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Abstract

In this paper, we study oversampling techniques for multiscale simulation of two-
phase immiscible 
ow. Oversampling techniques are often used in porous media simu-
lations to achieve high accuracy. These methods reduce the e�ect of arti�cial boundary
conditions that are imposed in computing local quantities,such as upscaled permeabil-
ities or basis functions. In the problems without scale separation and strong non-local
e�ects, the oversampling region is taken to be the entire domain. The basis functions
are computed using single-phase 
ow solutions which are further used in two-phase
simulations. We compare two type of oversampling techniques. The �rst oversampling
approach uses the generic global boundary conditions that do not re
ect the actual

ow boundary conditions, while the second oversampling approach replaces one of the
global oversampling basis functions with the solution of single-phase 
ow equation.
Our numerical results show that the second approach is several times more accurate
for one of the commonly used boundary conditions. We providepartial theoretical
explanation for these numerical observations.

1 Introduction

The high degree of variability and multiscale nature of formation properties such as perme-
ability pose signi�cant challenges for subsurface 
ow modeling. Geological characterizations
that capture these e�ects are typically developed at scalesthat are too �ne for direct 
ow
simulation, so techniques are required to enable the solution of 
ow problems in practice.
Upscaling procedures have been commonly applied for this purpose and are e�ective in many
cases (see [27, 25, 17] for reviews and discussion). More recently, a number of multiscale
�nite element (e.g., [18, 10, 3, 1, 2, 16]) and �nite volume [21, 22] approaches have been
developed and successfully applied for problems of this type.

Our purpose in this paper is to compare multiscale �nite element method with di�erent
oversampling strategies. MsFEM is �rst introduced in [18].Its main idea is to incorporate

� Applied Mathematics, Caltech, Pasadena, CA 91125
yDepartment of Mathematics, Texas A&M University, College Station, TX 77843-3368
zDepartment of Mathematics, Colorado State University, Fort Collins, CO 80523-1874
xApplied Mathematics, Caltech, Pasadena, CA 91125

1



the small-scale information into �nite element basis functions and capture their e�ect on
the large scale via �nite element computations. Recently, anumber of multiscale numerical
methods, such as residual free bubbles [7, 26], variationalmultiscale method [20], multiscale
�nite element method (MsFEM) [18], two-scale �nite elementmethods [23], two-scale con-
servative subgrid approaches [3], and heterogeneous multiscale method (HMM) [15] have
been proposed. We remark that special basis functions in �nite element methods have been
used earlier in [5]. The generalized �nite element method has also been introduced in [4]
using special basis function. Multiscale �nite element methodology has been modi�ed and
successfully applied to two-phase 
ow simulations in [21, 22] and later in [10, 1]. Arbogast
([3]) used variational multiscale strategy and constructed a multiscale method for two-phase

ow simulations.

Most multiscale methods presented to date have applied local calculations for the de-
termination of basis functions (or, in the case of variational multiscale methods [3], sub-
grid integrals). Though e�ective in many cases, global e�ects can be important for some
problems. The importance of global information has been illustrated within the context of
upscaling procedures in recent investigations [9, 8]. These studies have shown that the use
of global information in the calculation of the upscaled parameters can signi�cantly improve
the accuracy of the resulting coarse model.

In this paper, our goal is to compare two type of oversamplingstrategies for multiscale
simulation of two-phase immiscible 
ow. The simulations are performed within the frame-
work of multiscale �nite element methods. Oversampling techniques are often used in porous
media simulations to achieve high accuracy. The main idea ofoversampling techniques is to
use solutions of the underlying single-phase 
ow equation in larger domains for computing
the basis functions. Oversampling techniques reduce the e�ect of arti�cial boundary condi-
tions that are often imposed in computing local quantities,such as upscaled permeabilities
or basis functions. In the problems without scale separation and strong non-local e�ects,
the oversampling region is taken to be the entire domain. Thebasis functions are computed
using single-phase 
ow solutions which are further used in two-phase simulations. We com-
pare two type of oversampling strategies. The �rst oversampling approach uses the generic
global boundary conditions that do not re
ect the actual 
ow boundary conditions, while
the second oversampling approach replaces one of the globaloversampling basis functions
with the solution of single-phase 
ow equation. Our numerical results show that the second
approach is several times more accurate for one of the commonly used boundary conditions.
We provide partial theoretical explanation for these numerical observations.

The paper is organized in the following way. In the next section we present 
ow based
oversampling approach. The numerical results are presented in section three. In the Ap-
pendix we present some theoretical results that explain thebetter performance of 
ow based
oversampling techniques.
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2 Flow based oversampling for multiscale �nite ele-
ment methods

We consider two-phase 
ow in a reservoir 
 under the assumption that the displacement
is dominated by viscous e�ects; i.e., we neglect the e�ects of gravity, compressibility, and
capillary pressure. Porosity will be considered to be constant. The two phases will be referred
to as water and oil, designated by subscriptsw and o, respectively. We write Darcy's law,
with all quantities dimensionless, for each phase as follows:

v j = �
krj (S)

� j
k � r p; (2.1)

wherev j is the phase velocity,k is the permeability tensor,krj is the relative permeability
to phasej (j = o; w), S is the water saturation (volume fraction),p is pressure and� j is the
viscosity of phasej (j = 0; w). In this work, a single set of relative permeability curvesis
used andk is assumed to be a diagonal tensor. Combining Darcy's law with a statement of
conservation of mass allows us to express the governing equations in terms of the so-called
pressure and saturation equations:

r � (� (S)k � r p) = q; (2.2)

@S
@t

+ v � r f (S) = 0 ; (2.3)

where � is the total mobility, f is the fractional 
ow of water, q is a source term andv is
the total velocity, which are respectively given by:

� (S) =
krw (S)

� w
+

kro(S)
� o

; f (S) =
krw (S)=� w

krw (S)=� w + kro (S)=� o
; (2.4)

v = vw + vo = � � (S)k � r p: (2.5)

The above descriptions are referred to as the �ne model of thetwo-phase 
ow problem.
Typical boundary conditions for (2.2) considered in this paper are �xed pressure at some
portions of the boundary and no-
ow on the rest of the boundary. For the saturation equation
(2.3), we imposeS = 1 on the in
ow boundaries. For simplicity, in further analysis we will
assumeq = 0.

The upscaling of two-phase 
ow systems is discussed by many authors [11, 6, 14]. In most
upscaling procedures, the coarse-scale pressure equationis of the same form as the �ne-scale
equation (2.2), but with an equivalent grid block permeability tensor k � replacing k. For a
given coarse-scale grid block, the tensork � is generally computed through the solution of the
pressure equation over the local �ne-scale region corresponding to the particular coarse block
[13]. Coarse-gridk � computed in this manner has been shown to provide accurate solutions to
the coarse-grid pressure equation. As we mentioned in Introduction, for channelized porous
media, the global information can be used in calculation of e�ective coarse-grid permeability
[9], but these upscaling approaches are not exact at the initial time.
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Figure 1: Schematic of nodal points and grid.

2.1 Basic multiscale �nite volume element procedure

The description and notation used here follow closely that of [16]. The basic problem is
de�ned as follows (see Fig. 1). An underlying �ne scale permeability description is speci�ed.
This description is considered to be too detailed for directsimulation of the pressure equation
(2.2). We denote byKh the set of coarse elements (rectangles in this case)K . The quantity
� K indicates the center of coarse elementK . Element K is divided into four rectangles of
equal area by connecting� K to the midpoints of the element edges. These quadrilateralsare
denoted byK � , where� 2 Zh(K ), are the vertices ofK . We designateZh =

S
K Zh(K ) and

Z 0
h � Zh the vertices which do not lie on the Dirichlet boundary of 
. The control volume

V � is de�ned as the union of the quadrilateralsK � sharing the vertex� . The grid comprised
of elementsK (solid squares in Fig. 1) is sometimes referred to as the primal grid and the
grid de�ned by V � (dashed square in Fig. 1) as the dual grid. In our procedure wecompute
pressure at the vertices of the primal grid. This di�ers fromthe approach of [21, 22] in which
pressure is computed at the centroids of the primal grid blocks. This also leads to a di�erent
treatment of global boundary conditions.

The goal of the MsFVEM is to determine coarse scale basis functions that incorporate the
�ne scale information in the underlying permeability description. The technique applied here
follows the multiscale �nite element method of [18], as the basis functions are determined
from the solution of the leading order homogeneous ellipticequation on each coarse element.
For a coarse rectangular elementK , the basis functions� i ; i = 1; 2; 3; 4, are computed via
solution of:

r � (k � r � i ) = 0 in K

� i = gi on @K;
(2.6)
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for prescribed boundary functiongi . Equation (2.6) must be solved four times for the de-
termination of the four � i . The basis function associated with the vertexx i is constructed
from the union of the basis functions that share thisx i and are zero elsewhere. Note that
� i must satisfy � i (x j ) = � ij .

Hou et al. [18] showed that the accuracy of the resulting coarse model is impacted by the
treatment of boundary e�ects in (2.6). Enhanced accuracy can be achieved by solving local
one-dimensional problems [21] for the determination ofgi or, as is considered here, by solving
(2.6) in a domain that includes more than just the �ne scale cells corresponding to the coarse
block K (this approach is referred to as oversampling). The speci�cboundary conditions
that are used in this paper for the determination of the basisfunctions will be discussed in
detail below. A vertex-centered �nite volume procedure is used to solve (2.6). The interface
permeabilities, as required for this solution, are computed via a harmonic average of the
appropriate component of permeability in the neighboring cells.

As discussed in [16], once the basis functions are constructed we determineph 2 V h,
where V h is the space of the approximate pressure solution, withph =

P
x j 2 Z 0

h
pj � j , by

enforcing
Z

@V�

�
� (S)k � r ph

�
� n dl =

Z

V�

qdx; (2.7)

for every control volumeV � � 
. Here n de�nes the normal vector on the boundary of the
control volume @V� and S is the �ne scale saturation. Note that the integral in (2.7) is
performed over a coarse cell in the dual grid (V � ) and the �nite element test function is
unity. For this reason, the technique is referred to as a �nite volume element method. In
this way the method di�ers from multiscale �nite element procedures (e.g., [18]).

2.2 Flow based oversampling

Next, we describe oversampling technique. The procedure isas follows. Denote a target
coarse block byK and an extended coarse region byK 0 (see Fig. 2). ForK 0 with vertices
y i (i = 1; 2; 3; 4), we denote by i (x) a nodal basis onK 0, such that  i (y j ) = � ij . These
nodal basis functions i (i = 1; 2; 3; 4) are constructed by solving (2.6) in the regionK 0 (see
Fig. 2) with linear boundary conditions. Once the auxiliaryfunctions  i are constructed,
we compute the basis functions� i as a linear combination of i (as is done in oversampling
for MsFEM [18]) as follows:

� i (x) =
4X

j =1

cij  j (x); (2.8)

where x j are the nodes of the target coarse blockK and cij are coe�cients determined by
imposing � i (x j ) = � ij . Using these nonconforming basis functions, the global problem is
solved using (2.7). We note that the obtained method is nonconforming.

In our simulations, we will be interested in taking the oversampled domain to be the
entire region, i.e.,K 0 = 
. We refer to the standard oversampling technique when generic
oversampled basis functions are used for constructing the local basis functions. These are the
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Figure 2: Schematic description of coarse block and extended coarse block regions.

functions de�ned as above with piecewise linear boundary conditions, i.e., bilinear functions
over the entire region.

In this work, we propose the use of 
ow based oversampling auxiliary functions for the
construction of basis functions. This method di�ers from the standard oversampling method.
In the 
ow based oversampling method, we replace some of the standard oversampling ba-
sis functions by the ones corresponding to the actual boundary conditions. Note that the
boundary conditions can be non-smooth functions. Typical situation occurs when the 
ow
is corner to corner, where the boundary condition is no longer smooth. In 
ow based over-
sampling technique, �rst basis function is taken to be the solution corresponding to actual
boundary conditions.

3 Numerical results

In this section, we present representative simulation results for 
ux functions f (S) with
viscosity ratio � o=� w = 5. We have tested higher viscosity ratios and observed verysimilar
results. In all cases the systems are considered to be one of the layers of the benchmark
test, the SPE comparative project [12] (upper Ness layers).These permeability �elds are
highly heterogeneous, channelized, and di�cult to upscale. In Figure 3 we depict the log-
permeability for one of the layers. Simulation results are presented for the saturation �elds
as well as total 
ow rate and the oil cut as a function of pore volume injected (PVI). Note
that the oil cut is also referred to as the fractional 
ow of oil. The oil cut (or fractional 
ow)
is de�ned as the fraction of oil in the produced 
uid and is given by qo=qt , whereqt = qo + qw ,
with qo and qw being the 
ow rates of oil and water at the production edge of the model.
In particular, qw =

R
@
 out f (S)v � nd! , qt =

R
@
 out v � nd! , and qo = qt � qw , where@
 out is
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Figure 3: Log-permeability for one of the layers of upper Ness

the outer 
ow boundary. We will use the notation Q for total 
ow qt and F for fractional

ow qo=qt in numerical results. Pore volume injected, de�ned asP V I = 1

Vp

Rt
0 qt (� )d� ,

with Vp being the total pore volume of the system, provides the dimensionless time for
the displacement. When using multiscale �nite element methods for two-phase 
ow, one
can update the basis functions near the sharp fronts. Indeed, sharp fronts modify the local
heterogeneities and this can be taken into account by re-solving the local equations, (2.6), for
basis functions. If the saturation is smooth in the coarse block, it can be approximated by its
average in (2.6), and consequently, the basis functions arenot needed to be updated. It can
be shown that this approximation yields �rst-order errors (in terms of coarse mesh size). In
our simulations, we have found only a slight improvement if the basis functions are updated,
thus the numerical results for the modi�ed MsFVEM presentedin this paper do not include
the basis function update near the sharp fronts. In all numerical examples, related to the
SPE comparative solution project, the �ne-scale �eld is 220� 60, while the coarse-scale �eld
is 22� 6. We have observed similar results for other coarse grids. The boundary condition
is obtained by specifyingp = 1, S = 1 along the x = 0 edge for 0:1 � z � 1 and p = 0 along
the x = 1 edge for 0� z � 0:9. On the rest of the boundaries, we assume no 
ow boundary
condition.

In our �rst numerical result (see Figure 4), we present the fractional 
ow ( F = qo=qt ,
left �gure) and the total 
ow ( Q = qt , right �gure). The solid line designates the �ne-scale
reference solution, while dashed line designates the standard oversampling method where
generic global single-phase 
ow solutions are used, and dotted line designates the 
ow-based
oversampling method. We observe from this �gure that the 
owbased oversampling method
is more accurate. This is more evident from the total 
ow plot. In the next Figure, Figure
5, we compare the saturation errors (L2 errors) at di�erent times. In particular, P V I =
0:1; 0:2; :::; 1:0 time instants are chosen. We observe that the errors in saturation �elds for

ow based oversampling techniques 2-3 times smaller compared to standard oversampling
method. In Figure 6, the saturation �elds at these time instants are depicted. One can
observe that the saturation �eld corresponding to standardoversampling method are not
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Figure 4: Fractional 
ow (left �gure) and total production ( right �gure) comparison for
standard oversampling and 
ow based oversampling techniques

very accurate. This is more evident in the regions close to upper right corner.
In our next numerical example, we choose another layer of 3-Dpermeability �eld (layer

53). We perform numerical tests with two type of boundary conditions. In the �rst boundary
conditions, we take only one coarse layer where we impose pressure boundary conditions.
More precisely, we specifyp = 1, S = 1 along the x = 0 edge for 0:1 � z � 1 and p = 0
along the x = 1 edge for 0 � z � 0:9. On the rest of the boundaries, we assume no 
ow
boundary condition. In the second boundary conditions, we take only two coarse layers
where we impose pressure boundary conditions. More precisely, we specifyp = 1, S = 1
along the x = 0 edge for 0:2 � z � 1 and p = 0 along the x = 1 edge for 0 � z � 0:8.
On the rest of the boundaries, we assume no 
ow boundary condition. In Figure 7, the L2

errors for the saturation at di�erent time instants are plotted. The left �gure is for the �rst
type of boundary conditions and the right �gure for the second type of boundary conditions.
We observe that in both cases, the 
ow based oversampling method provides several times
improvement in the saturation errors. In Figure 8 and 9, the saturation plots are depicted
for �rst and second type of boundary conditions.
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A Analysis

Consider the 
ow equations for two-phase 
ow

div( � (S)k(x)r p) = 0 ; pj � 1 = g; @p
@nj � 2 = h; (A.1)
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Figure 5: Saturation errors at di�erent P V Is.

whereg and h may be discontinuous along the boundaries �1, � 2. Let Q be the solution for
single phase 
ow equation,

div(k(x)r Q) = 0 ; Qj � 1 = g; @Q
@nj � 2 = h: (A.2)

By using equation (A.1), we can derive the equation forp:

div(k(x)r p) =
1

� (S)
div( � (S)k(x)r p) �

1
� (S)2

� (S)k(x)r p � � 0(S)r (S) =

�
� 0(S)
� (S)2

v � r (S) =
1

f 0(S)

�
1

� (S)

�

t

pj � 1 = g;
@p
@n

j � 2 = h:

(A.3)

Let w = p � Q, and by subtracting equations (1) and (2) we get

div(k(x)r w) = 1
f 0(S)

�
1

� (S)

�

t
wj � 1 = 0; @w

@nj � 2 = 0:
(A.4)

This shows the di�erence betweenp and Q satis�es the elliptic equation with nonzero source
and homogeneous boundary condition. Therefore, if1f 0(S) (

1
� (S) )t has certain regularity,w can

be approximate by generic solutions very well. Thus,p = Q+ w, wherew can be represented
using two linearly independent solutions as it was shown in [24].
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Fine-scale solution MsFVM with oversampling MsFVM with flow based
        oversampling

Figure 6: Saturation maps at PVI=0.1{0.9 for �ne-scale solution (left �gure), standard
MsFVEM-os (middle �gure), and 
ow-based MsFVEM-os (right � gure). Corner-to-corner
boundary condition is used. Layer 61.
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Figure 7: Saturation errors. Layer 53.
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