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Abstract.

In this paper, we study multiscale finite element methods for stochastic porous media flow equa-
tions as well as applications to uncertainty quantification. We assume that the permeability field (the
di [udion coe Lcieht) is stochastic and can be described in a finite dimensional stochastic space. This
is common in applications where the coe [ciehts are expanded using chaos approximations. The pro-
posed multiscale method constructs multiscale basis functions corresponding to sparse realizations,
and these basis functions are used to approximate the solution on the coarse grid for any realiza-
tion. Furthermore, we apply our coarse-scale model to uncertainty quantification problem where
the goal is to sample the porous media properties given an integrated response such as production
data. Our algorithm employs pre-computed posterior response surface obtained via the proposed
coarse-scale model. Using fast analytical computations of the gradients of this posterior, we propose
approximate Langevin samples. These samples are further screened through the coarse-scale sim-
ulation and, finally, used as a proposal in Metropolis-Hasting Markov chain Monte Carlo method.
Numerical results are presented which demonstrate the e Lciehcy of the proposed approach.

1. Introduction. Many porous media processes are affected by heterogeneities
at various length scales as well as uncertainties. To predict the flow and transport
in stochastic porous media, some type of coarsening is needed. The upscaling and
multiscale methods for a realization of heterogeneous porous media are extensively
studied. In this paper, we present an approach for sampling permeability conditioned
to an integrated response. Our proposed approach combines multiscale finite element
methods with sparse collocation techniques representing uncertainty space. The goal
of multiscale methods is to coarsen the flow equations spatially. A sparse collocation
method is used to overcome the interpolation in high dimensional uncertainty space.

As for multiscale techniques, we use multiscale finite element type methods. A
multiscale finite element method was first introduced in [26]. The main idea of mul-
tiscale finite element methods is to incorporate the small scale information into finite
element basis functions and couple them through a global formulation of the problem.
The multiscale method in [26] shares some similarities with a number of multiscale
numerical methods, such as residual free bubbles [8], variational multiscale method
[27, 3], two-scale conservative subgrid approaches [3], and multiscale mortar methods
[4]. We remark that special basis functions in finite element methods have been used
earlier in [6, 5]. The multiscale finite element methodology has been modified and
successfully applied to two-phase flow simulations in [28, 1] and extended to nonlinear
partial differential equations [21, 17].

In this paper, we consider permeability fields generated using a two-point var-
iogram. This type of permeability fields can be characterized using the Karhunen-
Loéve expansion which results in a parameterization of the uncertainty. Due to the
high dimensional nature of uncertainty space, one can not resolve all realizations.
We resort to sparse interpolation techniques (e.g., [37]) to represent the uncertain-
ties and multiple scales. We note that approaches which combine sparse collocation
techniques and multiscale methods are not new. In a recent paper [22], the authors
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propose an approach which uses variational multiscale method as well as multiscale
finite element methods to solve a stochastic parabolic equation. In particular, the
stochastic parabolic equation is solved using deterministic multiscale approaches at
sparse collocation points in uncertainty space and then the solution is interpolated.
To our best knowledge, this is the first approach which combines multiscale spatial
methods and sparse collocation techniques. Our proposed approaches follow the main
idea of this approach. ! We discuss two type of approaches. In the first approach,
the basis functions are interpolated using pre-computed basis functions at collocation
points. In the second approach, the stochastic solution is projected to a finite di-
mensional space consisting of all basis functions. Basis functions can be constructed
both locally and globally. The latter is efficient when there is no scale separation.
The difference between the proposed approach (the first approach) and the approach
presented in [22] is that the proposed approach interpolates the basis functions which
can be repeatedly used for different boundary conditions and source terms. The latter
is important for porous media applications.

We apply the proposed technique to an uncertainty quantification problem where
the permeability field is sampled based on oil production rates (an integrated re-
sponse). This sampling is performed using Markov chain Monte Carlo (MCMC)
methods with Langevin instrumental probability distribution. We first compute the
posterior distribution at sparse locations that correspond to some selected realizations
of the permeability field. These computations are performed on the coarse (spatial)
grid, and thus they are inexpensive. Furthermore, the posterior distribution is approx-
imated using polynomial interpolation. Based on interpolated posterior distribution,
Langevin samples are proposed using analytical gradients of the posterior distribu-
tion. These samples are further screened with coarse-scale models. If the screening is
passed, we perform fine-scale simulations to make a final acceptance decision.

The difference between the proposed approach and the previous findings (e.g.,
[12]) is that we use an approximate posterior distribution based on both interpolation
in uncertainty space and coarsening in physical space. In [12], for each proposal, the
corresponding fine-scale equations are coarsened and new permeability is proposed
based on the coarse-scale models. This implies that one still needs to perform mul-
tiple coarse-scale simulations for each proposal in order to compute the gradient of
the posterior distribution. Though the upscaling is in general inexpensive, performing
many upscaled models will slow down the simulations. The main idea of the proposed
method is to perform a few coarse-scale simulations apriori using multiscale meth-
ods and then use these results to interpolate the posterior distribution. Thus, each
proposal is computed analytically once the posterior distribution is approximated.
This procedure is faster than our previously proposed methods which is also shown
numerically.

In the paper, we present numerical results to show the efficiency of the pro-
posed approaches. We consider permeability fields prescribed by covariance matrix.
Next, we use Karhunen-Loeéve expansion to parameterize the permeability field. Both
normal and exponential variograms are considered. In the case of the latter, the
uncertainty space is large (in order of 100 dimensions). This makes the uncertainty
quantification CPU demanding since one needs to run many simulations. Numerical
results show that the proposed algorithm is efficient and it has mixing properties sim-
ilar to fine-scale Langevin algorithm. Moreover, we show that the proposed methods

IWe were not aware of the paper [22] when we were writing our paper. We thank the reviewer
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provide an order of magnitude CPU saving compared to the approaches where no
interpolation is used.

This paper is organized as follows. In the next section, we briefly describe the
model equations and known multiscale techniques for solving flow equations. In Sec-
tion 3, we describe multiscale methods for the stochastic flow equations. In Section
4, the applications to uncertainty quantification is presented. The last two sections
are dedicated to numerical implementation and numerical results.

2. Preliminaries. In this section, we present a model problem and background
material for the multiscale finite element method. We consider two-phase flows in a
reservoir (denoted by ) under the assumption that the displacement is dominated
by viscous effects; i.e., we neglect the effects of gravity, compressibility, and capillary
pressure. Porosity will be considered to be constant. The two phases will be referred
to as water and oil, designated by subscripts w and 0, respectively. We write Darcy’s
law for each phase as follows:

Vj = —k”—(s)k- [p1 (2.1)
Hj
where Vj is the phase velocity, K is the permeability tensor, Kyj is the relative per-
meability to phase J (J = o,w), S is the water saturation (volume fraction) and p
is pressure. Throughout the paper, we will assume that the permeability tensor is
diagonal k = Kl , where K is a scalar and 1 is the unit tensor. In this work, a single
set of relative permeability curves is used. Combining Darcy’s law with a statement
of conservation of mass allows us to express the governing equations in terms of the
so-called pressure and saturation equations:

C-INS)k LT h, (2.2)

0s
5 TV ) =0, (2.3)

where A is the total mobility, h is the source term, f(S) is the flux function, and v is
the total velocity, which are respectively given by:

_ krw(S) |, kro(S)

A(S) ™ b (2.4)

o krW(S)/p—w
)= Kew (S)/Hw + Kro(S)/Ho” (2:3)
V=Vy + Vo =—A(S)k: [p1 (2.6)

The above descriptions are referred to as the fine model of the two-phase flow problem.
For the single-phase flow, krw(S) = S and kyo(S) =1—S.

For later discussion, we need to define the fractional flow response. Fractional
flow (also referred as oil cut) is an integrated response over the whole domain. The
oil cut (or fractional flow) is defined as the fraction of oil in the produced fluid and
is given by go/0t, where gt = Go + Qw, With go and gw being the flpwj rates of oil and
water at the production edge of the model. In particular, gy = f(S)v - ndw,
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0t = sgout V' NAW, and go = Gt — Qw, where 90°Ut is the outer flow boundary. Pore

volume injected, defined as PV 1 = % o dt(T)dT, with Vp, being the total pore volume

of the system, provides the dimensionless time for the displacement.

Next, we briefly describe the use of multiscale finite element methods for two-
phase flow equations. We will use the multiscale finite element framework, though a
finite volume element method is chosen as a global solver. Finite volume method is
chosen because, by its construction, it satisfies the numerical local conservation which
is important in groundwater and reservoir simulations. Let KN denote the collection
of coarse elements/rectangles K. Consider a coarse element K, and let §« be its
center. The element K is divided into four rectangles of equal area by connecting &k
to the midpoints of the element’s edges. We denote these @rﬂaterals by Kg, where
& [Zh(K), are the vertices of K. Also, we denote Zp = |« Zn(K) and Z2 [Z} the
vertices which do not lie on the Dirichlet boundary of €. The control volume Vg is
defined as the union of the quadrilaterals Kg sharing the vertex €.

The key idea of the method is the construction of basis functions on the coarse
grids, such that these basis functions capture the small-scale information on each of
these coarse grids. The method that we use follows its finite element counterpart
presented in [26]. The basis functions are constructed from the solution of the lead-
ing order homogeneous elliptic equation on each coarse element with some specified
boundary conditions. We consider a coarse element K that has d vertices, the local

basis functions @i, i = 1,---,d are set to satisfy the following elliptic problem:
— k- [g)=0 inK
(2.7)
0i =gi ondkK,

for some function g; defined on the boundary of the coarse element K. Hou et al.
[26] have demonstrated that a careful choice of boundary conditions would improve
the accuracy of the method. In previous findings, the function gj for each i is chosen
to vary linearly along 0K or to be the solution of the local one-dimensional problems
[28] or the solution of the problem in a slightly larger domain is chosen to define the
boundary conditions. In this paper, we will consider linear boundary conditions and
also discuss the boundary conditions obtained from a global solution. We will require
@i(Xj) = dij. Finally, a nodal basis function associated with the vertex X; in the
domain {2 is constructed from the combination of the local basis functions that share
this Xj and zero elsewhere. We would like to note that one can use an approximate
solution of (2.7) when it is possible. For example, in the case of periodic or random
homogeneous cases, the basis functions can be approximated using homogenization
expansion Qj = (p? + [N @?, where N is the solution of the cell problem and (p? is
standard finite element basis on the coarse mesh (see [17]). This type of simplification
is not applicable for problems considered in this paper.

Next, we denote by V" the space of our approximate pressure solution, which is
spanned by the basis functions {@; }Xj rz3- Then we formulate the finite dimensional
problem corresponding to finite volume element formulation of (2.2). A statement of
mass conservation on a coarse-control volume Vy is formed from (2.2), where the ap-
proximate solution is written as a linear combination of the basis functions. Assembly
of this conservation statement for all control volumes would give the corresponding
linear system of equations that can be solved accordingly. The resulting linear system
has incorporated the fine-scale information through the involvement of the nodal ba-
sis functions on the approximate solution. To be specific, the problem now is to seek
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p" V1" with p" = x; 13 Pi @i such that

1

A(S)k- M ndl =0, (2.8)

ave
for every control volume Vg X2l Here n defines the normal vector on the boundary
of the control volume, 0Vg and S is the fine-scale saturation field at this point. The
resulting multiscale method differs from the multiscale finite element method, since it
employs the finite volume element method as a global solver, and it is called multiscale
finite volume element method (MsFVEM). We would like to note that the coarse-scale
velocity field obtained using MsFVEM is conservative in control volume elements Vg
(not in KM).

There are two type of procedures that are typically considered for solving the
saturation equation. One of them is a simple (or primitive) model, where only the
coarse scale velocity is used to update the saturation field on the coarse grid, i.e.,

a—s—i—v- (%) = 0. (2.9)
ot
Here V denotes the coarse-scale velocity field obtained using MsFVEM. In (2.9), no
upscaling of the saturation equation is performed. In the second type of approaches,
the saturation equation is solved on the fine grid [28]. For uncertainty quantification,
we will be using the first approach. Note that one can always take advantage of
velocity down-scaling and employ adaptive procedure for the saturation equation.

3. Multiscale method for stochastic flow equation. In this section, we
present a multiscale approach for solving stochastic flow equations (elliptic equation).
Typically, the permeability field contains uncertainties which are parameterized. As
a result of this parameterization, the permeability is expressed as k = k(X, 0) where
6 CRN. One such example is the Karhunen-Log&ve expansion (KLE).ﬂ;S:tlhe KLE,
the permeability is expressed as k(X,0) = exp (Y (X,0)) with Y (x,8) = 2, ©;®i(X).
Here ®i(X) are pre-determined functions and 8 = (©1,...,0n). The KLE is further
described in the section on numerical implementation.

Once the uncertainties are parameterized, one can use various solution techniques.
We will consider a collocation method, where the solution is computed for some values
of 8 = (01, ..., On), denoted by 0k, and then interpolated for 8 [CRN. In particular,
we consider sparse collocation methods (e.g., [37]), where using sparse points in RN,
the solution can be approximated. Throughout, we assume that K(X,8) smoothly
depends on 8, keeping in mind Karhunen-Loe¢ve type expansions. The results of this
section do not depend on specific collocation methods. We only use the fact that the
solution can be approximated using its values at certain locations

1
p(x,8) = p(x,8i)Bi(6),
1
where Bj(0) are the corresponding weights (or interpolants).

We propose two related multiscale approaches. The first approach entails the
computation of basis functions at some sparse points 0. Denote these basis functions
by @i(X, 08k). Then, at each 8 for which the solution needs to be computed, instead of
solving for basis functions at 8, we interpolate it via pre-computed basis functions

1
0i(x,0) = @i(x,0k)ok(8),
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where 0k(0) are the interpolation weights. This approach is efficient, in particular,
when interpolation weights can be easily computed. Moreover, this approach is sim-
ilar to ensemble level upscaling methods [9] where the upscaled permeabilities are
computed for selected collocation points and then interpolated for any given 8. The
second approach is different from the first one and we believe it does not have an
analog within traditional upscaling methods. In the second approach, a family of
basis functions is used for all 8k without interpolating them to a particular realization
8. This is an interpolation free approach and has advantages when the number of
collocation points are not large and the interpolation formula is not readily available.
This approach is studied in [2] where it is shown that one can achieve good accuracy
with a very few permeability realizations. Some analysis and numerical examples in
1-D are presented in the thesis work of the first author [11]. In this paper, we will be
using the interpolation based approaches.

4. Application to uncertainty quantification.

4.1. Problem setting. The problem under consideration consists of sampling
the permeability field given fractional flow measurements. Typically, the prior infor-
mation about the permeability field consists of its covariance matrix and the values of
the permeability at some sparse locations. Since the fractional flow is an integrated
response, the map from the permeability field to the fractional flow is not one-to-one.
Hence this problem is ill-posed in the sense that there exist many different permeabil-
ity realizations for the given production data.

From the probabilistic point of view, this problem can be regarded as conditioning
the permeability fields to the fractional flow data with measurement errors. Conse-
quently, our goal is to sample from the conditional distribution P (K|F), where K is
the fine-scale permeability field and F is the fractional flow data. Using the Bayes
formula we can write

P (k|F) CPIF|k)P (k), (4.1)

where P (k) is the prior distribution of the permeability field. In practice, the mea-
sured fractional flow contains measurement errors. In this paper, we assume that
the measurement error satisfies a Gaussian distribution, thus, the likelihood function
P (F|K) takes the form

M - Fy 2

P(Flk) Cexdp 2 : (4.2)

where F is the reference fractional flow, Fi is the fractional flow for the permeability
field k, and 0¢ is the measurement precision. In practice, Fg is computed by solving
the nonlinear PDE system (2.1)-(2.3) for the given Kk on the fine-grid. Since both F
and Fy are functions of time (denoted by t), the norm [Fl— Fy [Zlis defined as the L2
norm

-
[El-FP=  [F(t) — Fe(t)]?dt.
0

Denote the sampling target distribution as

g —
(k) = P (k|F) Cedp —EETF"@?(@. (4.3)
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Since different permeability fields may produce the same fractional flow curve, the dis-
tribution T(K) is a function of K with multiple local maxima. Sampling from the distri-
bution T(K) can be accomplished by Markov chain Monte Carlo (MCMC) methods.
For a given proposal distribution q(y|x), the Metropolis-Hasting MCMC algorithm
(see, e.g., [34], page 233) consists of the following steps.

Algorithm I (Metropolis-Hasting MCMC, Robert and Casella [34])
e Step 1. At Kn generate Y from q(Y |Kn).
e Step 2. Accept Y as a sample with probability

" gkalY )
p(kn,Y ) = min 1,m ,

i.e. take Kn+1 =Y with probability p(kn,Y ), and Kn+1 = Kn with probability
1 - p(kn, Y )

(4.4)

The MCMC algorithm generates a Markov chain {kn} whose stationary distribution
is m(K). A remaining question is how to choose an efficient proposal distribution
(Y Ikn).

An important type of proposal distribution can be derived from the Langevin
diffusion, as proposed by Grenander and Miller [25]. Following [12] we choose the
proposal distribution q(Y |kn) in Algorithm I as

AT v

Since [glare independent Gaussian vectors, the transition distribution of the proposal
generator (4.5) is

Y] — kn — &Y [Tog nt(kn) 2]

_ —Kn— 5% T(Kn

q(Y [kn) Cedp SAT ;
I:Im Y (Y)El:l (4.6)
_kh—Y — 5 Clodm

q(knlY) Cedp AT :

The scheme (4.5) can be regarded as a problem-adapted random walk since gra-
dient information of the target distribution is included to enforce a biased random
walk. The use of the gradient information in inverse problems for subsurface charac-
terization is not new. In their original work, Oliver et al [33] developed the random-
ized maximum likelihood method, which uses the gradient information of the target
distribution. This approach uses unconditional realizations of the production and
permeability data and solves a deterministic gradient-based minimization problem.

4.2. Langevin MCMC method using collocation methods with coarse-
scale models. The major computational cost of Algorithm I is in the computation
of the target distribution (k) at different permeabilities. Since the map between
the permeability k and the fractional flow Fi is governed by the PDE system (2.1)-
(2.3), there is no explicit formula for the target distribution m(k). To compute the
function m(k), we need to solve the nonlinear PDE system (2.1)-(2.3) on the fine-
scale for the given k. For the same reason, we need to compute the gradient of m(k)
in (4.5) numerically by finite differences, which involves solving the nonlinear PDE
system (2.1)-(2.3) multiple times. To compute the acceptance probability (4.4), the
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PDE system (2.1)-(2.3) needs to be solved one more time. While one advantage of
Langevin algorithms is their higher acceptance rates, the number of solutions to the
nonlinear PDE system for a single sample makes the direct (full) MCMC simulations
with Langevin samples prohibitively expensive.

To bypass the above difficulties, we previously designed a coarse-grid Langevin
MCMC algorithm where most of the fine-scale computations are replaced by the
coarse-scale ones. In the present work, we instead consider collocation methods along
with coarse-grid models as a replacement for the purely coarse-grid models. Based
on a coarse-grid model of the distribution T(k), we first generate samples from (4.5)
using the interpolated coarse-scale gradient of (k). This interpolation requires only
a multidimensional polynomial interpolation, i.e., the coarse-scale response surface
is pre-computed using collocation methods and Langevin samples are directly evalu-
ated from multidimensional polynomial interpolation. This approach is similar to the
approach where the basis functions are interpolated using pre-computed basis func-
tions for some realizations. Note that the interpolation uses few realizations of the
permeability field and these coarse-scale simulations are inexpensive.

We then further filter the proposals by an additional Metropolis acceptance-
rejection test on the coarse-grid. If the sample does not pass the coarse-grid test,
the sample is rejected, and no further fine-scale test is necessary. The argument for
this procedure is that if a proposal is not accepted by the coarse-grid test, then it
is unlikely to be accepted by the fine-scale test either. By eliminating most of the
“unlikely” proposals with cheap interpolated coarse-scale tests, we can avoid wasting
CPU time simulating the rejected samples on the fine-scale.

To model T(K) using collocation on the coarse-scale, we define a coarse-grid map
F . Dbetween the permeability field k and the fractional low F. The map F, s deter-
mined by interpolation of the coarse-grid data. Consequently, the target distribution
T(K) can be approximated by

—1 —1
nif) Cap — e p, (47)
C
where O¢ is the measurement precision for the interpolated coarse-grid distribution
and usually the same order as 0f. Then the Langevin samples are generated from
(4.5) using the interpolated coarse-grid gradient of the target distribution

AT \/_
The transition distribution of the interpolated coarse-grid proposal (4.8) is
—1
Y1 —kn — & [logn 3|
q (Y |kn) Cedp — - ;A ko) '
T
I:IEIZ,J, A ) I_EII:I (4.9)
—Y — &t Llogn
A tknlY) Loty — e .

Since F\s now an analytical function, we can compute the gradient of mkn) ana-
lytically instead of using finite-differences. This interpolated coarse-scale distribution
nk) serves as a regularization of the original fine-scale distribution m(k). By replac-
ing the fine-scale gradient with the interpolated coarse-scale gradient, we can reduce
the computational cost dramatically but still direct the proposals to regions with
larger probabilities.



Because of the high dimension of the problem and the discretization errors, many
proposals generated by the Langevin algorithms (both (4.5) and (4.8)) may be rejected
by the Metropolis acceptance-rejection test (4.4). To avoid wasting expensive fine-
scale computations on unlikely acceptable samples, we further filter the Langevin
proposals by the coarse-scale acceptance criteria

1 L1
—min 1, Skl THY)
9l )= min b G e )

where mHK) is the interpolated coarse-scale target distribution (4.7), ¢*Y |kn) and
q5kn|Y ) are the interpolated coarse-scale proposal distributions given by (4.9). Com-
bining all the discussion above, we have the following revised MCMC algorithm.

Algorithm 11 (Preconditioned interpolated coarse-gradient Langevin
algorithm)
e Step 1. At kn, generate a trial proposal Y from (4.8).
e Step 2. Take the proposal kK as

1
K— Y with probability g(kn, Y ),
" kp with probability 1 — g(kn, Y ),

where
1

g(Kn,Y) =min 1,

0 fkal¥ Y )
q Y [kn)mHkn)

Therefore, the proposal K is generated from the effective instrumental distri-
bution
—1 1

Q(klkn) = g(kn, k)q"tklkn) + 1= g(kn, k)a tklkn)dk B, (k). (4.10)

e Step 3. Accept kK as a sample with probability

L Qkalkm()
p(kn, k) = min ]., m y (411)

i.e., kn+1 = k with probability p(kn, k), and kn+1 = kn with probability
1 - p(kn, k)

Step 2 screens the trial proposal Y by the interpolated coarse-grid distribution
before passing it to the fine-scale test. The filtering process changes the proposal
distribution of the algorithm from q Y |kn) to Q(K|kn) and serves as a preconditioner
to the MCMC method. This is why we call it the preconditioned interpolated coarse-
gradient Langevin algorithm. We note that testing proposals by approximate target
distributions is not a very new idea. Similar strategies have been developed previously
in [29, 10].

Note that there is no need to compute Q(k|kn) and Q(knlk) in (4.11) by formula
(4.10). The acceptance probability (4.11) can be simplified as

L1 L1
p(Kn,K) = min 1, %}?%3 . (4.12)
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In fact, this is obviously true for k = kn since p(kn, kn) = 1. For k 8 Ky,

1 1] 1
Q(knlk) = g(k,kn)q(knlk) = rﬂ() min q(Kn|K)m"tk), q(k|kn)m"tkn)
_ Q(k|kn)nl¥kn)g(km k) = n'tkn)

D - k)

Substituting the above formula into (4.11), we immediately get (4.12).

In a previous work [18], we studied both preconditioning the MCMC algorithms
by coarse-scale models, where the independent sampler and random walk sampler
are used as the instrumental distribution, q(:|-). Additionally, in [12] we considered
the use of coarse-scale models in Langevin algorithms. In this paper, our goal is to
show that one can use an interpolated response surface corresponding to coarse-scale
simulation models to compute the proposals. In particular, the approximation of
the response surface obtained by sparse interpolation techniques is used to compute
Langevin proposals. Our previous numerical experiments showed that the coarse-scale
distribution somewhat regularizes (smoothes) the fine-scale distribution, which allows
us to take larger time steps in the Langevin algorithm (4.8). In addition, as in [12], we
employ the preconditioning technique from [18] to increase the acceptance rate of the
interpolated coarse-gradient Langevin algorithms. The preconditioning step consists
of testing Langevin proposals with coarse-scale simulations.

It can be shown that under mild conditions the proposed algorithm samples the
posterior distribution correctly. More precisely, denote

Q(klkn).

%I k >0|:I
Dn() :

k; T >0, 4.13
& - (4.13
k; q'tklkn) > 0 for any kn CEI.

o

E
E
D

The set E is the support of the posterior (target) distribution m(k). E contains all the
permeability fields K which have a positive probability of being accepted as a sample.
Similarly, E™s the support of the interpolated coarse-scale distribution 1 k), which
contains all the k acceptable by the interpolated coarse-scale test. D is the set of all
possible proposals which can be generated by the Langevin distribution q“(k|kn). To
make the interpolated coarse-gradient Langevin MCMC methods sample properly, the
conditions E [Dland E [ Ettust hold (up to a zero measure set) simultaneously.
In this case, we can show from [12] that the chain {kn} generated by Algorithm II
allows us to sample the target posterior distribution correctly.

5. Numerical implementation.

5.1. Karhunen-Loéve expansion for subsurface parameterization. We
use the Karhunen-Loeve expansion (KLE) [31, 36] to obtain the permeability field
in terms of an optimal L? basis. By truncating the expansion, we can represent the
permeability matrix by a small number of random parameters. To impose the hard
constraints (the values of the permeability at prescribed locations), we will find a
linear subspace of our parameter space (a hyperplane) which yields the corresponding
values of the permeability field. First, we briefly recall the facts of the KLE. Denote
Y (X, 0) = log[k(x, )], where the random element w is included to remind us that k is
a random field. For simplicity, we assymge that E[Y (X,w)] = 0. Suppose Y (X, ) is a
second order stochastic process with E Y ?(X,w)dx < oo, where E is the expectation
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operator. Given an orthonormal basis {@x} in L?(Q2), we can expand Y (X,®) as a
general Fourier series

\ — .
Y (X w) = Y (0)0k (X), Yk(w) = . Y (X, )@k (X)dX.
k=1

We are interested in the special L? basis {@x} which makes the random variables Yy
uncorrelated. That is, E(Y;Yj) =0 for all i 8 j. Denote the covariance function of Y
as R(X,y) = E[Y (X)Y (y)]. Then such basis functions {@x} satisfy

[ [

E[YiYj] = Qtpi(X)dx QR(x,y)tpj(y)dy=0, i8]

Since {@k} is a complete basis in L?((2), it follows that @k(X) are eigenfunctions of
R(x,y):
(|

5 R(X,Y)Pk(Y)dy = A (X),  k=1,2,..., (5.1)

where Ax = E[Y/?] > 0. Furthermore, we have

1
RX,Y) = A@k(X)Qk(y). (5.2)
k=1

v__
Denote Bk = Y/ A, then Bk satisfy E(8k) = 0 and E(8i6j) = dij. It follows that

11
Y (X, 0) = B (W) @k (%), (5.3)

where @ and Ax satisfy (5.1). We assume that the eigenvalues Ag are ordered as
A1 = A2 = .... The expansion (5.3) is called the Karhunen-Loeve expansion. In
the KLE (5.3), the L? basis functions @k (X) are deterministic and resolve the spatial
dependence of the permeability field. The randomness is represented by the scalar
random variables Ox. After we discretize the domain €2 by a rectangular mesh, the
continuous KLE (5.3) is reduced to finite terms. Generally, we only need to keep
the leading order terms (quantified by the magnitude of Ax) and still capture most

of the f the stochastic process Y (X, ). For an N-term KLE approximation
YN = =1 AcBk @k, define the energy ratio of the approximation as
L]

e(N) = E Yk E: I_k-i_l)\_—_ K
T EMIEA 1 A
If A\, k=1,2,..., decay very fast, then the truncated KLE would be a good approx-
imation of the stochastic process in the L? sense.

An example is the permeability field k(X, ®) which is a log-normal homogeneous
stochastic process. Then Y (X, ) = log(k(X, w) is a Gaussian process with the covari-
ance kernel
[] 2 2 L1

[X1 —y1] X2 —y2|
R(X,y) = 0%exp — —
(x.y) = 0% exp 212 212
11

(5.4)



and Bk are independent standard Gaussian random variables. In the above formula,
I; and I, are the correlation lengths in each dimension, and 62 = E(Y 2) is a constant.
In the parameterization, we first solve the eigenvalue problem (5.1) numerically on the
rectangular mesh and obtain the eigenpairs {Ax, @x}. Since the eigenvalues decay fast,
the truncated KLE approximates the stochastic process Y (X, ) fairly well in the L?
sense. Therefore, we can sample Y (X, @) from the truncated KLE (5.3) by generating
Gaussian random variables 8x. Similarly, we can parameterize the permeability fields
with different covariance structure, which will be discussed later.

5.2. Sparse interpolation. In collocation methods we wish to use known data
to estimate the flow predictions for a large number of realizations of the reservoir.
Let us assume that we wish to approximate functions f : [—1, 1]N — R using some
known values of the function f. One may consider two different problems in this
situation: the first where the known values are given by scattered data in [—1, 1]
and the other where the approximation is based on values at some ordered points.
We will consider only the latter, since interpolation from scattered data in high di-
mensions remains a challenging problem. For simplicity, we consider approximation
via Lagrange interpolation in high dimensions.

Suppose we define one dimensional Lagrange interpolation for each dimension
i=1,...,N by

N
Ui(F)@) =  f 8 Li(e),
j=1

where

]
Ok

R )

KEj

are the traditional Lagrange basis functions and M; is the number of nodes in the ith
dimension. Then the interpolant of ¥ in multiple dimensions can be written as
[N ] =
(Ui, =3 OO4,) (F) = fo,....68 - L IIII:I:}',\'\I . (5.5)
=1 =l

If N = 10 and M = 4 then we have 410 = 1,048,576 terms in (5.5). Since each of
our function values is generated by a solution to a PDE system, full tensor product
interpolation is prohibitively expensive. Sparse grid collocation methods, and e.g.,
the Smolyak algorithm, can be used to alleviate this problem [35].

The Smolyak algorithm is a linear combination of product formulas chosen so that

an interpolation property for N = 1 is preserved for N > 1. We make |i| = i1+ -+Iin
for i CNIN. We define the Smolyak algorithm by
1 i :l\ll _4 1
A(g,N)(F) = (=™ (Ui, L= L) (F) . (5.6)

—i
g—N+1=<]|i|=q a l l
Note that we must evaluate a function f at only sparse values given by
1
H(qu): (@ilx"'x@iN)
g—N+1<]|i|=q
12



1 [
where ©; = 8},..., 9;\,“ are the set of points used by Uj. This leads us to n(k +

N,N) = 2. - N¥ nodes used by A(N +k, N).
As suggested by [7], we use Smolyak formulas that are based on the extrema of
Chebyshev polynomials. We choose

i__ . mag-1n . .
GJ— cosiMi_1 v 1=1,...,Mj

and define Gil =0 for Mj = 1. We also choose My =1 and M; = 2171 + 1 for i > 1.
This has the benefit of making our nodal sets nested, thus H (q, N) CHI(q + 1, N).

Using the Smolyak formulas and Lagrange interpolation, we have that A (N + k, N)Jj
is exact for all polynomials of degree k. Using techniques described in [7] we have the
one dimensional error estimate given by (cf [37, 7])

Fl— U.(f)'g = EMi—l(f) : (1 + AMi)

where Ep is the error of the best approximation by polynomials p CP{M, 1) and Am
is the Lebesgue constant for our Chebyshev polynomials. We have the estimate

2
Am = Elog(M —-1)+1

for M = 2. In multiple dimensions we define the space

K L] N a : : L]

Fg = f:[—1,1]"V - R|D%f continuous if o; <k [l
with norm
1
I 2 max MD°fFLJ|a [N, o; <k

Then, the interpolation error is given by (cf [37, 7])

O — AN 4k, N)Z oy k- n K- (log n)K+2E=D*L (5.7)

where ly is the identity operator.

6. Numerical Results. In the simulations, we first generate a reference per-
meability field using the full KLE of Y (X, ) and obtain the corresponding fractional
flows. In the KLE we use normal covariance and correlation lengths I3 = 0.5 and
I, = 0.1. We keep 20 terms in the KLE, and we assume that the permeability field is
known at 11 distinct points. This condition is imposed by setting

1
)\kek(pk(xj) = qj, (6.1)
k=1
where 0 (j = 1,...,11) are prescribed constants. For simplicity, we set aj = 0 for
all j =1,...,11. In the simulations we propose nine 8; and calculate the rest of 8; by

solving the linear system (6.1). In sampling, we restrict ourselves to the hypercube
[—2.5,2.5]% in stochastic space. All the simulations are based on 5,000 samples and
a 61 % 61 fine-scale model is selected. Here 61 refers to the number of vertices in
each direction. We consider 6 times coarsening in each direction (thus an 11 < 11
coarse-scale model). In the fine and coarse-scale Langevin algorithms, the gradients
of the target distribution are computed using a finite-difference differentiation rule.

13



In the interpolated Langevin algorithm, we use an analytical formula for the gradi-
ent based on the Lagrange interpolating polynomial. The time step size AT of the
Langevin algorithm is denoted by 8. Based on the KLE, the parameter space of the
target distribution (k) will change from K to 8 in the numerical simulations, and the
Langevin algorithms can be easily rewritten in terms of 6. We refer to the fine-scale
Langevin algorithm (Algorithm I) as fine Langevin, the preconditioned coarse-scale
Langevin algorithm as coarse Langevin, and the preconditioned interpolated coarse-
scale Langevin algorithm (Algorithm IT) as interpolated Langevin.

First, we present a comparison between the coarse-scale response surface and the
interpolated coarse-scale response surfaces defined by (4.3) and (4.7), respectively. In
[12] it was show that the coarse-scale response surface approximates the fine-scale
response surface well on large scales, while losing some small scale features. We do
not repeat these results, but rather focus on the interpolated surfaces. We consider
interpolated surfaces for various levels of interpolation. We define k™ order Smolyak
interpolation as A(N +Kk,N) in (5.6). In particular, for N = 9 stochastic dimensions,
15t order results in 19 nodes, 2" order results in 181 nodes, and 3" order results
in 1177 nodes. Because both T and T-are scalar functions of 9 parameters, we plot
the restriction of them to a 2-D hyperplane by fixing the values of seven 8. In Figure
6.1, the coarse-scale response surface is the upper left figure. Interpolated coarse-
scale surfaces are in the upper right, lower left, and lower right for 15t, 2" and
3" order Smolyak interpolation, respectively. Starting at 15t order interpolation, we
have a good overall agreement with the fine surface. However, it appears the 15t order
response surface does not capture some local effects. Going to 2" order interpolation,
we appear to capture more local effects, but we find some oscillations, likely due to the
higher order polynomial found under 2" order interpolation. Furthermore, 3" order
interpolation accurately detects some local effects, but does not reflect the overall
behavior of the response surfaces due to numerous oscillations. Due to this fact,
for the remainder of this paper, we consider 15t order Smolyak interpolation, unless
otherwise noted.

In Figure 6.2, we compare the acceptance rate (left) and CPU time (right) of
interpolated, coarse, and fine Langevin with different coarse-scale precisions 0c. The
acceptance rate is defined as the ratio between the number of accepted permeabil-
ity samples and the number of fine-scale acceptance-rejection tests. Since the fine
Langevin does not depend on the coarse-scale precision, its acceptance rate is the
same for different 0.. As we can see from the left plot, coarse and interpolated
Langevin have slightly higher acceptance rates than fine Langevin. This is due to the
preconditioning step, which filters unlikely acceptable proposals. We also note that
coarse Langevin has a higher acceptance rate than interpolated Langevin. This is
expected, as the gradients in the Langevin proposal for coarse Langevin will be more
precise than the interpolated gradients in interpolated Langevin. In the right plot of
Figure 6.2, we compare the CPU time (on a log scale) for the different Langevin meth-
ods. We see that interpolated Langevin is several times faster than coarse Langevin,
and significantly faster than fine Langevin.

Next we compare the fractional flow errors for interpolated Langevin and fine
Langevin in Figure 6.3. Our objective is two-fold. First, we would like to compare
the convergence rates of the interpolated Langevin algorithm with that of the fine
Langevin algorithm. Second, we would like to show that the sampled permeability
fields give nearly the same fractional flow response as the reference fractional flow
data. We see from the left plot that both methods converge to the steady state
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Fig. 6.1. Coarse-scale response surface and interpolated coarse-scale response surfaces re-
stricted to a 2-D hyperplane.
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Fig. 6.2. Left: Acceptance rate comparison. Right: Natural log of CPU time (seconds) com-
parison. In each plot 6 = 0.05 and a% = 0.002.

within the same number of iterations.

sampled realizations are plotted (dotted lines).

In the right plot, the fractional flows for
The fractional flows of the sampled

realizations are very close to the reference fractional flow because the error precision
is taken to be small (0% = 0.002) in the target distribution.

In Figure 6.4, some permeability realizations sampled from the posterior distri-
bution are plotted. In particular, we plot realizations which do not look very similar
to each other and represent the uncertainty range observed in our simulations. We
observe that the samples capture some features of the reference permeability field.
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Fig. 6.3. Left: The fractional flow errors for the fine Langevin algorithm compared with inter-
polated Langevin algorithm. Right: The fractional flows of sampled realizations and the reference
fractional flow. In these numerical tests, § = 0.05 and a? = 0.002.
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Fig. 6.4. Upper left plot is the reference permeability. The other three plots are examples of
accepted permeability realizations.

Note that all these permeability fields give nearly the same fractional flows as the
reference fractional flow, so they are all eligible samples.

We now introduce numerical results which use the proposed algorithms for a
permeability generated using exponential covariance in the KLE. A proper expansion
using exponential covariance contains many more terms than an expansion using
normal covariance in order to capture the effects of the desired permeability fields.
Moreover, unlike in the case of the normal covariance, the permeability fields for
exponential covariance have much rougher features. We wish to show the results
using the proposed algorithms in the context of exponential covariance are similar to
the previous results which used normal covariance.
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to a 2-D hyperplane.

We generate a KLE using exponential covariance with correlation lengths I; = 0.5
and I, = 0.1. We keep 105 terms and assume the permeability field is known at 5
distinct points. This reduces the dimension of our stochastic space to 100. We restrict
ourselves to the hypercube [—2.5,2.5]'% in stochastic space. We again consider a
61 < 61 fine grid and an 11 %< 11 coarse grid. Since our stochastic dimension is 100,
to evaluate the gradient of the target distribution in fine Langevin would require 100
fine-scale solutions for each proposal. This would be computationally impossible in
our setting. Similarly, in coarse Langevin, we require 100 coarse-scale solution for each
proposal. For this reason, we do not consider fine Langevin for the numerical results
in this section and we restrict ourselves to single-phase flow simulations. Additionally,
we consider only 15t order interpolation, since 2" order would require 20, 201 values.

In Figure 6.5, we compare the coarse-scale response surface with the interpo-
lated coarse-scale surface. As expected from our previous results, the interpolated
surface captures some of the important features of the coarse-scale surface while not
approximating it exactly.

In Figure 6.6 we compare the acceptance rate and CPU time for each algorithm.
As previously, the acceptance rate of interpolated Langevin is slightly lower than that
of coarse Langevin. We notice a large improvement in CPU time, clearly a result of
the need to run 100 solutions for each sample in coarse Langevin. Also, note the CPU
time contribution from generating the data values for interpolation is negligible in
comparison to the total CPU time, since it is the same cost as two samples in coarse
Langevin.

Next we plot the fractional flow errors and fractional flow comparisons for coarse
and interpolated Langevin in Figure 6.7. In the left plot the fractional flow errors
reduce at approximately the same rate, showing that both methods converge to the
steady state within about the same number of iterations. It is clear from this fig-
ure, that both the preconditioned and fine-scale Langevin have similar convergence
properties, i.e., they reach to the steady state within the same number of iterations.
The formal convergence diagnosis can be performed using multiple chains method
based convergence diagnosis ([23]). In this paper, our goal is to compare modified
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Fig. 6.6. Left: Acceptance rate comparison. Right: Natural log of CPU time (seconds) com-
parison. In each plot we use § = 0.05 and a% = 0.001.

Langevin algorithm with direct Langevin algorithm, and thus we restrict ourselves
to only showing errors vs. the number of iterations. We note that the convergence
diagnostics has nothing to do with the rate of convergence, which depends on the sec-
ond largest eigenvalue of the transition matrix of the Markov chain. For the complex
chains, calculation of these eigenvalues is not simple. In the right plot, we show the
fractional flows of the sampled realizations are very close to the reference fractional
flow. This is again because the error precision is taken to be small (62 = 0.001) in
the target distribution. In Figure 6.8, some permeability realizations sampled from
the posterior distribution are plotted. The upper left plot in Figure 6.8 represents
the reference permeability. The remaining plots are three different permeabilities that
were accepted using interpolated Langevin.

We note that the efficiency of the proposed approaches depends on the accuracy
of the interpolation. In particular, the proposed approaches become more effective
as the approximation of response surface is more accurate. Otherwise, the proposed
approaches may not give any CPU saving; however, they still provide a rigorous sam-
pling of the posterior distribution. For realistic cases considered in this paper, it is
difficult to obtain analytical convergence estimates. One can perform convergence
analysis for simplified cases in the limit of scale separation. This is currently under
investigation. One can improve the efficiency of the proposed approaches by per-
forming more accurate approximation of the response surfaces. For example, using
adaptive interpolation technique, one can achieve higher efficiency of the proposed
MCMC. This will be explored in future.

Note that one can use simple random walk samplers, instead of the Langevin
algorithm. We have observed in our numerical experiments that the acceptance rate
of the random walk sampler is several times smaller than that of Langevin algorithms.
This is not surprising because Langevin algorithms use the gradient information of
the target distribution and are problem adapted. One can also use single-phase flow
upscaling (as in [14]) in the preconditioning step as it is done in [20]. In general, we
have found the multiscale methods to be more accurate for coarse-scale simulations
and they can be further used for efficient and robust fine-scale simulations.
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Fig. 6.7. Left: The fractional flow errors for coarse Langevin compared with interpolated
Langevin. Right: The fractional flows of sampled realizations and the reference fractional flow. In
these numerical tests, § = 0.05, afc = 0.001.
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Fig. 6.8. Upper left plot is the reference permeability. The other three plots are examples of
accepted permeability realizations.

7. Conclusions. In this paper, we propose an efficient sampling technique for
uncertainty quantification in subsurface applications. The objective is to sample the
permeability field given coarse-scale data (e.g., production data). The main idea of
the proposed approach is to use a few realizations of the permeability field to con-
struct an approximate posterior distribution. Here, we use coarse-scale models based
on multiscale finite element type methods combined with sparse interpolation tech-
niques to approximate the posterior distribution. Using a pre-computed coarse-scale
response surface (posterior distribution), the gradients of posterior response surface
are computed. These computations are very inexpensive and rely on analytical dif-
ferentiation of polynomials. Further, we employ these gradients in making proposals
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for Metropolis-Hasting Markov chain Monte Carlo (MCMC) methods. In the pro-
posed sampling method, the proposal is screened using coarse-scale simulations and
we decide whether or not to run fine-scale simulations for this proposal. The overall
procedure is rigorous. Our numerical results show that the proposed algorithm is very
efficient and provides two orders of magnitude of CPU savings.
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