study singularity formation
for many problems [3,4,42,52,55,59]. Recently, it has been used to establish singu-
larity formation in 3D incompressible Euler equations [11,26,27] and related models
[5-7,15,15,16,28].

To simplify our presentation, we still use ¢ to denote the rescaled time.

4.1.2. Polar coordinates and different variables Consider the polar coordinates in R
r=,/x2+y%, B =arctan(y/x), R =r".

Let w, 0,y = (—A)~"lw be the vorticity, density, and the stream function in (4.2).
Denote

1
Q(R,,B,t):a)(x,y,t), \I’:’j’ﬁ’ n(Rslg7t)=(9X)(x7yst)v
E(R, B, 1) = (0y)(x, y,1). (4.4)

Using the (R, B) coordinates and the above new variables, we reformulate (4.2) as

follows
Q+aciRIgQL+ (- V)Q =c,2+7,

Nt +acROgn + (w- Vyn = (2cy — ux)n — vié, 4.5)
& +acRIRE + (u- V)& = 2cy — vy)§ —uyn.
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The elliptic equation (1.6) reduces to the following for the modified stream function W
—a?R*9prWY — a(4 + ) RIRY — dpp ¥ — 4V = Q, (4.6)
with boundary conditions

V(R,0) =W¥(R,7/2) =0, Rlim Y (R, B) =0. 4.7)

We consider the equations of (w, 0y, 6y) in (4.5) since these variables have similar
regularities.
The approximate steady state of (4.5) under the coordinates (R, B) is given by

SR —aF 3R (R _ar 6R __1 3 _
( ,ﬂ)—; (ﬁ)m, n( ,,3)—? (ﬁ)m, Cl—a+ , Cp=—1,
2 /2
['(B) = (cos(B)*, c¢= ;/0 ['(B) sin(28)dB.

(4.8)
We decompose a solution (€2, 7, &, &, &,) of (4.5) into the approximate steady state
and their perturbations

Q=Q+Q, H=i+n E=E+& & =0+c, Co=7Co+cCo.

To uniquely determine the dynamic rescaling formulation, we impose the following
normalization conditions on the perturbation of the rescaling parameters c; (), cy(?)

o
Co(t),
4.9)
where L1, (-) is defined below in (4.10). We use €2, 7, & to denote the perturbation since
we will mainly focus on the analysis of the perturbation in the rest of the paper. The
reader should not confuse them with the solution to (4.5).
We introduce

o0 /2 o .
L) 2 / / SRR B s g sy SCA o) @)
R 0 N T

2 l—a 2 1-—
Co(t) = ——LnQ@))O0), () =————L12(2))(0) =
Ta o na

The following decompositions of velocity (U, V) = V4 (—=A)"'Q in the (R, B)
coordinates are derived in Section 8.1 in [11]

2r cos(B) . .
UW) = ———L12(2) — 2r sin(B) Wy — arsin BDRWY — r cos Bdg Vs,
Ta 4.11)
2r sin(B) .
V(W) = —————L12(2) +2r cos BW, + ar cos BDrWY — r sin Bdg W,
To

where W is the solution of (4.6). For small «, the L1, terms capture the leading order
terms (U, V), and W, is the lower order part in W. We estimate the lower order terms
using the elliptic estimates in Propositions B.2, B.3. Moreover, using the formula of
in (4.8), we have

3a

. 4.12
1+R ( )

- T
L17(2) = 7
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4.1.3. Weights and energy norms We define the differential operators
DR = RaR, Dlg = s1n(2,3)8,3

We recall the following singular weights and norms H¥, C* from [11].

Definition 4.1. Recall ['(8) = cos“(8). Leto = %, y = 1+ {j. Define i, Vi, ¢ by

a3 (0+R)° 3(1+R)?* . A (1+R)?
1#0—%( RT3 R )F(,B) 0= —pz sin in(2p),

1+R)? 1+R)*
o1 %sm(zﬂr“, 2 %sin(zm-y,

1+R)*
%(Sin(ﬁ)m(ﬁ))_“, g, & LRV R R’ sin(8) 7 cos(B) 7,

. 1
. ¢ 21+ (Rsin@2B)*) ™, ¢ij = liz1¢1 +1>1¢0.

>
(>

(4.13)

1>

Y1
1+R
R

(1>

1

The special forms of 1, ¢o are designed carefully to exploit nonlocal cancellations
in the linearized equations of (4.5) and are crucial for the linear stability analysis of the
weighted L? part of the energy in (4.16). We define the weighted H* norms as follows

1/2 1/2 i j+1
Il 2 Y Mo 2D fllz+ D 1oy * DD flle. (414)

0<k<m i+j<m—1

Choosing p; = ¢; and p; = ¥;,i = 1, 2, we get the H™ (¢) and H™ () norm, respec-
tively. We simplify H" (¢) as H™. The H™ norm is used for €2, 5 and the H* (1) norm
for &.

We need the weighted C* norm to control £

1A llex 211 lloo + D (161D flloo + 12D f1l00)

1<i<k

+ Y @1 +¢2) DD} flle.

i,jzli+j<k

(4.15)

We remark that the second weights ¢;, 1, ¢ are used to handle the angular derivatives.
For mixed derivatives only involving Dg, we use the first weights ¢1, V1, ¢1.
We define the L2-type energy with some parameters j;, wij > 0 to be chosen

12,2

2 81 1/2
E} R, 1, &) 211902113 + Invy ||2+—L%2(sz><0>+m<||sw 213+ 1Ine2113)

1/2 1/2
+1lEY, ||2+M2(||§2901/ ||2+|In<p/ 1B) + 11DsE v, 113
1/2
+u3<||DRQ¢1 ||2+||DRn<p/ ||z+||DRs¢ / ||2>
12 1/2 i—J
E{@n &) 2B + Y 3 iy (I1p) > DED @1 + 110} DR D i3

2<l<k0<]<l
2 pid
+laj* DD} 1)
(4.16)
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To estimate the velocity of the approximate steady state, we use the YW~ norm
[11,26]

K
e 2 3 Hsin(z,e)?%ﬂ’mw};ﬁ“n’;f“m. 4.17)

0<k+j<l,j#0

4.2. Nonlinear stability and finite time blowup. In Section 4.1—4.4 in the arXiv version
of this paper [12], we generalize the third order nonlinear energy estimates of the pertur-
bation in [11], which is essentially (4.19) with k = 3, to the higher order version (large
k). In particular, we fix k = 100 and establish the following. There exist some absolute
constants v;; > 0 (for E. ), i;j, u; > 0 (for Ey (4.16)) such that the energy given by

E(Q,1,8) 2 (Ex(Q, 10,8 +aEr—2,00(E)H'?, k=100,
E} &) 25+ D vijllPill. Pij £ ¢i; DDy, (4.18)

i+j<k

satisfies the following nonlinear energy estimates

1d 1
——EXQ.,n,&) < ——E’+Ka'?E>+ Ka™??E* + K&’E. (4.19)
2dt 15

Since the estimates are essentially the same as those presented in [11], we do not present
them here.

Using a standard bootstrap argument, we establish that there exists a small absolute
constant oy < ﬁ and K, such that if E(2(-, 0), n(-,0), £(-,0)) < K.o%, we have

EQ(), n(1), £(1)) < Ky (4.20)

for all time # > 0 and @ < «1. We refer the detailed bootstrap argument to [11].
Following the argument in [11], we obtain that ¢;(t), ¢, () defined in (4.8), (4.9)
satisfy

3 (t)+c ! ! +3 +c 2 +3
—=—<c Cop < —=, — <c+c < —+3,
2 ST Ty 0 sy
where ¢, ¢; (4.8) denote the scaling parameters associated to the approximate steady
state, and c,,, ¢; are the perturbations. In particular, C,(t), C;(t) defined in (4.3) remains
finite for any 7 < +o00 with bounds depending on 7,  only. B
Finally, we consider the regularity of the solutions w + @, n + 7, & + £ in the physical
space using the relations (4.1), (4.3). Below, we show that %(u +i1) € Ck=2. Applying
L12(Q) = 7 ﬂ—"‘R (4.12), the embedding in Proposition B.1, and Proposition B.3 to U (V)
(4.11), we yield

| B 1 - - -
UMW)k S g llex + 1Wxllex +11DRWllex + 119 Wellcx

1+R
R

1+R
Se 1+]]

- 1+R_ -
DR\IJHWk‘oo + IITBﬁ\D*Hwkm 50! 1.
421)

Ball oo + 1
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For U (W), we first consider L12(€2) using Lemma C.4. Let x be the radial cutoff
function defined in Lemma C.4, which is constant near r = 0. Using Proposition B.1
and (4.20), we have

L12()ler-2 S 11L12(2) = x1 L12(R2)O)ler—2 + [ x1ller—2 | L12 () (0)| Ser 11213 Sor 1

Applying Propositions B.2 and B.1 to control the ¥, W, terms in U (V) (4.11), we
get

1
=T W)]lex-2 S L)k + 118201944 So 1.

Similarly, using the estimates of the approximate steady state in Lemmas C.1, C.2,
C.3, and Propositions B.1, B.3, we obtain

1 - _ B _
II;(V(\I’+‘P)|Ick—2 Sa L 11924Qllck-2 Se 1, Intnller-2 Se 1, 1§+ ller—2 Se 1.

(4.22)
Since the (R, B) coordinates of (C;x, C;y) is (C/R, B), using the rescaling relation
(4.1), (4.4), in (R, B) coordinates, we obtain

Q(R, B, 1)=Cu(Dwpny(CI (T)R, B, 1(1)), wpny(R, B, t(t)):C;]Q(Cl_"‘R, B, 1).
Similar relations apply for 6, u. Applying (4.21), (4.22), the above relation, and p (AR, )
< C(M)p(R, B) for any weight p in Definition 4.1, we have

llwpny (1 (TN ler—2 + [10x, pry (1 (T) | k-2 + 10y, pry (£ (D))]]cr-2

1 1
+ ||;“phy||ck*2 + ||;Uphy||cH S C(Ci(n), Cu(1), a0, 7) S Cla, T) < +00.
(4.23)
To further estimate the C* regularity, we have the following simple embedding.

Lemma4.2. Let S £ {x,y) :x #0,y >0} ={"B) :r >0, 0O,7r/2)U
(m/2, m)}. For any compact domain £ C S andl > 1, we have
fllci-1zy Stz 1 fller-

Proof. Recall D = R and R = r*. Using the chain rule, we yield rd, = a Rdg. For
any compact domain ¥ C §,i > 0 and p € R, since r # 0, sin(8), | cos 8] € (0, 1),
we obtain

10/rP) Sipx 1, 105 sin?(B)] Sips 1, 19l cos(BIP] Sipx 1.
Recall the relation among 0y, dy, 9, dg

sin(f) cos(B)
r

0y = cos(B)oy — dg, 0y =sin(B)o, +
, )

0.

Using the Leibniz rule, induction on / and the above estimate, for i + j < [ and
(x, y) € X, we obtain

0200 F1 s Y 1RSI Sis D 1) 05| Stas Y IDROSS]

m+n<l| m+n<l m+n<l|

Stz 1 fller-

It follows f € C!I=1(%). O
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Sinceu = r - %u and r € C¥2(%), from (4.23) and Lemma 4.2, we further get
u € CK3(%) for any compact set ¥ C {(x,y) : x # 0,y > 0}. Using the above
bootstrap estimates, e.g. (4.20), the regularity estimates, the arguments of localizing the
initial data and that for the finite time blowup in [11], we prove Theorem 7. We refer
these two arguments to [11].

5. Properties of the Singular Solution to the 3D Euler Equations

In [11], to generalize the blowup estimates from the 2D Boussinesq equations in R
to the 3D axisymmetric Euler equations with boundary, we need the nonlinear energy
estimates for the Boussinesq equations and two additional steps. The first step is to
control the support of the solutions in the domain (r, z) € [0, 1] x T so that it does not
touch the symmetry axis » = 0. The second step is to generalize the 7> elliptic estimates
in the Boussinesq equations to the 3D Euler equations. See Section 1.3 and Section 9 in
[11].

For higher order estimates of the singular solutions to the 3D Euler equations, we only
need to generalize the 7 elliptic estimates to the H* version since the first step does not
involve higher order estimates and we have established the nonlinear energy estimates
for the Boussinesq equations (4.19). Note that the 7> elliptic estimates in Proposition

9.9 in [11] is proved inductively with the weighted Lz((l;;—{fy‘) elliptic estimate being

the based case. Therefore, its generalization to the H* estimate in Proposition 5.2 below
is straightforward.

These higher order estimates imply the interior regularity estimates of w” , (u?)?, u”, u*
in Theorem 8. See Sect.5.3. The estimate of u” does not follow from that of («?)2. In
Sects. 5.5 and 5.6, we further estimate u?.

The proof of Theorem 9 is similar and is mostly based on the estimates in [26,27].
Thus, we will only sketch the proof.

19)2

5.1. Setup of the 3D axisymmetric Euler equations. We first review the basic setup of
the 3D axisymmetric Euler equations from Section 9 in [11]. Recall the 3D axisymmetric
Euler equations from (3.9)—(3.11) and the cylindrical coordinates (7, ¥, z) (3.1) in R3.
We introduce the following variables

é(r, )& (ruﬁ)z, o(r,z) = wﬁ/r, (5.1

new coordinates (x, y) centered at r = 1, z = 0, and its related polar coordinates

x=C(m)7 'z, y=0-nNC@)~", p=/x2+y? B=actan(y/x), R=p"

5.2)
where C;(7) is defined below (5.5). The reader should not confuse the relation R = p“
with R = r“ in the 2D Boussinesq. Since the domain D = {(r,z) : r < 1,z € T} of the
equations (3.9)—(3.11) is periodic in z with period 2, we focus on one period

DI 2{(r,0):r<1,lz]l <1}. (5.3)

In the proofin [11], the variables @, 6 (5.1) are the analog of (w, 0) in the 2D Boussinesq
equations (1.5). The cylindrical coordinates (r, z) for the 3D Euler equations relate to
(v, x) in the 2D Boussinesq equations (1.5) via the change of variables (5.2).
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We consider the following dynamic rescaling formulation centered atr = 1,z =0

0(x,y,7) = Co(0)A(1 — Ci(1)y, Ci(T)x, 1(7)) = Co(0)O(r, z, (7)),
w(x,y, 1) =Cu(m)o(l — Ci(v)y, Ci(1)x, (1)) = Cop(T)(r, 2, 1(T)),
Y (x,y, 1) = Co(0)C (D) 2P (1= Ci()y, Ci(2)x, 1 (1)) = Co (1) C1(T) 29 (r, 2, (7)),

(5.4)

where C;(t), Cg(t), Cy (1), t(1) are given by Cy(r) = Cl_l(t)CZ)(t),

Cy(t) = Cy(0) exp (/T cw(S)df> ,» Ci(r) = C1(0) exp (/ _Cl(s)ds> )
0 0
T (5.5)
t(t) = / Cy(t)dr.
0
These rescaling relations are similar to those in (4.1)—(4.3). Denote
1
V(R, B) = ;w(p,ﬁ), QR,B) =w(p,B), n(R,B) = 0:)(p,B),

§(R, B) = (6y)(p, B)- (5.6)

Since we rescale the cylinder Dy = {(r, z) : r < 1, |z| < 1}, the domain for (x, y) is
Di & {(x,y): x| <= ¢y el0, ¢ (5.7

Using the above change of variables, one can reformulate the elliptic equation (3.10)
as follows

— @’ R*IppW — a(4 + @) RIRY — dgpg ¥ — 4W

Cip | . C?p? (5.3)
+ = (sin(B)(2 + a DR)W +cos(B)dp W) + U =rQ
r

r2 ’
with boundary condition of W (in the sector R < C; %) given below
W(R,0) =V (R,7/2) =0. (5.9

See Sections 9.1 and 9.2 [11] for the details.

Definition 5.1. We define the size of support of the rescaling variables (6, w) (5.4)
S(t) =essoof{p : 0(x,y,7) =0, w(x,y,7) =0 for x4 y2 > pz}.

Obviously, the support of 2, n defined in (5.6) is S(7)%*. After rescaling the spatial
variable, the support of (0, @) (5.1), (3.9) satisfies

supp(6(t(1))), supp(@(t(1))) C {(r,2) : ((r — D* +22)1/? < Ci(v)S(7)}.  (5.10)
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5.2. Localized elliptic estimates. Let x1(-) : [0, 00) — [0, 1] be a smooth cutoff func-
tion, such that y;(R) = 1 for R <1, x1(R) =0 for R > 2 and (DRX1)2 < x1. This
assumption can be satisfied if y; = x& where xq is another smooth cutoff function.
Denote

X(R) = x1(R/A), Wy, =Wxa, S =Qx. (5.11)

In Section 9.2.2 in [11], we showed that the leading order part of W near 0 is captured
by

/2
L12(Zy,)(0) = —L12(Q)(0)+40t/0 (0, B) sin(2B)dp, (5.12)

when A > (S(7))“.
As discussed at the beginning of Sect. 5, we can generalize Proposition 9.9 in [11] as
follows.

Proposition 5.2. Suppose that WV is the solution of (5.8) and Q € H¥. There exists some
absolute constant ay and constant 8, € (0, 1/4), suchthatifa < oy, A = 8ka°‘, CiS <

1/a+1
o - 8k/a , we have

Q2 {IR*ORR Wy, | ggx + || ROR Wy, gk + 118p8 (W,
s1n(2,3)

(L12() + x1L12(Z,, )OO e S N2 g,

1 1+R
[L12(Zy,)0)] S ‘aIIQ

72

In Proposition 9.9 in [11], we prove the case for k = 3 with §; = 2713, The follow-
ing results generalize Proposition 9.11 from [11]. The conditions A = §;C l_“, CS <

8,**" guarantee that A > (S(1))* in (5.12).

Proposition 5.3. Let W((t) be the solution of (5.8) with source term Q@ = Qo =

Qx (R/v), and oz, 8y be the constants in Proposition 5.2. Ifo < ap, A = (Ska“, CS <

ozB;/M'l, 2v < A, we have

RaR,g\ifo,m||Wk,oo

5 = 1+R
DpWo,x, [k +al|
sm(2,3)

off

+] 36 (V0,5 — (L12(R20) + x1 L12(Z,,) O | lyeoe S v,

- 1
|L12(Zy,)(0)] S 37 &,

where LIQ(ZXA)(O) associated 1o Wy is defined in (5.12).

The case of k = 5 is Proposition 9.11 in [11]. The general case follows from a similar
argument.

Choosing k = 100 in Propositions 5.2 and 5.3 and using (5.11), we obtain the elliptic
estimates for W(R, B) = ¥, (R,B),R < A = 8100Cf“ in the dynamic rescaling
equations. Using the relations (5.2) and (5.6) and rescaling the domain, we obtain that
R < ) is equivalent to

1l 1 1/100
p<Cl8) % pCr<81, 10n2) — (1,00 < 8,507
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Thus, we have H'%° estimate of the stream function v (3.9) in the physical domain

B.o)(Row), Rog = 8108 < 1/4. (5.13)

Now, we are in a position to prove Theorem 8. Denote

Dg, £{(r,z) :r €(0,1),z #0} N Buo)(R2g), YT £{(r,2):7r=1lorz=0}.
(5.14)

Remark 5.4. In later estimates, we will choose « to be very small and then choose S(0)
to be very large. Finally, we choose C;(0) much smaller than S(0)~!, a. We treat C;(0)
roughly as 0.

5.3. Blowup, control of the trajectory and the interior regularity. Recall from Definition
5.1 the size of support S(¢) in the dynamic rescaling equations. Then C;(#)S(¢) is the
size of the support of the solution in the physical space. In [11], for some small «p > 0
and any 0 < a < «g, we construct a class of C% singular solutions with the following
control of the support and trajectory. For a point within the support of the initial data
(6o, o) (5.4) and with trajectory (R(t), B(t)), R(¢) satisfies a uniform estimate

Ci()R()Y* < C(a, $(0))C1(0) (5.15)

for some constant C(«, S(0)) up to the blowup time. See Section 9.3.5 in [11]. For initial
data with support size S(0), we can pick C;(0) small enough such that

Ci()S(t) < C(a, S(0)Cr(0) < Ry.o/8 = R, (5.16)
where Rj  is defined in (5.13). It follows
(S()* < R‘f‘vaCl"" < (R2,¢/2)*C* < 8100C; “.

Thus, within the support of the solution, we can apply the high order elliptic estimates
(k = 100) in Propositions 5.2 and 5.3 to estimate W (R, ).

As discussed at the beginning of Sect. 5, using the argument in [11] and the higher
order elliptic estimates in Propositions 5.2 and 5.3, we can generalize the blowup results
in Theorem 7 for the 2D Boussinesq equations to the 3D axisymmetric Euler equations.
In particular, we have the control of the support and the trajectory (5.15)—(5.16) and
obtain the following generalization of (4.21) and (4.22) for the solution (0, w, ¥) in the
dynamic rescaling formulation (5.4) of (3.9)

1
[IVO(T)llceo + [ (D)]]ceo + IIEV(WT)XA)IIC@O Se 1. (5.17)

In general, 6, w, ¥ are only defined in the bounded and rescaled domain (5.7). Since
0, w, ¥ x, have compact support with S(r) < %Cl_l (5.16) or 201/ < %Cl_l (see
Lemma 5.2), these variables can be extended naturally to (x, y) € Ry x R. Then the
gk norm (4.15) of these variables are well-defined. From (5.10) and (5.16), the solution
0(t,r,z),a(t,r, z) are supported in B(1,0)(R1,¢) C B(1,00(R2,¢). Since x;, = 1 in
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B(1,0)(R2,¢), using (5.17), (3.10), the rescaling relation (5.4), (5.1), and estimates similar
to those in Lemma 4.2, we yield

||9~(t)||050(2)+||5)(f)||c50(2)+||“r(f)||c50(2)+||Mz(f)||c50(2) S Cla, X, Ci(1), Cyu(T))

(5.18)

for the compact domain X C Dg, (5.14). Since r, % is smooth away from r = 0, from

(5.1), we yield W, w? € C(T). We prove estimates for o?, )2, u", u? in result
(c) in Theorem 8.

In the (r, z) coordinates, from (5.15), (5.16), and (5.2), for (rg, zo) € supp(wg) U

supp(fo) = supp(ug ) U supp(a)g ), we have
v:(ro, z0) € B(1,0)(R1,0). (5.19)

This proves result (b) in Theorem 8.

5.4. Result (a): Blowup of w,. Recall the poloidal component of @ from (3.3)

1
wp =0'"e, +w'e;, o = —Bzuﬁ, ot = ;8r(rul9).

From (5.4), (5.5), and (5.1), we get 3,0(x,y,7) = CoC1d,60 = C20,((u”/r)?). Tt

follows
N t(t) ( 19( ))2 T .
1<r>=/0 0, (YT /0 C2118:60(x, . 9)loods.

The nonlinear stability result implies that |[3,0(x, ¥, $)|lcc = ||0x|loc >« 1 and

Cy, (1) < exp(—1/2). See Section 9.3.6 in [11] for the derivations. Since u? is supported
in B(1,0y(1/4) and ru? (r, z, t) is transported (3.9), we obtain

(uﬁ( )?

118, (" loo S 11867 () loollru” (oo S Newp () oo U |l so-

Therefore, we establish
T t(7) ( 19( ))2 t(7)
/O exp(s)ds So 1(7) =/0 [10;(——=)loods < ||r“()||oo/0 [lwp($)||oods.

Taking T — oo yields fOT* [lwp($)|loods = oo, where Ty, = t(00) < +00 (5.5) is the
blowup time.

5.5. Interior regularity of u) . The smoothness of u” does not follow from (u”)? since

u? can degenerate. In this section, we choose ug smooth in the interior of the domain.
In Sect. 5.6, we show that the regularity can be propagated.

Let X1 be any compact domain with

T C{(x,y):x #£0,y > 0l (5.20)



On Stability and Instability of cle Singular Solutions Page 43 of 53 112

Remark 5.5. Recall from Remark 1.2 that we made a minor change of the approximate
steady state of the 3D Euler equations in [14] and the updated arXiv version of [11], i.e.
[10]. More precisely, in [10], we modify 6,;4 used in [11] by 6 below

X X
Gt = / Buzy)., G=1+ f 3. (2. y)dz, (5.21)
0 0

where 0, (x,y) = (R, B) (4.8). See Eq (A.20) in [10]. This modification does not
change V0, i.e. VO = V0,,, and we have 6 € C'*. We remark that [10,11] are
essentially the same except for this minor change. In the following derivations, we use
this new approximate steady state 6.

The initial data for 8 in [10] (see Eq (9.55) in Sections 9.3.2 and 9.3.6 [10]) is chosen
as

fo(x, y) = o (x, y) = x1(R/MB(x, y),

where 0 is given in (5.21) and x; is some smooth cutoff function satisfying that Xll/ 2
is smooth. We have the smoothness of X]I/ 2 by choosing x; = )212 for another smooth
cutoff function ;. Since 0y (x,y) > 0 for x > 0,6(0,y) > 1 and 6 is even, we get
0 >1.

Using induction and the Leibniz rule, we get 672 € C%(%)). Since §,/* = §'/2
X172 (R/v), R € C9(%)),and x|’* is smooth, we further obtain 6> (x, y) = 6,/* (x, y)
e COxy).

Since X; is an arbitrary compact domain with (5.20), using the relation among
6o, 9~0, ug (5.1), (5.4) and the relation between the coordinate (r, z) and (x, y) in (5.2),
we obtain ug(r, z7) = 9(}/2/r e C(x) for any compact domain X C Dg, (5.14).

Moreover, ug is even in z and this symmetry is preserved by (3.9).

5.6. Propagate the regularity ofu”. InTheorem 8, it remains to prove u” (1) € L*([0, T,
C%(X)) for any compact set & C Dg, (5.14). Recall T from (5.14).

The idea is that if the domain ¥ is away from supp(u”), then u” vanishes and it is
smooth. Otherwise, the trajectory g; (5.22) through X can be contained in a compact set
in (D1\Y)NB(1,0)(R2,¢) and is smooth according to Theorem 8. Since ru” is transported
along the trajectory and the initial data ug is smooth, we then obtain that u” (¢) is smooth
in X.

Proof. Recall D, Y from (5.3),(5.14). Wefix T < T, andacompactset X C (D;\T)N
B(1,0)(R2,¢). Consider the flow map g; : (r, z) € Dy — Dj generated by (u”, u®)

d
Egt(ra Z) = (Mr(gt(}’, Z)v [)a Mz(gl(rv Z)v t)a go(ra Z) = (V, Z)' (522)

It is the same as 7 in (3.16), (3.17). Since u”, u® € L*>([0, T, C1%(Dy)), we can
solve the above ODE with g;, g, ! being Lipschitz in (r, z). Due to the non-penetrated

condition (3.15), we obtain that g, g, Uare bijections from D to Dy and D\ Y to
D1\Y. One should not confuse (5.22) with (3.6). Denote L, by the Lipschitz constant

of g;, g,_1 fort € [0, T]. Recall from (3.9) that

3 (ru’) + W oy +utd)(ru’) = 0.
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We abuse the notation by denoting x = (r, 7). We get rou? (1, g:(x)) = roug (x). Invert-
ing g; yields

ru’ (1, x) = r(g; O)uf (g7 (x)). (5.23)

From result (b) in Theorem 8, we yield

supp(u” (1)) C gi(supp(u)) N B(1.o)(R1a), 1 €10, T). (5.24)

Since ¥ is compact, it suffices to show that for any x € X, there exists § > 0 such
that u” (t) € C3°(B,(8)) with norm uniformly bounded on [0, T']. Since g;, gt_1 are
bijections and Lipschitz in  and x and g, "©nT =0, we yield

81 = min dist (= , Y 0. 5.25
1 [ [1’ ] LS (gz ( ) )> ( )
Now, we define

S = m min(Rl,a, 51), 2o £ {x :dist(x,T) =>48}N B(l,O)(4Rl,a) N Dy,

S(t,p) ={x:|x —y| < p,y € supp(u”’ (1)} N Dy.

(5.26)
The set S(z, p) is the p neighborhood of supp(u” (1)), and X, is a compact setin D\ Y N
B(1.0)(R2.¢). From result (c) in Theorem 8, we have u”, u* € L>([0, T], C*°(Zy)).

If x € £\S(t, 28), we get u” (1, x) = 0 on By (8) and thus u? (t) € C30(B,(8)).

Ifx € ¥NS(z, 28)), from (5.24), we have x = y;(x0)+2, x0 € B(1,0)(R1,4), 12| < 26.
Hence, we get By (8) C By, (x,)(38). Next, we show that the trajectory passing through
By, (xy)(38) is contained in X5. Recall that L, is the Lipschitz constant of g, g, " on
[0, T]. For any s € [0,¢] and y = g;(x¢) + z € Dy, |z] < 34, using (5.25), (5.26), we
get

1271 () — g7 g (x0)| < Lgly — g:(x0)| < 3Lg3,
dist(g;" (), 1) = dist(g; ' g(x0), 1) —3Lg8 = 81 — 3Ly8 > 6,
lgs () — (1,0)] < |g; 'gr(x0) — (1,0)| +3Lg8 < 3Lg8+ Rio < 2R|q,

where we have used g;(x9) € B(1,0)(R1,o) from Theorem 8 for xo € supp(ug ) and
t € [0, T]. Hence, we establish

87 By(8) C g7 By, (x)(38) C 2o, s €0, 1].

Since u”, u? € L>®([0, T1, C°(%,)) (5.18), solving (5.22) backward with backward
initial data in B, (§), we yield g, lec 0(B,(8)), with bound depending on 7 and
¥». Since r € [1/2, 1] within the support of u” (-), using (5.23), we prove u” (t) €
C°(B, (8)) with bound depending on T, X>.

Combining both cases x € X\ S(¢, 28), x € ENS(t, 28),weobtainu'7 e L*™([0, 1],
CSO(BX (8)). Since § is uniform for x € ¥ and X can be covered by finite balls with
radius 8, we obtain u? € L*®([0, T, CO(X)). O
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5.7. Proof of Theorem 9. The proof of Theorem 9 is similar and simpler than that of
Theorem 8 since we do not need to control the trajectory and estimate the swirl u” .

Proof. The first part of the theorem about the blowup result from some a)g € C¥ and
ug = 0 has been proved in Theorems 1, 2 in [27]. Moreover, higher order estimates

of the perturbation in the 7* norm for k > 1 and the profile have been established in
Theorem 2 in [27]. Thus, the interior regularity @, u" ut e L*°([0, T], CSO(DZ)) in
Theorem 9 follows from these higher order estimates and the argument in the proof of
Theorem 7.

It remains to estimate u/.(¢, 0, 0). Let (r, 9, z) be the cylindrical coordinates in R3
(3.1), p, R, B be the modified polar coordinates for (r, z) and €2 be the vorticity in the
new coordinates

B =arctan(z/r), p=*+z)Y2, R=p% QR,B)=0"(p p). (527

Firstly, we show that

, 1, 1
u,(0,0) = _EL(CU )(0) = —EL(Q)(O),

oo pm/2 2 .
Lo 2 [ [T HEREIE

8. (5.28)

This can be obtained by following the derivations in [26,27]. For the sake of complete-
ness, we derive (5.28) in Appendix D using the formulau = V x (—A) "' in R3.
In [27], it is proved that the blowup solution €2 satisfies

ds 1

—=— &> Sa .
= B S

1 _ R
Q(Rv ﬁ’ t) = mm(ma 1875)7

B=F+e(t)=F, +a2g +e(1), éL(F)(O) =—14+0(x), L(e(r))(0) =0,

(5.29)

L M1t) — 1 ast — T, where T, is the blowup

To—t
time. Here F = F, + a? g is the time-independent self-similar profile of (1.1) without
swirl constructed in [26]. See Sections 2.3—2.5 in [27]. In particular, for & small enough,
we get

for some rescaled time s and factor

1
"(0,0,1) = ——L(2)(0) = — L(E)(0) =— L(F)(0) > 0,
u, ( ) 7 (€2)(0) 0n(l) (E)(0) D) (F)(0) >
up(t,0,0) Zo 101 = [l ()] L.
The last inequality is a consequence of that u}.(z, 0, 0) and [lo? ||z = |||z have the

same scaling and that the blowup is asymptotically self-similar. It follows fOT* ur(t,0,0)
dt = oo. |

Remark 5.6. In [26], the setup of the 3D axisymmetric Euler equations is not conven-
tional and differs from (3.9)—(3.11) by a negative sign. See Section 2 in [26] for this
difference. Therefore, in the current setting, the profile F for the vorticity is negative,
and éL(F )(0) = —1 + O(«), while the profile F is positive in [26,27]. These changes
do not affect the positive sign of u/.(0, 0, 7).
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Appendix A. Review of the Construction of Unstable Solutions

We provide a brief review of the construction of the unstable solution in [46,64] via a
WKB expansion and explain the connections among the WKB expansion, the bicharacteristics-
amplitude ODE system (3.6)—(3.8), and the growth of the unstable solution.

A.1. Construction of the approximate solution. Suppose that u(z, x) is a singular solu-
tion of (1.1). Denote by y;(x) the flow map

d
27 1) =ult, yi(x), yolx) = x. (A.D)

The main idea in [64] is to construct an approximate solution to (1.2) using a WKB

expansion
1 S(t,
v(t. %) ~ b(t, x) exp(o D) (A2)
€

for sufficiently small ¢ and the characteristics of the flow, where b(¢, x) € R3 and S is
a scalar. Plugging the above ansatz into (1.2), we obtain

Ro= (0 +u-V+Vu)o = =3 +u-V)S-be!S/® 4 (3, +u-V +Va)b - !5/
£

where (Vu) f = f - Vu = f;d;u;e;. To eliminate the O (¢~!) term, one requires
(0 +u-V)S=0. (A.3)
Then we can rewrite R, as follows
R.= (8 +u-V+Vub-eSF 2 F(t,x)- 5%, F2 @ +u-V+Vwb. (A4

An important observation in [64] is that for high frequency oscillation, i.e. small ¢, the
pressure term in (1.2) is almost local. We would like to construct (v, Q) such that

R = F(t,x)e'S/* =V Q + E,,
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where E, is a small error term. This is possible since Q is one order more regular than a
highly oscillatory function F(z, x)e'5/¢. By integration and exploiting the cancellation,
Q can be of order O (¢). In fact, taking V x on both sides, we obtain

V x Re = (V x F)eS® + L(VS x F)elS/® =V x (VO +E.) =V x E,.
&

To eliminate the O (¢~!) term, we require VS x F = 0, which implies F = c(¢, x)VS
for some scalar c¢(¢, x). In this case, one can construct the pressure Q as follows

0 = —isc(t, x)eSe.
As aresult, the error is given by

. . VS . .
E. =R, —VQ =cVSeS/ +ic.Vc-eS/e +igc 22 eiS/E — g . Ve - &S/, (A.5)
3

Suppose that ¢ is smooth, then the L? norm of the error E, is small as ¢ — O.
From F = c(¢, x)VS and (A.4), we yield

(0 +u-V+Vu)b = F(t,x) =c(t, x)(VS(t, x).
Using the Lagrangian coordinates and the flow map y; (A.1), we get

Ob(t, y1(x)) = =(VWb(t, yi(x)) + c(t, ) (V) (#, yi (x)).

Denote
E(x) £ (V) (1, v1(x)), bi(x) = b(t, y(x)) . (A.6)
The above equation reduces to
%bt = —(Vwb; + c(t, x)&. (A.7)

Next, we determine the equations for b, . In order for v(¢, x) to be incompressible, from
the ansatz (A.2) and

Voot x) = (V-b)e'S + Lb. vseiSle
&

we require b(z, x) - (VS)(t, x) = 0 to eliminate the O(¢~!) term. In the Lagrangian
coordinates, this condition is equivalent to enforcing

b(t, yi(x)) - (VS(t, 1 (x)) = bi(x) - &(x) = 0. (A.8)
Taking the gradient in the transport equation (A.3), we get
() +u-V)VS = —(Va)' vs.

Using the Lagrangian coordinates and (A.6), we derive

d d T T
EE’ = E(VS)(L yi(x)) = =(Vu)" (VS (I, i (x)) = =(Vu)" &;. (A.9)
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The incompressible condition (A.8) implies ;—[(bt -&) = 0. Thus, from (A.7) and (A.9),
we get

(c(t, x)&:, &) — (Vu)by, &) — ((VU)T&’ b) =0,
where (p, g) = piq;. It follows that

gl (Vu)b,
&2

Thus, from (A.1),(A.7),(A.9), 1, &, b; satisfy the bicharacteristics-amplitude ODE sys-
tem (3.6)—(3.8) of (1.1) [46,64]

The above derivation reveals the main idea behind the construction of an approximate
solution to (1.2) in [64] and the relationship between the WKB expansion (A.2) and the
bicharacteristics-amplitude ODEs (3.6)—(3.8). The last step is to localize the solution
v(t, x) to some trajectory and add a correction to v(#, x) (A.2) so that it is incompressible.
We refer to [64] for the details.

c(t,x)=2

A.2. Growth of the solution. The solution v(¢, x) satisfies (1.2) up to an error similar to
(A.5). Since E, contains the highly oscillatory phase e/5/%, the error may not be small in
Ck or H* norm. In [64], based on the WKB construction (A.2) and using the smallness
of the error in the L? norm, the authors constructed an approximate solution to (1.2)
with error controlled by ¢. To prove the instability, they further showed the growth of
v(t, x). From (A.2), the growth of |[v]|, is due to ||| ,. The authors showed that if the
velocity u(z, x) is smooth, the system (3.6)—(3.8) satisfies the following conservations
along the characteristic y; (x)

w(t, (X)) - & = wo(x) - &0, br-& =by - &, (b x by) - & = (bo x by) - &0,

where w = V X u is the vorticity of the blowup solution u, &, by, by are the solution
to (3.6)—(3.8) with initial data xq, &, bo, bo, bo - & = bo - &9 = 0 and by, by, & being
linearly independent.

From the first and the third identity, formally, b, x b; plays a role similar to w(z, y; (x)).
Indeed, using the above conservations, the authors further proved

2
o, Iloo < ||CUO||L°°< sup Ibt(XO,Eo,bo)|> . (A.10)
[bol=l1501=1,x0€%2,b0-§0=0

According to the BKM blowup criterion, || (#)||sc must blowup, which leads to the
growth of b; and ||v(?)||.» and implies linear instability.

Appendix B. Embedding Inequalities and Estimates of Nonlinear Terms

We have the following estimates for different norms. The first and last inequality gen-
eralize Proposition 7.6 in [11]. The second inequality is exactly Proposition 7.7 in [11].
The third inequality in (B.1) generalizes Lemma 7.11 in [11]. Since the proof essentially
uses the estimates in [11], we omit the proof here and refer it to Appendix B in the arXiv
version of this paper [12].
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Proposition B.1. Let CK and W5 be the norms defined in (4.15) and (4.17). Fork > 1,
[ fgller SIS leellglice,  1fglhwre S L Hhwreollg koo,

~ 1+R (B.1)
U fllex S a2 fllpgee, 1 llex S 11— Fllyyes-

We have the following elliptic estimates for the stream function (4.10), (4.6).
Proposition B.2. Assume that @ < % and Q2 € Hk, k > 3. Let V be the solution to (4.6)
with boundary condition (4.7). Then we have

[
|| R*IRR W I3k + || RIRp W lpge + 105 (¥ — o SEA L2 (Rl Sk 1182014

The above estimate with k = 3 has been established in [11]. The general case k > 3 can
be proved similarly. See also [26].
We have the following estimates for the velocity u of the approximate steady state.

Proposition B.3. For o < 41'1 and k > 5, we have

1+R sm( ,8) -
| le(Q))Ilwk+2c>c So L@y S a,
al| D§\I/||Wk,oo +a|| aﬁDR\I/an.oo
R - sm( ﬂ)
+] dpp (W — L12(2) |y S .

The case of k = 5 has been proved in Proposition 7.8 [11]. The general case k > 5
follows from a similar argument. See also [26].

Appendix C. Estimate of the Approximate Steady State

Recall from (4.4) that Q, n, § denote the approximate steady state @, Oy, G_y under the
coordinates (R, ), and the formula of Q, 7 in (4.8).

a 3RT(B) o 6RT(B)
c(1+R)? c(1+R)?¥

Q= M= (C.1)
We generalize Lemma A.6 in [11] from k£ < 3 to any k below.
Lemma C.1. The following results apply to any k > 0,0 <i+j <k, j # 0. (a) For
f=Q,n,Q2— DgrQ,n— Dgrn, we have

Dk S| Sk f. IDRDSf1 Sk asingB) f. (C2)

Recall the WK norm (4.17). We generalize Lemma A.7 in [11] from k = 7 to any
k>17.

Lemma C.2. For any k > 7, it holds true that T'(B), 2, 1 € W5 with

(1+R)? - (1+R)?_ _ _
IITQIIWk,oo + IITnllwk,oo Sk, IDsQIroe + IDgillyproe Sk o
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Recall the KX norm (4.15). We generalize Lemma A.8 in [11] fromk = 5to any k > 5
below.

Lemma C.3. Assume that0 < a < WIOO' ForR>0,B€[0,7/2],k > landi+j <k,
we have

DR D}E| <k —E. | DR D}(3E — Rogé)| <k —E,
_ 1+R . 1 -
[Ellex S 1l == (1 + (Rsin(2p)*) " 30)é| |1~ S o,
The proofs of Lemmas C.1-C.3 follows from the argument in [11], and thus are omitted.

For the L1 operator (4.10), we generalize Lemma A.4 in [11] from H?3 toits H¥ version.
The proof follows from a similar argument.

Lemma C.4. Let x () : [0, 0c0) — [0, 1] be a smooth cutoff function, suchthat x (R) = 1
for R <1land x(R) =0for R>2.For0 <k <n,0<l<n-—1,n> 3, we have
[1L12(2) — L12(2)(0) x [l3¢n + [|DR(L12(2) — L12(2)(0)))13n S 11 m,

k k . < (C.3)
[IDRL12(S)loo + || DR(L12(82) — x L12(2)(0)loo Sn 11€2]17¢n-

Appendix D. Derivation of u].(0, 0)
We derive the formula (5.28) for u}.(0, 0) using the formula

w(y) x (x —y)

dy.
—yp

1
ux) =V x (-A) o = —/
4 R3
Recall the coordinates and change of variables (5.27)

B =arctan(z/r), p=(2+z)Y2 R=p% Q(R,B)=0o"p,h),

where (r, ¥, 7) is the cylindrical coordinates in R3 (3.1). Note that u’(0,0) = — %ui 0,0
(3.10), we compute u%(0, 0). Since there is no swirl u? =0, we get

w= a)ﬁe,; = (—a)l9 sin 7, o’ cos 9, 0),

(@ x (x = y))3 =~ sin(@) (x2 = y2) — " cos(@)(x1 = y1).
Since the above formula is independent of z = x3 and w” (y) is odd in y3, we yield

—3(x3 — y3)

1 1 1
331,{3 = 4—/ ((,() X (x — y))38x3—dy = _/ ((1) X ()C - y))3 3
T Jr3 L NE [x — ¥l

dy.
lx —yP?

Evaluating at x = 0 and using

(@ x (=))3 = 0’ (y) sin(@)y2 + @’ cos(®)y1, = &’ (y)r
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andr = pcosB,z=psing, B € [—m/2, 7/2], we obtain

3 ”(y)ryz _ 7w’ (yrz
83u 0,0) = 47_[/ |y|5 / / / |y|5 rdrdddz

3 9
= Lgrzm
2JrR,xR P

_ g/o" /”/2 o’ (p, B) cos*(B) sin(ﬁ)dpd/8
—7/2 o
% 72 &% (p, B) cos*(B) sin(B)
=3 dpdpB.
L ; pap

Using u/.(0, 0) = —14%(0, 0) (3.10) and %ﬁ = LdR e prove (5.28).

o R
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