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1. Introduction

Developing a truly adaptive data analysis method is important for our understanding of many natural
phenomena. Although a number of effective data analysis methods such as the Fourier transform or windowed
Fourier transform have been developed, these methods use pre-determined bases and are mostly used to
process linear and stationary data. Applications of these methods to nonlinear and non-stationary data
tend to give many unphysical harmonic modes. To overcome these limitations of the traditional techniques,
time—frequency analysis has been developed by representing a signal with a joint function of both time
and frequency [9]. The recent advances of wavelet analysis have led to the development of several powerful
wavelet-based time—frequency analysis techniques [13,7,19,17]. But they still cannot remove the artificial
harmonics completely and do not give satisfactory results for nonlinear signals.

Another important approach in the time—frequency analysis is to study instantaneous frequency of a
signal. Some of the pioneering work in this area was due to Van der Pol [25] and Gabor [10], who introduced
the so-called Analytic Signal (AS) method that uses the Hilbert transform to determine instantaneous
frequency of a signal. However, this method works mostly for monocomponent signals in which the number of
zero-crossings is equal to the number of local extrema [1]. There were other attempts to define instantaneous
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frequency such as the zero-crossing method [22,23,18] and the Wigner—Ville distribution method [1,15,21,9,
14,20]. Most of these methods suffer from various limitations. The main limitation is that they all assume
that there is a single instantaneous frequency which implies that the performance of these method is not
good for multi-component signals.

More substantial progress has been made recently with the introduction of the Empirical Mode Decompo-
sition (EMD) method [12]. Through a sifting process, the EMD method decomposes a signal into a collection
of oscillating functions with possibly modulated amplitudes and frequencies, which are called intrinsic mode
functions (IMFs) in the literatures of EMD [12]. On the other hand, since the EMD method relies on the
information of local extrema of a signal, it is unstable to noise perturbation. Recently, an ensemble EMD
method (EEMD) was proposed to make it more stable to noise perturbation [26]. But some fundamental
issues remain unresolved.

1.1. A brief review of the data-driven time—frequency analysis method

Inspired by EMD/EEMD and the recently developed compressive sensing theory [5,4,8,2], Hou and Shi
proposed a data-driven time—frequency analysis method in a recent paper [11]. The main idea of this method
is to look for the sparsest decomposition of a signal over the largest possible dictionary. The dictionary is
chosen to be:

D = {acosb: acV(0h), ¢ € V(0), and 0'(t) > 0, Vt € R}, (1)

where V(0) is a collection of all the functions that are less oscillatory than cos6(t). By saying that f is
less oscillatory than g, we mean that either f contains fewer high frequency Fourier modes than g or the
high frequency Fourier coefficients of f decay faster than those of g. In many cases, this would imply that
the H'-norm of f is smaller that of g. In general, it is most effective to construct V(6) using overcomplete
Fourier modes in the 6-space, which is the function space with 8 as a coordinate.

In this paper, we only consider the periodic data. We can use standard Fourier modes in the #-space to
construct the V(6) space. More precisely, we will define V() as follows:

V(o) = span{l, (cos(k—9>) , <sin(k—9)> }, (2)
Ly 1<k<ALg Ly 1<k<ALg

where Lg = (0(T) — 6(0))/27 is a positive integer and A < 1/2 is a control parameter, which enforces that
the functions in V() are less oscillatory that cosf(t). In the analysis and computations of this paper, we
set A=1/2.

We then formulate the problem as a nonlinear version of the L° minimization problem.

P: Minimize M
(ar)i<rsm(Ok) 1< u (3)
Subject to { =2k aw cos O,
apcosl, €D, k=1,..., M.

The constraint f = Zkle ay cos 6y, can be replaced by an inequality when the signal is polluted by noise. This
kind of optimization problem is known to be very challenging to solve since both a; and 6 are unknown.
Inspired by matching pursuit [16,24], Hou and Shi [11] proposed a nonlinear matching pursuit method to
solve this nonlinear optimization problem. The basic idea is to decompose the signal sequentially into two
parts by solving a nonlinear least square problem:

min || f — acos ||,
a,f

Subject to acosf € D.
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This nonlinear least square problem is solved by a Gauss—Newton type iteration. In each step of this
algorithm, we need to solve the following least square problem:

rflngl ||f —acosf" — bsin9"Hl22,

Subject to a,b € V(6"). (4)

When the signal has sufficient samples, this nonlinear least square problem can be solved approximately
by first interpolating f to a uniform mesh in the 6™-space and then applying FFT. This gives rise to a very
efficient algorithm with complexity of order O(N log(N)), where N is the number of sample points of the
signal, see Section 2 for more details.

If the signal is poorly sampled, then we cannot apply FFT. In this case, we need to solve an I' minimization
problem to obtain the Fourier coeflicients of f in the 6™-space, where 0" is a given approximate phase
function.

min ||z||;, subject to Pgnz = f, (5)
x

where each column of matrix @y~ is a Fourier mode in the 8"-space, i.e. each column of matrix @y~ is of the

type ¢270"  where k € Z and " = %.

this process until it converges. We refer to Section 3 for more details of this algorithm.

We then use this coefficient x to update 6", and repeat

The objective of this paper is to analyze the convergence and stability of the algorithms in two cases:
periodic signals with well-resolved samples and periodic signals with poor samples.

1.2. Main results

Our first result is for well-resolved periodic signals of the form f(t) = fo(¢) + f1(¢) cos6(¢). By a well-
resolved signal, we mean that the signal is measured over a set of grid points that are fine enough such that
we can interpolate the signal to any other grid points with very little loss of accuracy.

We ignore the interpolation error and assume that f(¢) is given for all ¢ € [0, T]. We further assume that
the non-zero Fourier coefficients of 6" in the physical space are confined in the first My modes, i.e.

0'(t) € span{e*™/T k| < Mo},
and fo, f1 have M; low frequency modes in the f-space, i.e.

for f1 € span{e70 k| < My},

where 6 = % is the normalized phase function. Later on, we refer to this property for fq, f1 and ¢’
as the “low frequency confinement property”.
For this type of signals, we can prove that the iterative algorithm converges to the exact solution under

some scale separation assumption on the signal. More precisely, if #°, the initial guess of 6, satisfies
17 ((° = 6)) ]I, < wMo/2, (6)
where F is the Fourier transform in the physical space, then there exists 19 > 0 such that
m 1 m
I7((om =0, < SIF(em - 9))

|, Vm=0,1,2,... (7)
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provided that L > ng, where L = W and 7 is a constant determined by My, M1, min f; and 6. The

precise statement of the theorem can be found in Theorem 2.1. We remark that 1/L can be used to measure
the smallest scale of the signal. By smallest scale, we mean the length of the smallest interval over which
the signal has O(1) change. Similarly, we can use 1/M; and 1/Mj to measure the smallest scale of fq, f1,
and 0’ respectively. The requirement L > 7q is actually a mathematical formulation of the scale separation
property. By scale separation, we mean that the mean f; and the amplitude f; are less oscillatory than
cosf.

The key idea of the proof is to estimate the decay rate of the coefficients over the Fourier basis in the
0™-space, where 6™ is the approximate phase function in each step. We show that the Fourier coefficients
of the signal in the 0"-space have a very fast decay as long as that 6™ is a smooth function. Using this
estimate, we can show that the error of the phase function in each step is a contraction and the iteration
converges to the exact solution.

We have also proved a similar convergence result for signals that are polluted by noise, see Section 2.2. In
many problems, fy, f1 and 6’ may not be exactly low frequency confined. A more general setting is that the
Fourier coefficients of fy, f1, and 6’ decay according to some power law as the wave number increases. In
this case, we can prove that our method will converge to an approximate solution with an error determined
by the truncated error of fy, f1 and #’. The detailed analysis will be presented in Section 2.3.

For signals with poor samples, we can also prove similar convergence results with an extra condition on
the matrix ®@¢». In this case, we need to use the /! minimization even with periodic signals. Suppose S is
the largest number such that d55(Pgn) + 3d45(Pyn) < 2, and dg(A) is the S-restricted isometry constant of
matrix A given in [3]. Under the same sparsity assumption on the instantaneous frequency, the mean and
the amplitude as before, we can prove that there exist n;, > 0, g > 0, such that

[F (@ = o))l < 517 ~ )], 5)

provided that L > n;, and S > ng.

Further, we show that if the sample points {tj};-\[:sl are selected at random from a set of uniformly
distributed points {t, ;V:fl,
provided that S < CN,/(max(0')(log N)%) and N; > max{C/||0’||; Ny,2My}, where Ny is the number of

the samples, N, is the number of the basis. If My = 0, which implies that §’ = 1, then the above result is

the condition d3g(Pgn) + 3045(Pen) < 2 holds with an overwhelming probability

reduced to the well-known theorem for the standard Fourier basis in [6].

The rest of the paper is organized as follows. In Section 2, we establish the convergence and stability of
our method for well-resolved signals. In Section 3, we propose an algorithm for signals with poor samples
and prove its convergence and stability. In Section 4, some numerical results are presented to demonstrate
the performance of the algorithm and confirm the theoretical results. Some concluding remarks are made
in Section 5.

2. Well-resolved periodic signal

In this section, we will analyze the convergence and stability of the algorithm proposed in [11] for signals
which are well-resolved by the samples. In the analysis, we assume that the signal is periodic in the sample
domain. Without loss of generality, we assume that the signal f is periodic over [0, 1].

As we mentioned in the introduction, our nonlinear matching pursuit method solves a least square problem
(4) iteratively. Since we require that the phase function 8™ be monotonically increasing, we can use 6" as a
coordinate instead of the physical coordinate ¢. In this new coordinate, cos 8", sin 8™ and the basis functions
in V(0™) are simple Fourier modes. We can solve the least-square problem (4) easily by using the Fourier
transform.
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In the f#-space, the signal is sampled over a non-uniform grid. In order to employ the Fast Fourier
Transform to accelerate the computation, we have to interpolate the signal to an uniform grid in the
f-space which will introduce some interpolation error. This is why we require that the signal is well-
resolved to make sure that the interpolation error is very small. We can also utilize a non-uniform Fast
Fourier Transform to avoid interpolation errors. In this paper, we do not consider this approach since the
implementation of non-uniform FFT is more complicated. In our practical implementation, we use the
interpolation-FFT approach to calculate the Fourier transform in the f-space. However, in the analysis, we
neglect the interpolation error since the signal is assumed to be well-resolved and the interpolation error is
negligible.

In order to make this paper self-contained, we also state the algorithm here. Suppose the signal f is given
over a uniform grid ¢; = j/N for 5 =0,...,N — L.

Algorithm 1 (Data-driven time—frequency analysis for periodic signal with well-resolved samples).
Input: original signal f; initial guess of the phase functions 6°.
Output: phase function 6, amplitude a1, residual r.
Main iteration:
Initialization: n = 0 and 6™ = 0°.
S1: Interpolate f from the grid in the time domain to a uniform mesh in the §™-coordinate to get fy» and
compute the Fourier transform fgn:

fon,j = Interpolate (0" (t;), f,0}), 9)

where 07, j =0,..., N —1 are uniformly distributed in the 6"-coordinate, i.e. 67 = 2 Lgnj/N. We use
the cubic spline to perform the interpolation.
Apply the Fourier transform to fgn as follows:

N
Jorw) =3 Jonge ™, w==N/2+1,....N/2 (10)
j=1

b5 —bg
2w Lgn *
S2: Apply a cutoff function to the Fourier transform of fyn to compute a and b on the mesh in the

where 5;‘ =

03-coordinate, denoted by agn and bgn:

agn(w) = Fou' [(Fon (w + Lop) + fou(w — Lop)) - x(w/Lep)]. (11)
bon (w) = —i - Fou [(fon (w + Loy ) = for (w = Lap)) - x(w/Lap)] (12)

where F~! is the inverse Fourier transform defined in the #” coordinate:

N/2
—1/ 7 1 7 12w -
fg,}(fen)zﬁ > fore??™% i =0,...,N—1, (13)
w=—N/2+41

and y is the cutoff function, which is defined implicitly by the definition of V() in (2),

1, —-1/2<w<1/2,

0, otherwise.

X(w) = {
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S3: Interpolate agr and by~ back to the uniform mesh in the time domain by the cubic spline:

a"*! = Interpolate (G;L, agn,0"(t;)), i=0,...,N—1, (15)
b1 = Interpolate (9;1, bon,0™(t;)), i=0,...,N—1. (16)

S4: Update 6™ in the t-coordinate:

d bt i
AY' = Py, (— (arctan(’fm—H))), Af(t;) = /AO’(S) ds, i=0,...,N—1
dt a, J
and

9n+1(ti) :Q”(ti)—i—BAH(ti), i=0,...,N—1,

where (3 € [0,1] is chosen to make sure that 6”1 is monotonically increasing:
d n
f =max< «a € [0,1]: E(@ +alf) >0, (17)

and Py,, is the projection operator to the space Vaz, = span{e?F /T L = —Mjy,...,0,..., My} and
My is chosen a priori.
S5: If [|0" T — 6" ||2 < €0, stop. Set

6 =0+ a; = \/(a"+1)2 + (b”“)Q7 r=f—a""cosd" — b sin o (18)
Otherwise, set n =n 4+ 1 and go to S1.

After the first component is obtained, treat the residual r as the input signal and apply the above
algorithm to r with another initial guess of the phase function to get the second component. Repeat this
process sequentially until the residual is small enough. This will decompose the original signal f to several
components in the dictionary D.

In the previous paper [11], we demonstrated that this algorithm works very effectively for periodic
signals and is stable to noise perturbation. In this paper, we will analyze its convergence and stability.
Our main results can be summarized as follows. For periodic signals that have the exact low-frequency
sparsity structure, we can prove that the above algorithm will converge to the exact decomposition. For
periodic signals that have an approximate low-frequency sparsity structure, the above algorithm will give an
approximate result withe accuracy determined by the truncated error of the signal. The precise definition of
low-frequency sparsity structure will be given in the convergence theorems. In the following three subsections,
we will present these results separately.

2.1. Ezact recovery
In this subsection, we consider a periodic signal f(¢) that has the following decomposition:
f(t):fO(t)—’—fl(t)CObe(t)v fl(t) >Oa el(t) >07 te [071}7 (19)

where fy, f1 and 6 are the exact local mean, the amplitude and the phase function that we want to recover
from the signal.
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First, we introduce some notations. Let L = w be the number of periods of the signal which
is a measurement of the scale of the signal. We denote § = 0 ﬁ(LO) as the normalized phase function and

foo(k), flg(k:) as the Fourier coefficients of fy, f1 in the 6-coordinate, i.e.

1 1

fO 0 / —i27’l’k}é dé, fl 9 / —z27rk§ dé (20)

0 0

We also use the notation Fy(-) to represent the Fourier transform in the #-space and F(-) to represent the
Fourier transform in the original ¢-coordinate.
Now we can state the theorem as follows:

Theorem 2.1. Assume that the instantaneous frequency ' satisfies min @ > Mom and the non-zero Fourier
coefficients of 0’ in the physical space are confined in the first My modes, i.e.

0 e Vy, = span{eiQk"t/T, k=—Mo,...,1,...,Mop}. (21)

Further, we assume that the non-zero Fourier coefficients of fo and f1 in the 0-space are confined in the
first My modes, i.e.

foo(k) = fre(k) =0, V|k| > M. (22)

If the initial quess of the phase function, 6°, satisfies

IF((6° = 0))l, < mMo/2, (23)

then there exist ng > 0 such that

m 1 m
17 (o = o)) I, < SIF (™ = 0))]l; (24)
provided that L > ng

We first introduce some notations for the convenience of the representation. Let ™ be the approximate
phase function in the mth step, and A6™ = 6 — 0™ be the error of the phase function in the current
step, L™ = w be the number of periods in mth step and AL™ = L — L™. Let @™, b™ be the
approximate amplitude functions, which are obtained by using Step 3 of the algorithm. Further, we define

mo— ficos AO™, b = fisin AO™, and Aa™ = a™ — @™, Ab™ = b™ — p™. The quantities a and b™
). Thus,
we would obtain the exact phase starting from ™ in one iteration. In our analysis, we need to establish a
relationship among Aa™, Ab™ and Af™.

One key ingredient of the proof is to estimate the integral fol e

can be considered as the “exact” amplitude functions at the mth iteration since Af™ = arctan(

i2m(w0—k0™) ggm Fortunately, for this type

of integral, we have the following lemma.

Lemma 2.1. Suppose ¢'(t) > 0, t € [0,1], #(0) = 0, ¢(1) = 1, and ', ¢’ € Vi, = span{e?:™ k =
—My,...,1,...,My}. Then we have, for any n € N, there is a (n — 1)th order polynomial P(x,n), such that

P( 19711 n) Mg

min ¢’
|w[™ (min ¢')™

Z(%Mo)‘j 1|1}

17
Jj=1

(25)

1
/eiwe—iQ‘rrw(bdd) <
0
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provided that e'¥e~2™% s q periodic function. Here P(x,n) is a (n — 1)th order polynomial of x and the
coefficients are non-negative and depend on n.

Remark 2.1. Lemma 2.1 is valid for any n € N. The integral that we would like to estimate in Lemma 2.1 is
actually the Fourier transform of e*¥. Since 1 is a smooth function, we expect that the Fourier transform
of €™ has a rapid decay for large |w|. In Lemma 2.1, we give a more delicate decay estimate of the Fourier
transform of e’¥. Such estimate is required in our proof of Theorem 2.1.

Proof. Using integration by parts, we have

1
|27rw|™

1
|27rw]|™ treno 1]

1
d" (ei ) —12770.)(15
[ i) <

dr(e')
do™

1
/ei¢e—i2ww¢ d¢ _
0

Since e e~#27w% i periodic, there is no contribution from the boundary terms when performing integration
by parts. Using the fact that ¢/, ¢/ € Vyy, for any g € Vs, we have

max| g™ )] <D | @rk) g (k)] < (27 M) §' (k)| = (2mMo)"~ . (26)
k
where ¢(") (t) means the nth order derivative of g with respect to t.
Direct calculations give
; 14112 n
dn(el ) P(mlnd)” il 11
o]« S Senan 11, o)
Thus, we get
i ﬂ'zmcpd < L 2 M) ~d - ]. 28
[eeas < RS 2 endo) ], (28)
0

This proves Lemma 2.1. O

Remark 2.2. Regarding the polynomial P(z,n), we can get an explicit expression for small n. For example,
when n = 2, we have

P | (v v ||| |9
’rﬁe _' (W_ ¢/3 + ¢12> ‘gf) + ¢/3 +‘¢)/2
max [¢”|  max [¢'| max|¢”| = (max |[¢)])?
= (min¢')?2 (min ¢’)3 (min ¢')2
1 o / /
s (min ¢/)2 [(1 * I!lln”(; )2 MOW’ I, + H¢ I } (29)

where we have used A, 0 € Vyy, in deriving the last inequality. Then, we have P(z,2) = z + 1. Similarly,
we can also get P(z,3) = 322 + 4z + 3.

Now we are ready to prove Theorem 2.1.
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Proof of Theorem 2.1. First, we need to establish the relationship among AO™ ! and Aa™, Ab™. Recall
that A™ = arctan(g—Z). Thus, we have Af = AG™ — arctan(&.) = arctan(%) — arctan(2.). Using the

am am

differential mean value theorem, we know that there exists £ € [0, 1] such that

. B bm I;m _ (am + é‘Aa/"L)Abm _ (b7n _"_ é’Abm)Aa//"L
|AG| = arctan(a—m> - arctan(&—m>’ = (@™ 1 EAa™)? + (b7 + EAb™)?
(la™] + |Aa™[AL™] + ([b™] + |AD™[)[Aa™|
((@m™)? + (6™)?)/2 — ((Aa™)? 4 (Ab™)?)
where
_ fi+ A" _ fi+|Aa™|
R e e R R b v e D

and we have used the relations that fZ = (a™)? + (b™)? and |a™[, |b™] < fi.
In the algorithm, there is another smooth process when updating 6, which gives the following result for
A9m+1,

NG = 2r AL+ NG, (32)

where KH,,,MO = PVMO(ANGP) is the projection of ANQP over the space Viy,, Kep and 2rAL™T!t are the

periodic part and the linear part of N respectively:
A =2 ALt + AG,,. (33)

Using (32), we can estimate (A§™*1)" as follows,

H;E((Aem+1)’)||1 < 2rALHL 4 HKQ']DMOH1 < 2nAL + Mo||Ab, 11, |1
< 2/|A0| oo + MF[|AG,||oo < (3MG +2) (| A8 o, (34)
where we have used the fact that
2r| ALY = |A0(1) — A0(0)] < 2| A0 o, (35)
180,100 = [|86]| e + 27AL < 3] 20 . (36)
Combining (34) with (30), we get
17 ((A0™ 1)) ||, < (3M§ +2) (Duf|Aa™(| , + Dof|A6™]| ) (37)

Next, we will establish the relationship among Aa™, Ab™ and A#™. This can be done by estimating the
Fourier coefficients of @™, b™ in the #™-space.
In Appendix A, we will prove the following estimates of Aa™ and Ab™ (see (156), (157)),

|Aa™| <2 Z | fo.om (k)| + Z (|agm (k)| + |bom (K)]) + Z |agm (k)|, (38)

lpm<k<3Lm SLm<k<SLm || > L™
A <2 > foer B+ DY (Jagm(B)| + e (B)]) + D [bom ()], (39)
irm<k<3Lm SLm<k<5L™ |k|> L™

where fyom, Gy and by, are the Fourier transform of fy, a™ and b™ in the §"-space.
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To obtain the desired estimates, we need to use Lemma 2.1 to estimate the Fourier coefficients of fy, a™, b™
in the §™-space. In an effort to make the proof concise and easy to follow, we defer the derivation of the
estimates (40), (41) and (42) to Appendix C. The main results of Appendix C are summarized as follows.
As long as v = IFLA0™)T]x < 1/4 and L > 4M;, we have

o
(oo ()] < coQ(""') MMy, Vil > L/2, (10)
i ) < 10 ) Mg 1. viel > 2 (41)
by (w)] < 40@(”) MI©2M; + 1)y, Vw| > L/2, (42)

where Co = maxjy<ar, (|fo.o k)], | f10(k)]) and

__PGn) L _ IFLE™) 1k _ IFIAG™) Iy
Q= (min(fm)")n’ T min@ey T 2wy (43)

Using (38)—(42) and the fact that Y .-, k=" converges as long as n > 2, we conclude that

|Aa™| < ToQ(aL) "y, (44)
< TyQ(aL) ™"y, (45)

where o = L™ /L and I is a constant that depends on My, My, n and Cy (the magnitude of fy and f1). It
follows from (37), (43), (44) and (45) that

IF (@™ 1)), < Ta(D1 + D2)Q(al) | F((26™)) |,

(46)

where I is a constant that depends on My, M7,n and Cjy.

To complete the proof, we need to show that there exists a constant 79 > 0 which does not change in
the iterative process, such that 3 = I'/(D; 4+ D2)Q(aL) ™™t < 1/2 provided that L > 1. This seems to be
trivial, simply choosing 19 = $(2F1 (D1 + Dg)Q)l/(”_l) would make 3 < 1/2 provided that L > ng. The
problem is that D1, Do, @, « vary during the iteration. We need to show that they are uniformly bounded
during the iteration.

It is relatively easy to show that « is bounded,

1 —al=

_0m) —0mO) | _|A0m(A) — A0T(0) | _ [[((A0T) o _ [IFIAGT) ]I Mo
2w L = 2w L = 2nL o4

which implies that 7/8 < a < 9/8, provided that L > 2My and v < 1/4.
It is more involved to show that @ is bounded. We need to first estimate [(8™)'| and || F[(6™)] 1,

1

@) = |7 o= (807 rm)| > 2@ = |Fl(@0m) ) f2rn)) > 5 (7 - F2). @

and

IF1@E™) 11, = > 17 - FL(a6m) ] fenn, <~ (@], + | F[(26m)]]l,/rL)

1
«

< 2(IFl, + Mofary), (48)
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where we have used the assumption that v < i If L satisfies the following condition,

Mo o < 2min ('), (49)

then we can get

@)= 58.  IFIEY ), < 1o, (50)

where we have used the fact that min(6’) < max(6’) < ||§’H1 It follows from (50) that the term z defined
in (43) is uniformly bounded,

z < 2o, (51)

where z is a constant depending on 6'.
Based on the above estimation of z, the term @ in (43) can be bounded by a constant,

= M 2 ! P(ZO’n> _
Q= (min(ém)/)n < (4) (miné’)n Qo, (52)

where Q) is a constant that depends on #” and n. Here we have used the fact that P(z,n) is a non-decreasing
function of z, since it is a (n — 1)th polynomial of z with non-negative coeﬁicients

We now proceed to bound D; and Dj. Note that if |[Aa™],|A™| < ¥2 min f;, we can bound D; as
follows:
D, = maX{ b + [Ab™] }
' ((@m)? + (b)) /2 = ((Aa™)? + (Ab™)?)
- il 1A

( f1)?/2 = (Aa™)? + (Ab™)?)

— f1 - E,. (53)
Similarly, we can show that Do < Ejy.
Tt is not difficult to see that the condition |Aa™|, |AD™| < 42 min f; is valid if L satisfies
oQo(7L/8)™™ < Vamin fy, (54)
since we have
Aal < ToQaL) ™ < TTo@o(TL/9) ™, (55)
A < ToQ(aL) "y < J[0Qo(TL/S) ", (56)

where we have used a > 7/8, Q < Qq, the assumption v < i and the estimates (72), (73).
Finally, we have derived the following estimate for the error of the instantaneous frequency,

17 (@6 1)), < BlIF((ae™)) ],

where 3 = I'1EgQo(7L/8)™"1, I is a constant depends on My, My,n, Ey depends on min fi, and Qg
depends on 0" and n.

(57)
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Now, we would like to prove that if v = % < i, then we have
1
m+1\/ m\/
17 (A, < SIF(aem)) ], (58)
as long as L satisfies the following conditions
M, 1 _

L > 4M;, TO < min{2,2min(0’)}, (59)
ToQo(7L/8)~"+ < v/2min f, (60)

1
I EyQo(7L/8)" ! < 3 (61)

It is obvious that there exist 779 > 0, such that conditions (59)-(61) are satisfied provided that L > ny. Here
no is determined by My, M1, 6, min f; and n which does not change during the iteration process.
Using (57) and by induction, it is easy to show that if the initial condition satisfies

I1° =0yl _ 1
27TMO 4,

then there exists 79 > 0 which is determined by My, M1, 6’ min f; and n, such that

17 (a0, < HF((M’”)’)Hp

as long as L > ng. This completes the proof of Theorem 2.1. O

Remark 2.3. The above proof is valid for any n > 2. Note that 1y depends on n. Theoretically, there exists
an optimal choice of n to make 7y the smallest. By carefully tracking the constants in the proof, we can
show that as n going to 400, 1y tends to §C(n)Y/(»=1) My, where § is a constant independent on n, and
C(n) is the maximum of the coefficients of polynomial P(z,n) appears in Lemma 2.1. We conjecture that
C(n)"/ (=1 is bounded for n > 2. If this is the case, then 7 is proportional to M.

Remark 2.4. Classical time—frequency analysis methods, such as the windowed Fourier transform or wavelet
transform, in general cannot extract the instantaneous frequency exactly for any signal due to the uncertainty
principle. For a single linear chirp signal without amplitude modulation, the Wigner—Ville distribution can
extract the exact instantaneous frequency, but it fails if the signal consists of several components due to the
interference. Theorem 2.1 shows that our data-driven time—frequency analysis method has the capability to
recover the exact instantaneous frequency for a much larger range of signals even if the signals consist of
multi-components.

2.2. Recovery of signals polluted by noise
Now, we turn to consider the case when the signal is polluted by noise, which we model as follows:
f=fo+ ficos +s, (63)
where s is a perturbation to the original signal.

Using techniques similar to those in Theorem 2.1, we can prove that our method is stable to small
perturbation. More precisely, we have the following theorem
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Theorem 2.2. Under the same assumptions as Theorem 2.1, if the initial guess of the phase function, 69,
satisfies

|7 ((6° = 6))l, < mMo/2, (64)

then there exist ng > 0 and eg > 0, I's > 0 such that

(65)

1°

|F (@ =), < Llislle + 517 (6™~ )]

provided that L > 1y and ||s||ec < €o. Here ng is a constant determined by Mo, My, f1,0', €y is a constant
depends on f1 and I's is an absolute constants.

To prove this theorem, we need the following technical lemma,
Lemma 2.2. Suppose s(t) is a periodic function over [0,1],
sp(t)=F ! [(x(1+k/L)+ x(1 —k/L)) - Fls](k)], LeN, (66)

and x 1is the cutoff function,

1, —1/2<w<1/2
w) = 67
X(w) { 0, otherwise. (67)
Then, there exists I's > 0 independent on L such that
I8z lloo < Lsl|8loo- (68)
The proof of this lemma is deferred to Appendix B.
Now we are ready to prove Theorem 2.2
Proof. Using the same estimate as that in Theorem 2.1, we can get
|Aa™| < 2[|sEn| . + ToQ(aL) ™", (69)
A" < 2f[sfn || + ToQ(al) ™y, (70)

where « = L™ /L and I is a constant that depends on My, M7,n and Cj (the magnitude of fy and f1),
Q is defined in (43).

sim = Fom [X(k/L) - Fouls](k)]. (71)

Then using Lemma 2.2, we have
|Aa™] < Tilsloo + ToQ(aL) ™y, (72)
| A" < T|[slloe + ToQ(aL) ™y, (73)

where I's > 0 is an absolute constant.
By following the same argument as that in Theorem 2.1, we have

IF (A0 )) ], < Lillslloe + TBoQo(TL/8) " | F((26™))] (74)

1’
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IF[(A0™) ]l

eI < 1/4 and the following conditions are satisfied

as long as v =

My

L > 2M,, T < min{1/2,2min(6')}, (75)
Folsle + 2000072/ < X2 min 1, (76)
Lillslloe + T1QoEo(TL/8) "+ < 20, (77)
RQuE(TL/9) ™ < . (78)

It is obvious that there exist g > 0 and ¢y > 0, such that conditions (75)—(78) are satisfied provided that
L > 1y and ||s]|ec < €o. Here ng is determined by Mo, My, 6’ min f; and n which does not change during
the iteration process and ¢q is a constant depends on min f;.

By induction, it is easy to show that if initially

|F((° 0yl _ 1

21 M, R

then there exist 79 > 0 which is determined by My, M;,#’, min f; and n and an absolute constant ey > 0,
such that

|F (0™, < Lllslle + 5| F((20m)')

(79)

17
as long as L > ng and ||s]|c < €. This completes the proof of the theorem. 0O
2.3. Approximate recovery

If the signal does not have an exact low-frequency confined structure in the 6-space as required in
Theorem 2.1, our method cannot reproduce the exact decomposition. But the analysis in this subsection
shows that we can still get an approximate result and the accuracy is determined by the truncated error of
the signal. The main result is stated below.

Theorem 2.3. Assume that the non-zero Fourier coefficients of ' in the physical space are confined in the
first My modes, i.e.

0'(t) € Vg, = span{ei%”t/T, k=—Moy,...,1,...., Mo}, (80)

and the Fourier coefficients of fo and fi in the O-space have a fast decay, i.e. there exists Cy > 0, p > 4
such that

|[foo(k)| < Colkl™, [ fre(k)| < Colk| ™. (81)
Then, there exists ng > 4 such that if L > 1y and the initial guess satisfies
17" =), < mo/2 (82)
then we have

|Z((0m = 0|, < T+ + 5| 7((0m ~ 0)')|

1°

where Ty > 0 is a constant determined by Cy, p, Mo min f; and €'.
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Remark 2.5. This theorem shows that our iterative method will converge to the exact solution up to the
truncation error determined by the scale separation property.

Proof. The proof is very similar to that of Theorem 2.1. The only difference is that the estimates of fo’gm (k),
apr and ZA)Q"”m are more complicated since they are not exactly confined in low frequency modes in the -space.
Here we only give the key estimates.

For foﬂm (w), w # 0, we have

1

| fo,om| = /foefﬁwm dom™

0

1

_ /Z foﬂ(k)ei%rkée—i%rw@m dom™

o k#0

(84)

1
— Z]?O’e(k,)/eiQTr(ak—w)émeikAOm/L dom
k#0 2

where « = L™ /L and fo)g(k) are the Fourier coefficients of fy as a function of §. Note that the integral is 0
when k£ = 0 and w # 0. Thus we exclude the case k = 0 in the above summation. In the derivation of the last
equality, we have used the relationship that § = /L = (™ + A0™)/L = 6™ /L + A0™ /L = o™ + A0™ /L.

As in the proof of Theorem 2.1, we also need to use Lemma 2.1. In the previous proof, we can choose n
to be any positive integer that is greater than 2. In the current theorem, the Fourier coefficients | f019| and
|f179| decay according to some power law. To obtain the desired estimates, we need to take 2 <n < p —2.
This is why we require p > 4.

Applying Lemma 2.1 to the last equality of (84), we have

|f0,0m (w)} < Z|fo,e(k)|

k0

1
/6i27r(ak7w)9 ’6ikrA6' /L do™
0

< Y Jhe®+ S sk

1
/eiQW(ak—w)G eikAQ /L do™m
0

k| > 42 o< k| el
- QM k|7 | k| ( IFI(A0™) 11 )

< P WMo Rl — m|T SR )
<Co > kT+Co Y ok Z ; A

k>4 0<|k|<| Ll j=1
< Gy / 2P dx + CEQ(%) Mg( Z |k|—p+n) <Z(7/L)j>

lw|/(2c) 0<|k|<| 2L j=1

w —p+1 w —n

S Co(%) + COQ<7> Mg/ L, (85)

where we have used the assumption n < p—2, v < 1/4, and the fact that L > 1 is the number of the periods
within the time interval [0, 1]. Here Cy is a generic constant, @, z and v are defined below:

P(z,n) I Pa (G _ IFIAe™) Tl

(min(Gm))n’ min(@my 27 Mo

(86)
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Using an argument similar to that as in the derivation of (85), we can get the desired estimates for ays.
and by, as follows:

) < ()" s alhs@ll g+ (1) arpe (s7)
w —p+1 R —-n
@l <o(5) T alhool g ae(l) (59)

The estimates (38) and (39) remain valid in this case. Thus we obtain upper bounds for Aa™ and Ab™
by substituting (87) and (88) into (38) and (39),
|Aa™| < VL7712 + [,Q(al) ™y, (89)
|AV"| < MVL7PT2 + [,Q(al) "y, (90)
where I is a constant depending on Cy, I depends on p and max(Cy, |f179(0)|).

Moreover, by following the same argument as we did in the proof of Theorem 2.1, we can obtain an error
estimate for the instantaneous frequency,

[F((A0™ 1)), < T3Eo(L/4)™P+2 + TyEgQo(7L/8) " || F((2a6™))|, (91)
as long as v < 1/4 and the following conditions are satisfied
L > 2M,, % < min{1/2,2min(¢")}, (92)
Iy (L/4)7P72 4+ [Q0(7TL/8) "' < v2min fy, (93)
3Eo(L/4) P2 4 IyQoEo(TL/8) "+t < ”];40, (94)
I[QoEy(TL/8) "+ < % (95)

where I's, I'y are constants that depend on Cy,p, My, min f; and 6’. Using these four constraints, we can
easily derive a constant 7y, such that all these conditions are satisfied provided that L > 7. This proves

1
IF((a0™ 1)), < TsBo(L/4) 742 + S| F((20™)) - (96)
This completes the proof of Theorem 2.3 by setting Iy = I[3Fy. O

Remark 2.6. The constraint n < p — 2 in the above proof can be relaxed to p > 3 by using a more delicate
calculation.

If we further consider a more general case: the instantaneous frequency is also approximately low frequency
confined instead of exactly low frequency confined as we assume in Theorems 2.1 and 2.3. In this case, we
can prove that the iterative algorithm also converges to an approximate result. However, we cannot apply
Lemma 2.1 here and need the following lemma instead.

Lemma 2.3. Suppose ¢'(t) >0, t € [0,1], #(0) =0, ¢(1) =1, and

|/ (k)

W (k)| < ClE[™P, VIk| > M.



T.Y. Hou et al. / Appl. Comput. Harmon. Anal. 37 (2014) 235-270 251

Then forn < p—1, we have

1 P(w ) .

) —i27w min ¢’ R . 1

/6 YemiZmwd g < |w|™(min ¢/ )" My ;(27‘(]\/[0 (||1/JIH1MO+CM p+)
O =

provided that e e=2"%% is g periodic function. Here |||y 01, = Do IkI<Mo [0/ (k)| and P(xz,n) is the same
(n — 1)th order polynomial as in Lemma 2.1.

Proof. The proof is similar to the proof of Lemma 2.1. The only difference is that we need the following
estimate instead of (26),

max|o™) ()| <Y |@rk)" ()| < 2aMo)" T D [ (R)| 4 (2m)" O Y kT
k

[k|< Mo |k|> Mo

< (27 M) (|| +oM; Pt o (97)

Hl,]\/fo

Using this lemma and following an argument similar to that as in the previous two theorems, we can
prove the following theorem:

Theorem 2.4. Assume that the Fourier coefficients of the instantaneous frequency ¢, the local mean fo and
the amplitude f1 all have fast decay, i.e. there exists Cy > 0, p > 4 such that

|F(0") (k)| < Colk|™?, | Fo(fo) (k)| < Colk| 77, | Fo(f1) (k)| < Colk| P, (98)
If L is large enough and the initial guess satisfies

IF((6° = 0))l, < mMo/2, (99)

then, we have

1 _ 1
[ =0)), < To(L/4)™* + 5CoMy ™ + 5|7 (0 - 6))|

(100)

17
where Iy > 0 is a constant determined by Cy, My and f1.

Remark 2.7. In the analysis presented in this section, we have assumed that the Fourier transform in the
0™-space, Fym(+), is exact. In real computations, we need to first interpolate the signal from a uniform
grid in the physical space to a uniform grid in the §™-space, then apply the Fast Fourier Transform. This
interpolation process would introduce some error. However, the interpolation error should be very small
since we assume that the signal is well-resolved by the sample points.

3. Periodic signal with poor samples

In this section, we will consider a more challenging case, if the signal is poorly sampled. More specifically,
we consider the case that the sample points ¢;, j = 1,..., N are too few to resolve the signal. In this case,
the algorithm presented in the last section does not apply directly. The reason is that the Fourier transform
in the #™-space, Fgm(-), cannot be computed accurately by the interpolation-FFT method. One way to
obtain the Fourier transform in the 8™-space is to apply non-uniform FFT without interpolation. However,
for the signals we consider in this section, the number of samples is very small, for example, 1.2 samples per
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period on average (see Examples 2 and 3, Section 4). For this kind of signals, neither FF'T nor non-uniform
FFT could give accurate Fourier transform.

Notice that for the signal we consider in Theorem 2.1, its Fourier spectral would consist of two parts:
low frequency part corresponding to the mean f; and high frequency part corresponding to f; cosf. Since
we assume that the non-zero Fourier coefficients of fy and f; are confined in the first M; modes in the
f-space, the non-zero Fourier coefficients of the original signal f in the #-space should be confined in the
first 4M; modes, which implies that the signal is sparse in the Fourier space of 6 if M; is small. Thanks
to the recent developments of compressive sensing, we know that if the Fourier coefficients are sparse, then
' minimization would give an approximate solution from very few sample points. Hence, we can use a [
minimization problem to generate the Fourier coefficients in the 8™-space in each step. This observation
leads to the following algorithm:

Algorithm 2 (Data-driven time—frequency analysis for periodic signal with sparse samples).
Input: original signal: f; initial guess of the phase functions: 6°.

Output: phase function 6, amplitude a1, residual r.

Main iteration:

Initialization: m = 0 and 6™ = °.
S1: Solve the [; minimization problem to get the Fourier transform of the signal f in the 8™-coordinate:

fom = arg min |z|1, subject to Agm -z = f (101)
z€RNb

where Agm € RNs*No N, < Ny, N, is the number of samples and N, is the number of Fourier modes.

Agn (5, k) = €207 () [ j =1, Ny k=—Ny/2+1,...,Ny/2 and 0™ = 2500

S2: Apply a cutoff function to the Fourier transform of fym to compute a™*! and p™+!:
(lm+1 = fa_ml [(fA m (w —+ Lgm) —+ f m ((.L) — Lgm)) . X(W/Lgm)], (102)
b = —i - Fpl [ (for (w + Lom) — fom (w — Lom)) - x(w/Lom)], (103)
where .7-'(;,,} is the inverse Fourier transform defined in the 0™-coordinate:
Ny /2 i
Fod(for)t5) = > fom(w)e®™?" ) j=1,... N, (104)
w:—Nb/2+l

and y is the cutoff function,

(@) = {17 -1/2<w<1/2, (105)

0, otherwise.

S3: Update 6™ in the t-coordinate:

tj
, i bm+1 N , L
A0 = Py, g arctan( ——— , Al(t;) = | A (s)ds, j=1,...,Ng,
am
0

and

Ot (t;) = 0™ (t;) + BAO(t;), j=1,..., N, (106)
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where (3 € [0, 1] is chosen to make sure that ™! is monotonically increasing:
d om
£ = max<a € [0,1]: E(Q +alf) >0y, (107)

and Py, Is the projection operator to the space Vi, = span{ei%”/T, k=—My,...,0,..., My} and
My is chosen a priori.
S4: If [|§™F — 0™ ||5 < €0, stop. Set

6 =0 ay = \/(am“)2 + (bm+1)2, r=f—a""tcosf™ — b sin ™. (108)
Otherwise, set m = m + 1 and go to S1.

Suppose the sample points t;, j = 1,..., N, are selected at random from a set of uniform grid /Ny,
1=0,...,Ny —1, then the optimization problem (101) in Step 1 can be rewritten in the following form:

min ||z]|;, subject to Pgm -z = f, (109)

where f = \/@NL;), f and Pgm is obtained by selecting N, rows from an Ny by IV, matrix Ugm which is

defined as Ugm (j, k) = 09]\”77’;)’ CeR2mROT() =1 Ny, k=—Ny/2+1,...,Ny/2. As we will show later,
the columns of Uym are approximately orthogonal to each other. This property will play an important role
in our convergence and stability analysis.

We remark that our problem is more challenging than the compressive sensing problem in the sense that
we need not only to find the sparsest representation but also a basis parametrized by a phase function 6
over which the signal has the sparsest representation. To overcome this difficulty, we propose an iterative
algorithm to solve this nonlinear optimization problem.

3.1. FEzact recovery

Theorem 3.1. Under the same assumption as in Theorem 2.1, there exist ng > 0, n1 > 0, such that
m 1 m
(= 0))], < SIF(@m o)), (110

provided that L > ng and S = n1, where S be the largest number such that d3s(Pgm ) + 3045(Pom ) < 2. Here
05(A) is the S-restricted isometry constant of matriz A given in [3], which is the smallest number such that

(1= 63)llclz: < NAzelE < (1 +ds)lel3,
for all subsets T with |T'| < S and coefficients sequences (¢;)jer.
To prove this theorem, we need to use the following theorem of Candes, Romberg, and Tao [6].
Theorem 3.2. Let S be such that d35(A) + 304s(A) < 2, where A € R™™, n < m. Suppose that xo is an

arbitrary vector in R™ and let xo s be the truncated vector corresponding to the S largest values of xo. Then
the solution x* to the l{ minimization problem

min ||z||1, subject to Ax = f (111)
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satisfies
||£TJ* - $0||1 < OQVS . HIEO - 213075”1. (112)
Now we present the proof of Theorem 3.1.

Proof of Theorem 3.1. Using (158) and (159) in Appendix A, we have

|Aam| <2 Z

foom®)]+ > (Jagh (k)| + [bgh (K)])

LT <k<BLm ILm<k<3Lm™
+ Y a2 Y [fer(R) = fon(R)]
|k|> L5~ Ll <k<iLm
< ToQ(aL) ™"y + Cos - || for — fom s, (113)

where [ is a constant depending on My, M7, n and f9m7 s is the truncated vector corresponding to the S
largest values of fom.
Without loss of generality, we assume that L™ > S/3, and define f@m, g to be

e 0, otherwise.

Then by the definition of fgm)s and ?em,s, we have

| form — fom sll1 < || form — fom sl

-5

for )+ D |fom(R)|

S/6<|k|<L™—S/6 |k|>L™+S/6
< Y oo B+ D Jagm () + D [bom ()|
|k|>S/6 |k|>S/6 |k|>S/6
<IQS™" . (114)
Substituting (114) into (113), we get
|Aam| < (FQ(O[L)in*Fl + 0275F157H+I)Q’7. (115)
Similarly, we obtain
| AV | < (To(al) " + Cos 1S~ Q. (116)

Using these two key estimates and following the same argument as that in the proof of Theorem 2.1, we
can complete the proof of Theorem 3.1. O

Remark 3.1. The above result on the exact recovery of signals with sparse samples can be generalized
to the case that we consider in Theorem 2.3 by combining the argument of the above theorem with the
idea presented in the proof of Theorem 2.3. In this case, we can recover the signal with an error which is
determined by L, S and the decay rates of foﬂ, flﬂ and 6.
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In Theorem 3.1, we assume that in each step, the condition d35(Pgm ) + 3d45(Pom ) < 2 is satisfied. Using
the definition of dg, it is easy to see that d3s < d4s. Thus, a sufficient condition to satisfy dss(Pem) +
3045(Pom) < 2 is to require dy5(Pym) < 1/2.

In compressive sensing, there is a well-known result by Candes and Tao in [4]. This result states that
if the matrix @ € RM*¥ is obtained by selecting M rows at random from an N x N Fourier matrix U
where Uj 1, = \/Lﬁei%jk/N, j,k=1,..., N, then the condition dg(®) < 1/2 is satisfied with an overwhelming
probability provided that

M
sS<C W, (117)
where C' is a constant.

In our formulation (see (109)), the matrix $ym also consists of Ny rows of an Ny-by-Np matrix Ugm. The
main difference is that the matrix Upm is not a standard Fourier matrix. Instead it is a Fourier matrix in
the 0™-space which makes it non-orthonormal. As a result, we cannot apply the result of Candes and Tao in
[4] directly. Fortunately, we have the following result by slightly modifying the arguments used in [4] which
can be applied to matrix Ugm.

Theorem 3.3. If vy = maxy ; |[(UsUp— 1)k ;| < Tle? where Uy is the conjugate transpose of Ug, the condition
05(Pg) < 1/2 holds with probability 1 — & provided that

N, > C -max(0)'(Slog® N, — log §) log* N, (118)
where Ny is the number of the samples, Ny is the number of elements in the basis.

This theorem shows that if the columns of Uym are approximately orthogonal to each other, it has
a property similar to the standard Fourier matrix. Consequently, we need only to estimate the mutual
coherence of the columns of the matrix Ugm for 8™ € V), .

Lemma 3.1. Let ¢'(t) € Var,, t € [0,1] and ¢(0) =0, ¢(1) =1, ¢/ >0, t; =j/L, j=0,-,L—1 is a uniform
grid over [0,1], then for any n € N, there exists C'(n) > 0, such that

1 L—-1 ) ) » k " n M n
zjgo¢(tj)622wk¢(tj) gc(n)max{< ||QIb/|1) ’< LO> } (119)

The proof of this lemma is deferred to Appendix D.

Using this lemma, we can show that the condition vy = maxy,; [(UsnUpm — i ;| < 15, is satisfied
as long as Ny > C||F((0™))||1 Ny where C is a constant determined by Nj. This leads to the following
theorem.

Theorem 3.4. Suppose the sample points t;, j = 1,..., Ny are selected at random from a set of uniform grid
Z/Nf, l=0,...,Ny—1.1If

Ny = C|lF((0™))], N
in (m 4+ 1)st step, we have §s(Pym) < 1/2 holds with probability 1 — § provided that
Ny,>C- max[(ém)/] (Slog® N, — log 6) log* Ny, (120)

where Ny is the number of the samples, Ny is the number of elements in the basis.
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The above result shows that if the sample points are selected at random, in each step, with probability
1 — 9, we can get the right answer. This does not mean that the whole iteration converges to the right
solution with an overwhelming probability. If the iteration is run up to the nth step, the probability that
all these n steps are successful is 1 — nd. If n is large, the probability could be small even if § is very small.

3.2. Uniform estimate of ds(Pgm) during the iteration

In order to make sure that the iterative algorithm would converge with a high probability, we have to
obtain an uniform estimate of dg(®gm) during the iteration. More precisely, we need to prove that with an
overwhelming probability,

sup dg(Pg) < 1/2, (121)
0eW

where Wy, = {¢ € C*[0,1]: #(0) =0, ¢(1) =1, ¢ € Vay, ¢'(¢t) >0, Vt € [0,1]}.
The analysis below shows that this is true even if the number of sample points is in the same order as

that required by Theorem 3.4. There are two key observations in this analysis. The first one is that the

difference between d5(®;) and ds(P5) would be small if 0,6 € Wiy, and ||6 — ¢| o is small. Actually, we can

make |35(®5) — 0s(P3)| < 1 aslong as |0/ — @[ <7 = O(Nb_5/2M0_1). The second observation is that

W, is bounded and finite dimensional which implies that its closure is compact. Then for any r > 0, there

exists a finite subset A, C Wy, , such that for any 6 € W)y, , there exists ¢; € A,, such that ||§’ — ES;HOO <.
Based on these two observations, we can show that

sup d5(Pp) < sup 65(Py) + 1/4. (122)
0EWar, $EA,

Then by the union bound, we have

P( sup 0(Py) > 1/2) < P( sup 05(Py) > 1/4) < A sup P(85(By) > 1/4). (123)
0€Whr, PEA, PEA,

It is sufficient to prove that
P(0s(Py) > 1/4) < 6/|A,|, Vo€ A, C Wy, (124)
which is true as long as
2 4
N, >C- errés}q)iHG'HOO(Slog Ny +log |A,| —logd) log* Ny. (125)
Now, we need only to choose a proper r and estimate the corresponding |A,|.

Lemma 3.2. Let W = {¢ € C*°[0,1]: ¢(0) =0, ¢(1) =1, ¢ € Vg, ¢'(t) >0, Vt € [0,1]}. For any r > 0,
one can find a finite subset A, of W with cardinality

167 M2 2Mo
14,] < < 67; 0 +1) , (126)

such that for all p € W, there exists ¢ € A, such that ||V — ¢'|loc <7 and [|t) — ¢|loc < 7.
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Proof. Let W = {¢': ¢ € W}. Then for all ) € W, we have the following Fourier representation
My
P(t) =14 (cjcos(2mjt) + d;sin(2mjt)) >0, Vt € [0,1]. (127)

Jj=1

Since fot Y(s)ds € W according to the definition of W, then fol ¥(s)ds = 1, so the constant in the above
Fourier representation is 1.
By multiplying 1 4 cos(27jt) to both sides of (127) and integrating over [0, 1] with respect to ¢, we get

1 + Cj/2 2 07
which implies that ¢; > —2, where we have used the fact that 1 + cos(2mjt) > 0.
On the other hand, multiplying —1 + cos(27jt) to both sides of (127) and taking integral over [0, 1] with
respect to t, we have ¢; < 2. Combining these two results, we have

o5 < 2 (128)

Similarly, by multiplying sin(27jt) + 1 to both sides of (127) and taking integral over [0, 1] with respect
to t, we obtain

|d;| < 2. (129)

Now, we have proven that for any function in W, its Fourier coefficients are bounded by 2. Let h =

r/(2My), L, = [4/h], Z, = {-2,—2+ h,—2+ 2h,...,—2 + (L, — 1)h}. For any 1 € W, we know that its
Fourier coefficients ¢;,d; € [-2,2], j =1,..., My, then one can find a;,b; € Z, correspondingly such that
|a’] c]l <h/2:7‘/(4]\40)7 J :17 aM07
‘bjid]|<h/2:7ﬂ/(4M0)7 jil, 7M0’

which implies that there exists y € Y, such that

My
1Y = ylloo <> (laj — c;| + |bj — dj|) < 2 MFh =r/2, (130)

where Y, is defined as follows

Mo
Y, = {y = Z(aj cos(2mjt) + b; sin(2mjt)): a;,b; € Zyr, Byja(y) NW # @},

j=1

and B,/a(y) = {= € Vag: |2~ ylloo <7/2}.
By the definition of Y., one can get

2 M,
8M, ) : (131)

¥, < |Z,[2M0 = 12M0 < (— i1
T

Suppose Y, = {y1,92, ... »Yv,}» by the definition of Y, for each y;, there exists ¢; € W such that
(ZSJ' € Br2(y;). We can get a finite subset A, of W by collecting all these (53- together and obviously
|Z7'| - |)_/r|-



258 T.Y. Hou et al. / Appl. Comput. Harmon. Anal. 37 (2014) 235-270

Finally, let

A = { P(s)ds: ¢ € ZT}. (132)
/

Then, for any ¢ € W, there exists ¢; € A, and y; € Y ,, such that

[V = il < 1" = wslle + llos = il S 7/247/2=7 (133)
Moreover, we have
1
o= &5l < [ 16/(5) = 655} ds < (134)
0

where we have used the fact that (0) = ¢;(0) = 0 to eliminate the integral constant. O

Remark 3.2. By multiplying ¢; cos(2mjt) +d; sin(2mjt) £ /c? + d? to both sides of (127) and taking integral

over [0, 1] with respect to t, we have
G 4+di<4, j=1,..., M. (135)

This implies a sharper estimate of |4,|,

8 M2 Mo
A< (F50) (136)
Also, (135) gives us a bound for ||¢'||eo in Way,,
sup ¢/, < 4Mo+ 1, (137)

PEW N,

which will be used later.

It remains to choose a proper r. First, we show that the difference of s between two matrices can be
controlled by the difference of each element.

Proposition 3.1. Let A, B are two M by N matrices, M < N and the columns of A are normalized to be
unit vectors in 12 norm. Then, for any S € N, we have

|05(A) — d5(B)| < (2¢VM + &M)S, (138)
where € = max; j |A” — Bz]|

Proof. By the definition of dg, we need only to prove that for all subsets T with |T'| < S and coefficients
sequences (¢;)jer,

[l Azcl3 — | Brell3] < (2eV/M + M) S|e|3. (139)

This can be verified by a direct calculation:
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[ Azel5 = |Brel3] = | Y cic; (AT A; — B B))

i,j€T

> e (Df A+ ATD; + DI D)
i,J€T

S {3§§|D¢TAJ‘ +A{D; + DI Dj| .Z;T |cic]
Z7J

< T lell3 max ([| Dillall 4jllz + [Aill2lI Djll2 + 1 Dill2| Dsl2)

< (26\/M max || A +e2M)S||c||§. (140)
1€LN
In the above derivation, D = B — A, A;, A; are ith and jth columns of A. O

Using the above proposition, we obtain the following result:

Corollary 3.1. Let 0, ¢ € W, then
1
105(®5) — 0s(P5)| < g (141)

provided that |0' — ¢'| < CN;2M(;1/2, where C is an absolute constant.

Proof. Assume that [§' — ¢/| < e. We need only to show that the difference between @; and @5 can be
controlled by e. This is quite straightforward using the definition of 95 and ®3:

2305.) = B30 1)] = = [0 4)e 00 — [ (e
< |m\/__m| i m|ei2ﬂk(9(tj)¢(tj)) — 1|
N

VN,
_ 1\/0'(t5) — /&' (t5)] \/9’(753‘)2 Lt
STUR W ) -
o Ve N 21 Nye/AMp + 1
VN VN, ’

where we have used the estimate ||/ o < 4My + 1 given in (137). Using Proposition 3.1 and the fact that
S < Np, we can complete the proof. 0O

o(t)]

(142)

Combining Lemma 3.2, Corollary 3.1 and (125), we have the following theorem,
Theorem 3.5. suppeyy,, 6s(Po) < 1/2 holds with probability 1 — & provided that
Ny > C - (4Mo + 1)(Slog® Ny, + M log Ny, — log §) log* Ny, (143)
where N is the number of the samples, Ny is the number of elements in the basis.

Remark 3.3. Comparing with the condition stated in Theorem 3.4, we require extra My log® N, samples in
order to get the uniform estimate. But this number M;log® N, can be absorbed by Slog® Ny, since S is
larger than Mj. Thus the condition to get an uniform estimate is essentially the same as that in Theorem 3.4.
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Fig. 1. Left: Original signal; Right: Error of the IMF and the phase function.

4. Numerical results

In this section, we will perform several numerical experiments to confirm our theoretical results presented
in the previous section and to demonstrate the performance of the algorithm based on the weighted I
optimization.

Example 1 (Ezact recovery for a well-resolved signal). The first example is a well-resolved periodic signal.
The signal we use is generated by

f = (2+ cosf + 2sin 20 + cos 30) + (3 + cos f + sin 36) cos 6, (144)
where the phase function 6 is given by
0 = 20mt + 2 cos 2nt + 2sindnt, 0 =0/10.

This signal is sampled over a uniform mesh of 256 points such that there are about 12 samples in each
period of the signal on average to make sure that the signal is well-resolved by the samples.

In this example, the non-zero Fourier coefficients of mean a¢ and the amplitude a; in the 6-space are
confined to the low frequency band. In this case, the corresponding M; = 3. The instantaneous frequency
also consists of the low frequency Fourier modes, My = 2 in this example. The parameter L, which is the
number of periods, is equal to 10. In the computation, the initial guess of the phase function, 6, is chosen
to be 207t.

From this example, we can see that the estimate in Theorem 2.1 is far from being sharp. It is easy to
check that the initial condition does not satisfy the condition (64) in Theorem 2.1. Moreover, L is not as
large as that required in (59)-(61) (L < 4M; and 19 ~ 30 > L when n = 3). But in the computation,
Algorithm 1 is still capable to recover the exact result up to the interpolation error.

The numerical results are shown in Figs. 1 and 2. In Fig. 1, we can see that our algorithm indeed recovers
the exact decomposition of this signal. This is also consistent with the theoretical result we obtained in
Theorem 2.1. The result shown in Fig. 1 is obtained by applying the non-uniform Fourier transform directly
by solving a linear system. As we proposed in our algorithm, for a well-resolved signal, it is more efficient
to use a combination of interpolation and FFT. This procedure would introduce some interpolation error,



T.Y. Hou et al. / Appl. Comput. Harmon. Anal. 37 (2014) 235-270 261

error of IMF
error of phase functior

error of IMF
error of phase function

0.2 0.4 06 08 1 0 0.2 0.4 0.6 08 1
Time Time

Fig. 2. Left: Error of the IMF and the phase function with 256 uniform samples; Right: Error of the IMF and the phase function
with 1024 uniform samples.

however the computation is accelerated tremendously. As we see in Fig. 2, if we use the FFT-based algorithm,
the error increase to the order of 10~ instead of 10~!! in the previous result when we used the non-uniform
Fourier transform. If we increase the number of sample points to 1024, the order of error decreases to 10~7.
This indicates that the main source of error comes from the interpolation error.

In our previous paper [11], we have shown many numerical results to demonstrate the stability of our
algorithm. These numerical examples confirm the theoretical results presented in Theorems 2.3 and 2.4. We
will not reproduce these numerical examples in this paper.

Example 2 (Ezact recovery for a signal with random samples). The second example is designed to confirm
the result of Theorem 3.1. This example shows that for a signal with a sparse structure, our algorithm is
capable of producing the exact decomposition even if it is poorly sampled. The signal is given below:

f =cosf + (3 + cosd + sin 20) cos 6, (145)
where the phase function 6 is
0 = 2007t — 10 cos 27t — 2sindnt, 6 = 0/(100).

In this case, the corresponding parameters are My = 2, M7 = 2 and L = 100. The ratio between L and
My, M is much larger than that in the previous example. The initial guess is given by #° = 2007t.

The number of sample points is set to be 120. These sample points are selected at random over 4096
uniformly distributed points. On average, there are only 1.2 points in each period of the signal. We test
100 independent samples and our algorithm is able to recover the signal for 97 samples, which gives 97%
success rate. Fig. 3 gives one of the successful samples.

The right panel of Fig. 3 shows that the order of error is 1072 for IMF and 1073 for the phase function.
In the computation, the I! optimization problem is solved approximately in each step of the iteration. This
is the reason that the error is much larger than the round-off error of the computer. If we increase the
accuracy in solving the ! optimization problem, the algorithm would give a more accurate result. However
the computational cost also increases as a consequence. We also reduce the number of sample points to 80
and carry out the same test for 100 times. In this case, the recovery rate was 46 out of 100.
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Fig. 3. Left: Original signal and the sample points; Right: Error of the IMF and phase function.

Example 3 (Approzimate recovery for a signal with random samples). In this example, we will check the
stability of our algorithm for a poorly sampled signal. The signal is generated by

f = cos(2mt) + (3 + cos(2mt) + sin(4nt)) cos 6 + 0.1X (¢), (146)
where the phase function 6 is
0 = 0 + 0.1sin(1207t)

and 6 is the phase function in Example 2, and X (t) is the Gaussian noise with standard deviation 0% = 1.

Comparing with the signal in Example 2, we add one small high frequency component on the phase
function, whose wave number is 60. In S3 of Algorithm 2, Mj is set to be 20, which implies that the high
frequency component of the phase function can not be captured in the computation. Moreover, the mean
and amplitude are not exactly low frequency confined over the Fourier basis in the #-space. This would also
introduce some truncation error in the computation. We also add white noise to the original signal to make
it even more challenging to decompose. The initial guess of the phase function is also 2007t.

In this example, when the number of sample points is 120, our method can give 92 successful recoveries
in 100 independent tests. Fig. 4 gives one of the successful recoveries obtained by our algorithm. Due to the
truncation error and the noise, the error becomes much larger than that in the previous example. But all the
errors are comparable with the magnitude of the truncation error and noise, which shows that our method
has good stability even for signals with poor samples. When the number of samples is reduced to 80, the
recovery rate drops to 40 out of 100.

5. Concluding remarks

In this paper, we analyze the convergence of the data-driven time—frequency analysis method proposed
n [11]. First, we considered the case when the number of sample points is large enough. We proved that the
algorithm we developed would converge to the exact decomposition if the signal satisfies some low frequency
mode confinement condition in the coordinate determined by the phase function. Our convergence analysis
has been extended to cover signals polluted by noise. We also proved the convergence of our method with
an approximate decomposition when the signal does not have the exact low frequency confinement property
but its spectral coefficients have a fast decay.



T.Y. Hou et al. / Appl. Comput. Harmon. Anal. 37 (2014) 235-270 263

l [ i 'l'l‘ “”“ "]” i)

i “) M‘l ',’ Ml | “M.' .

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time

Fig. 4. Left: Original signal (blue) and the sample points (red) in Example 3; Right: Errors of ag, a1 and 6. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

We further considered the more challenging case when only a few number of samples are given which do
not resolve the original signal accurately. In this case, we need to solve a {! minimization problem which
is computationally more expensive. We proved the stability and convergence of our method by using some
results developed in compressive sensing. As in compressive sensing, the convergence and stability of our
method assumes that certain S-restricted isometry condition is satisfied. We proved that for each fixed step
in the iteration, this S-restricted isometry condition is satisfied with an overwhelming probability if the
sample points are selected at random.

We presented numerical evidence to support our theoretical results. Our numerical results confirmed the
theoretical results in all cases that we considered.

We are currently working on the convergence of the data-driven time—frequency analysis method for
non-periodic signals. Our extensive numerical results seem to indicate that our method also converges for
non-periodic signals. The theoretical analysis for this problem is more challenging. We will report the result
in a subsequent paper.
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Appendix A. Error of the amplitude functions
Suppose
f(t) = fo(t) + f1(t) cos O (147)
is the signal we want to decompose. Let a™ = fi cos A0™, b™ = f; sin A@™, then we have

f=fo+a™mcosf™ — b sin ™. (148)



264 T.Y. Hou et al. / Appl. Comput. Harmon. Anal. 37 (2014) 235-270
Let L™ = w and 0™ = 6™ /(2rL™). Then we can rewrite f as follows:

f=fo+amcos2rL™0™ — b™ sin 2 L™ ™. (149)

Define the Fourier transform in the 6-space as:

1
fom = / Ft)e2mk0™ ggm, (150)
0
Applying Fourier transform to both sides of (149), we have

for (k) = fo,om (k) + %(aglm (k+L™) +agn(k—L™)) — %(“glm (k+L™) — by (k—L™)).  (151)
Then, we get

o (k= L™) = 2fo.om (k — L™) — g (k — 2L™) — ibgs. (k — 2L™),
ag (k) + ibgh (k) = 2fom (k + L™) — 2fo,gm (k + L™) — age (k + 2L™) + ibjh. (k +2L™).

It is easy to solve for ag. and Bg}n to obtain:

gt (k) = fom (k+L™) + fom (k= L™) — [fo,em (k+L™) + foom (k= L™)

DN | =

+ = (agn (k+2L™) + agh (k —2L™)) — %(Agzn (k+2L™) — b (k — 2Lm))] , o (152)
by (k) = —i( fom (k + L™) — fom (k — L™)) +i [fo,em (k+L™) = foom (k—L™)

+ 5 (@ (k +2L™) = @i (k= 2L™)) = = (B (k +2L™) + b (k — sz))] . (153)

N =

In our algorithm, Fym (@™) and Fgm (b™) are approximated in the following way:

am for (k + L™) + fom(k —L™), —L™/2 <k < L™/2
a97n(k): fo ( + )+f9 ( )7 / / ’ (154)
0, otherwise,
am 1 ) m my __ n m _ m _ m < < m
b (k) = i(form (k 4+ L™) = fom(k — L™)), —L™/2<k<L™/2, (155)
0, otherwise.
We then get the error of the approximation in the spectral space:
. ~[fo.om (k+L™) + foom (k= L™) + §(agh (k +2L™) + agh (k — 2L™))
Rop(k) =4 — 3(bgh (k + 2L™) — Bt (k — 227, Ik < L™ /2,
agn (k), |k| > L™/2,

. ilfo.gm (b + L™) = foom (k= L™) + 3(afh (k + 20™) — ag (k — 2L™))
Rby (k) =4 — 3(b (k- 2L™) + by (k — 2Lm), k| < L™ /2,
by (), k| > L™ /2.
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Thus, we have the following inequality for the {! norm of the error in the spectral space:
—~m
Aa™| < || Bage |,

<2 Y lhee®lt X (@®+B®)+ X jml

LT <k<3Lm 3Lm<k<5Lm™ |k|> L™

Similarly, we get

A <2 > B+ D (Jaga®)| +[opn®)]) + D [byn (k)] (157)

L™ ck<3Lm gLm<k<iLm [k|> L5~

In the above derivation, we assume that the Fourier transform of f in §™-space can be calculated exactly.
If only approximate Fourier transform is available, denoted as f, gm, such as the signal with poor samples as
we discussed in Section 3, there would be an extra term in the estimates of Aa™ and Ab™,

INCETID SR PACIESS DR

k)| + [ (k)|)

Lm cg<3rm SLm<k<3Lm
+ 3 Jag )] +2 S |fen(k) — fon(B)], (158)
|| > L™ LT <k<dLm
javri<z Yo ffoen®)+ Y0 (Jag(R)] + (b5 (R)])
L <k<iLm SLm<k<L™
3 fopm] 2 S en(R) — fon(B)]. (159)
k| > L5 Ly <k<gLm

Appendix B. Proof of Lemma 2.2

Proof. By a direct calculation, it is easy to verify that

sp(t) = /s(T)gL(t—T) dr, (160)
0

where gy, is a periodic function over [0, 1] given by

gL(t) = F H{(x(A+k/L)+x(L—k/L)] = Y (ePmhFDE g 2mh=Dl) -y e R (161)
|k|<L/2,kEZ

Then we have

1 1/2
I5.(8)] < [5]c / lg(r — 1)) dr = |}sl|so / lg1(8)] dt. (162)
0 —1/2

where we have used the fact that gy, is periodic over [0, 1]. Define

L2 3L/2
Gr(t) = Fo [(x(1 + w/L) +x(1 —w/L))] = / 61'2”wfdw+/ei2wfdw, WER,  (163)
—3L/2 L/2

where Fg is the Fourier transform over the whole real axis R.
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Utilizing the definition of gz, and the definition of G, and the relation that

k+1/2 .
2Ty = —Sm:tei%’“, Vk € Z, (164)
m
k—1/2
it is easy to show that
)= " G.), VieR (165)
I = Gt B '
This leads to the following estimate
1/2 1/2 +o00
/ lgL(t)]dt <  max mt / |GL(t)| dt < T /|GL(t)|dt. (166)
te[-1/2,1/2]| sin 7t 2
-1/2 —-1/2 —00
Notice that G (t) = LG1(Lt) which implies that
—+oo —+oo +oo
/|GL(t)|dt: /L}Gl(Lt)|dt: |G1(t)| dt. (167)

Then the lemma can be proved by setting I's = T[|G1[j1. O
Appendix C. Estimates of fo,gm (w), a2 (w) and bj% (w) in Theorem 2.1

We first estimate fy. We proceed as follows:

1
| oo ()] = / Jo(t)e= 27" ggm
0

k| <M

1
_ / fo)g(k‘)cﬁmﬂ(ké_wgm) dom™
0

i2m (kO—wh™) do™

= fo.o(k)

[k|< My

e

. sm s m _
27 (ak—w)O eikAG /L dom

= fo.a(k)

[k|< My

e ) (168)

o O —__

where o = L™/L. In the last equality, we have used the fact that § = 2wLf, 0™ = 2rL™0™ and § =
0™ + AO™.
Using Lemma 2.1, we obtain for any |w| > L/2 that

fo.om (w)] <

1
Z fo)e(k)/eiZW(ak—w)émeikAem/L Jim
0

|k| <My
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QMg <[k » my [
<Co > o 2| | @rMo) | Faem [(A67) ]
lw — ak|® &~| L
k| <M, =1
w —-n n )
< 200@(%) MMy > (Myy/LY,
j=1
where Cy = max|k‘<Ml(|fo)g(k)|, | f1.0(K)]) and
___PGn) L IFLE™) i 5 = IFUA0™) T
(min(fm)")n’ min(fm)" 27 My
In the above derivation, we need to assume that L > 4M; such that |w — ak| > |w|/2 for all |w| >

k| < My

If we further assume that v < 1/4, we have

| fo,om (w) !\OQ<|“|> M7 Myy.

267

(169)

(170)

L/2 and

(171)

Next, we estimate Gpy.. The method of analysis is similar to the previous one, however the derivation is

a little more complicated. We proceed as follows:

1
. (w)] = / F1(£) cos AG™ ()~ i2me0™ ggm
0
1 ¢ i2mk0 ( iAO —iA0Y ,—i27wd™ jam
<§ Z fro(k)e (e +e )e do
0 [k| <M

1
<! Z flﬁ(k_)/eiQﬂ(ak—w)émei(k+L)A0/L Jim
|k|<My 0

1
Z flﬂ(k)/ei?ﬂ'(akfw)émei(ka)Aﬁ/L dom|.
0

[k|< M

For the first term in the above inequality, we have that for any |w| > L/2,

1
flG /ez2ﬂ(ak w) 1(k+L)A9/L d97n
0

|k| <M,
— J
< CoQ Z kl” Z 1+ L’
|k|< M,
Co@('“") iyt 3 (i)
|k|< M,

<4C Q(""') M (2M; + 1).

Here we assume that L > 4M7, v < 1/4. The definition of @ and v can be found in (43).

(172)

(173)
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For the second term in (172), we can get the same bound for |w| > L/2,

1

S ralh) [ e g0 g

[k|< M1 0

By combining (172), (173) and (174), we obtain a complete control of a,

| ()| < 400Q<|‘”|> MP(2M; + 1)y, V|w| > L/2.
Similarly, we can estimate b’” by the same upper bound,

by ()| < 4COQ<|“|> MP(2M; + 1)y, V|w| > L/2.

Appendix D. Proof of Lemma 3.1

Proof. Since ¢2™¥% is a periodic function over [0, 1], it can be represented by Fourier series:

+o00
ei27‘(k¢(t) — Z dleiQﬂ'lt’ te [07 1]7

l=—o00

where d; = fol e?2mko(t) e =271t gt By assumption, we have ¢/(t) € Viy,. Thus, we get

My
= Z c;je?mt ¢ e o,1],
Jj=—Mp

where ¢; = fo ' (t)e="2m3t dt.

Further, we have

L—1
% & (t) 2T ROt =2 Z Z Z ¢; dyet?m(H)tm
m=0 m=0 j=—My l=—00
1 My “+o00 L—1
_ 127 (147 L
LSS a S e
j=—Mpl=—00 m=0
Mo
= 2 2 by
j=—Moy pEZ
Mo MD
= > adyt D D ey
Jj=—Mo j=—Mo p€Z,p#0

1 Mo
= / 12ﬂ—k¢(t) dt + Z Z Cj dpL,j
s )

Jj=—Moq p€Z,p#0

- Z Z Cj dpL_j.

Jj=—Mo pEZ,p#0

< 4cOQ<|°”2|) M (2M; + 1)7.

(174)

(175)

(176)

(177)

(178)

(179)
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Using integration by parts, we have

|di| =

1
/ei27rk¢e—i27rlt dt
0

1
i27k¢ —i2mlt dt
| [ (e
0
1 1
= 2wk dt
< /| Ge)
0

1 d® kb
Lam 180
(dtne (150)

< —

S
Using the inequality (26) in the proof of Lemma 2.1, and by a direct calculation, we can show that for any
n > 0, there exists C'(n) > 0 such that

dn 14T n—
()| < oo L wag o1

max

AL ¢’||?—
::CXn)Mﬂﬂﬁ?_1H¢’Hl‘a 3
L, —
20|17, LELygh > 2,
<{ () k|17 mngul s
20(n)(2Mo)", g, <2
As a result, we obtain
@l < {20<n>|%|”, KIF 1 > 205, (152
2C(n)|22efm |K|||¢/]l1 < 2Mo.

Finally, we derive the following estimate

S Z Z ¢l dpr—;]

PEL,PA0 j=—M
<2 Z ‘CJ|Zmax|dpL J|
—Mo
LY BIF N |
n)||¢’H11;max(‘pL_M0
oy k oy n
ﬂ>!|¢'ulmax<‘@

e e (s

Mo
> 2 Cidhiy| <
J

=—Mo p€Z,p#0

2M,
"|pL — My

)

) S o= Mo/1)

p=1

2M, "
L

)

IM, "
L

)

). (183)

This completes the proof of the lemma. O
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