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B-SPLINES (UNIFORM)

Through repeated integration

Lo [1ifo<x<1
B (x) '_{ 0 otherwise

I i
Bm(x) :/ Bm—l (x_ I) dr /\
0

ST T T T T T
4 3 2 - 0 2 3 4
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B-SPLINES

Obvious properties
m piecewise polynomial:

VieN:B"(x) ;s €0 1,B" € C"A(R)
® unit integral: /RBm(x)dx: 1
M non-negative: B™(x)>0,xeR
m partition of unity: ZBm(x—i) =1
M support: B"(x) I750,xe 0, m]
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B-SPLINES
Repeated convolution — —
m box function ’ “T{ 0 xg0.1)
B(x) = /B](I)Bl(x—r)dt

= él®B](x)

B™(x) =B' @ B" 1 (x) I/\
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CONVOLUTION

Reminder
m definition:
g®h(x):/g(r)h(x—r)dt
m translation:
g(.—)@h(.—j)(x) =g®h(x—i—j)
m dilation:

8(2) ©h(2)(x) = 38 h(2x)
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REFINABILITY I

B-Spline refinement equation

m a B-spline can be written as a linear
combination of dilates and

translates of itself
m example _A
m linear B-spline .

m and all others... /2 /2
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REFINABILITY I1I

Refinement equation for B-splines
m take advantage of box refinement

B'(x) = B'(2x) + B! (2x— 1)

B"(x) = @B'()

i=1

— é)Bl(Zx)JrB'(Zx—])
i=1
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REFINABILITY

B"(x) = é(Bl(h)+Bl(2x—l))

i=1

) (’?)(31(2.))@@(31(2-—1))®m—f(x)

i=0 \'!

2—m+l il“ (ﬂl) Bm(Zx )
= . —1
i=0 \'!

= i s;B™(2x — i) S(z) =2 (ﬂ)m

i=0 2
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B-SPLINE REFINEMENT

Examples
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SPLINE CURVES 1

Sum of B-splines
m curve as linear combination

2 e e T e e e e )

CS175 2005

10




SPLINE CURVES I1I

Refine each B-spline in sum
m example: linear B-spline
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SPLINE CURVES III

Refinement for curves
m refine each B-spline in sum

V1) = prB(f —i)

= ZP: Zka (t—i)—k))

= ZB 2t — i)Y si—okpk)
refined ;l K refinement
bases of control points
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REFINEMENT OF CURVES

Linear operation on control points
m succinctly

Y(r) = Y piB(c —i) Y(r) = Bt)p
B(r) = ;SkB(ZI —k) B(t) = B(21)S

Y(t) = B(1)p = B(2t)Sp
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REFINEMENT OF CURVES

Bases and control points

B(t) = B(21)S p!=spY

— —

| LDESL
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SUBDIVISION OPERATOR

Example
m cubic splines B(r) = B(%)S

O MMMMO
A 1 0 0 0 A
A 4 0 0 0 A
A 6 0 0 A
A 4 0 0 A
A1 10 A - -

S:%/\ 0 4 0 A
A O 6 1 A
A 0 0 4 4 A
A 0OO0O 4A __
A 0 0 0 1 A
O MMMMO
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SUBDIVISION

Apply subdivision to control points

m draw successive control polygons
rather than curve itself

P/ (1)

PW prH=sp/
11ﬂ+2

W
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SUMMARY SO FAR

Splines through refinement
m B-splines satisfy refinement eq.

m basis refinement corresponds to
control point refinement

m instead of drawing curve, draw
control polygon

m subdivision is refinement of control
polygon
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ANALYSIS

Setup
m polygon mapped to polygon
p=pl] — pH =/
m finite or (bi-)infinite, pJ € RY
m subdivision operator (linear for now)

| R ‘
prHt=sp/ plT =Y siipp
k
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SUBDIVISION SCHEMES

Some properties
m affine invariance

m compact support

m index invariance (topologic
symmetry)

m local definition
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SUBDIVISION OPERATOR

Properties
m compact support
Jlo,ly € Nt Vk:sip=0,i ¢ [2k— 1o, 2k +11]
m affine invariance
o .
aprr +b= Zs,;’k(api +D)

k
m index invariance/symmetry
Sik = Si+2,k+1  S2k—1,k = S2k+1,k
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SUBDIVISION OPERATOR

m local definition: weights depend
only on local neighborhood

LN
plT =Y siiokp;
k

Terms
m stationary: level independence

m uniform: location independence
m no boundaries (for now)

CS175 2005 ”

GENERATING FUNCTIONS

Pl =Yr o= ¥ abj C)=A@BE)
i i+j=k

Subdivision operator as convolution
Sik =Si—2k <~ S2i+k,i= Sk

Sieki=sk  1P(2)=P/(P)

PItY(z) = S(z)P/ ()
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EXAMPLES

Splines
mlinear: 1/2+z+1/222 =1/2(1+2)?
PG = (52) (4P
m quadratic:

2
PG = (5F) @+aP()

m higher order...
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EXAMPLES

Quadratic splines
m Chaikin’s algorithm computes new
points with weights 1/4(1, 3) and
1/4@3, 1)
m what happens if we change the
weights?
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CONVERGENCE

How much leeway do we have?
m design of other subdivision rules
m example: 4pt scheme
m establish convergence

m establish order of continuity

CS175 2005 ’s

ANALYSIS

Simple facts

m affine invariance necessary
condition for uniform convergence

S(1)=2 S(-1)=0

supp s C [~M,M]

lim p] = £(0)

JF—)DO

ke [-M,M|

i+ 1
Py

);So—zkpi

j+1 j
pi = Y si_up]
k
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ANALYSIS

Convergence
m define linear interpolant over given
control points and associated
parametric values (knot vector)
L, p)() LI, p!)(t]) = p]
m typically +/ =27z
m define pointwise lim L[/, p/](t) = (1)

J—?OO
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ANALYSIS
Convergence
min max/sup norm  [[v]le = sup;|v;|
A o0
Al = sup 0 = sup Y
i
Theorem

mif 3P>0Aae(0,1)Vj>0:Ap/ Jleo < Bt/
then convergence of lim L[rf,pl]( t)is
uniform
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UNIFORM CONVERGENCE

Proof linear spline subdivision operator
Lt p () = L, p/)(e) = LI+ (S = $1)p7) (1)
S—S;=AA  Az)=(1—-2)
LT AAPY ) (1) [|oo < || Ao [|AP![|o0 < B!
L, ) (e)+ Y (Lt pr T () — L, pY) (1))
j>0
1£(6) =Lt p7)(t) |0 < [|Al 1 Ea

CS175 2005
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DIFFERENCE DECAY

Sufficient condition
m continuous limit if [|Ap/ ||« < Ba’

m analysis by examining associated
difference scheme

Ap/T = DAp/
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EXAMPLE

Cubic B-splines

lstencilst ; ;
Py = 1/8(4p; +4piyy)
o . S
py = 1/8(pl_ +6p] +p])

©) ©) ©)

O O O
1/8K/ ARSI
o @@ O e O
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EXAMPLE

Cubic B-splines
m differences .

apy = P ph
= 1/8(3Ap! +Ap! )
@) @) @) @) @) @)
1/8 \3/ 1/8 L3
Q@ O Q@ O [ J @) [ J @)
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DIFFERENCE DECAY

Analysis of difference scheme

m construction from the subdivision
scheme itself

ASp’ = DAp’
~ (1-2)P*(2) = D(z)(1-2)P/ ()
~ (1-2)S(2)P/ (%) = D(z)(1 — 2} P! (2?)
~ S(z) =D(z)(1+72)
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HIGHER ORDERS

Smoothness
m how to show C*?
m divided differences must converge

m check difference of divided
differences

m example
m 4pt scheme
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SMOOTHNESS

Consequences
S(z) € C® = 2751 +2)¥S(z) € C*

m 4pt scheme: decay estimate
S@) = 1/16(— > +4z7> =7 (1+2)*
= 1/16(—z 349z ' +16+9:— )
DD(z) = 1/8(—z > +4z 2~z ') (1+2)
|DD|je =1 | |DD?||o = 3/4

CS175 2005 3

EXAMPLE

4pt scheme
m differences of divided differences

O O O
" \ / A
O Q O Q O

DDl = 1
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ANALYSIS

Fundamental solution
m gives basis functions

Ll pl)(1) = Y pILl ]

lim L[t/,87¢f)(t) = 0(¢ —i)
J—roo

VJ = span{0) () := 0(2/1 — i)|i € Z}
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FUNDAMENTAL SOLUTION

Properties
m refinement relation (why?)

o) =X si0(2x—1)
m support? non-zero coefficients:

1 1 k k
P—ly---P1y, ™7 P2k 1) - Pryak 1y

.k _ .0 0o .0
kh_,n:ot—tg(%—l) =12+ | supp O C [1Z; 0]
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So FAR, S0 GooDp 1

What do we know now?
m regular setting
W approximating
m B-splines
m interpolating
m 4pt scheme (Deslaurier-Dubuc)
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So FAR, So GooDp II

What do we know now?
m differences
m continuity
m differentiability
m not quite general enough

m current setting assumes a particular
parameterization
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MORE GENERAL SETTINGS

Non-uniform
m in spline case better curves
m subdivision weights will vary

m knot insertion
m interpolation

o O o o
O O O O O O

O 0O 0 O0O— —IJ@Q -~ OO0

1]
OO0 o o0OoO0OoO0Om®maon oo

o o
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bpT SCHEME 1

Where do the weights come from?
m example of Deslaurier-Dubuc

m given set of samples use
interpolating polynomial to refine

sample here

Interpolating polynomial
for 4 successive samples

i-1 i i+1  i+2
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bpT SCHEME 11

Weight computation
m grind out interpolating polynomial
m resulting weights: 1/16(-1, 9, 9, -1)
m Deslaurier-Dubuc
m generalization of same idea
m higher orders yield higher continuity

m tends to exhibit “ringing” (as is to be
expected...)

CS175 2005 0

DESLAURIER-DUBUC

Local polynomial reproduction
m choose s, accordingly (d =1 for 4pt)

! Lo 5y I
tq g+l - a4 S_a+1 | 1/2
2d+1 2441 2d+] . 2d+1
Za Zavr o latd Sd+1 (1/2)

m non-uniform possible, increasing
smoothness, approximation power,
limit for increasing d is sync fn.
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IRREGULAR ANALYSIS

New tools
m generating functions not applicable

m instead: spectral analysis (why?)

m for irregular spacing only one
parameter: ratio of spacing

On to spectral analysis
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ANALYSIS

We need a different approach
m the subdivision matrix

m a finite submatrix representative of
overall subdivision operation

m based on invariant neighborhoods

m structure of this matrix key to
understanding subdivision
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EXAMPLE

Cubic B-spline
m 5 control points for 1 segment on
either side of the origin

P—+2| 16100 P2
p | o4400 o
J+HL = Z J
' sloreoo po
o 00440 pl
b 00161 }
P P>
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NEIGHBORHOODS

Which points influence a region?
m for analysis around a point

\/ % %A ] \/
NI T

O...x.J.x.J...O

-1 1
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SUBDIVISION MATRIX

Invariant neighborhood
m which ¢(i-t) overlap the origin?
m tells smoothness story

“19 9 <10 0 0

O 0 1 0 0 0 0

o 0 -1 9 9 -1 0 0
S=—] o o o 1 0 0 0
16 0 0 -1 9 9 —1 0

O 0 0 0 1 0 0

0 0 0 -1 9 9 —1)

CS175 2005
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EIGEN ANALYSIS

What happens in the limit?
m behavior in neighborhood of point
m apply Sinfinitely many times...
m suppose S has complete set of EVs

n—1

in invariant _

= E a;x;

neighborhood p =0 i n—1
t:

Sp = Z lga;x,_-
=0

1

CS175 2005 5




SUBDIVISION MATRIX

Properties

m eigen vectors of non-zero eigen
values identical

AA£0,Sy=2Ay = Ix: Sx=AxAx=y
m proof by extension of y

m if defective, use generalized eigen
vectors and values
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SUBDIVISION MATRIX

Eigen vectors and eigen functions

- _ | ol > M= A2 = A
Sx; = NiX;
l=—lp+1y,i=0,...,1
‘( 0 0 ; 0
p=Y ciki~ F[t°,p°)(1) =) ciF [t”,x})(1)
i=0 i=0

>
o
o
<
o]
o
o

te (1)
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SCALING RELATION

Eigen functions scale

Sx=h = AF[O.x](1) =F[1°,x](t/2)
AF [V x|(1) = FV @) = F[e%,8x](r)

/ = lim L[/, 8/ (Sx))(¢)
in neighborhood j_)oo

= lim L2 /T 7T (r)

J—oo

— F¥x](/2)
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SMOOTHNESS (AT ORIGIN)

Lemma for functions which scale
Ag(t) = g(t/2)

g(?)

I max t <oc/\7\.<2_k:>lim—:0
t€(1/2,1]|g( ) A 1—0 tk

I A=1Ag()ec®(0,1]) = gt)=c

I g(d)#0,d#0A A >1 = limg(t) = oo
t—0
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NECESSARY CONDITIONS

Continuity at eigen functions

Sx=Ax AN >27F

Flt,x](1)eCF = 30<i<k:

A=2""AFt,x](t) =cit' ¢; #0
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NECESSARY CONDITIONS

Spectrum
m must be 27'for 0 <i <kand
corresponding eigen functions
must be monomials
m generalized eigen vectors?

m A, must be simple Sx0 =X
}Ll = 1 Sxy :7L|X| + X

MF[t,x1](1) + F[t,x0](t) = Flt,x1](¢/2)
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SUFFICIENT CONDITIONS

Check at origin

m eigen functions for IAl < 2*must be
checked

Sx=1hx A A <27F

Flt,x](t) € C*((0,1]) = Flt,x](¢) € C*([0,1])
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SUBDIVISION OPERATOR

Spectrum
m necessary conditions
m for Ckmust have A,=2" for i<k
m eigen functions are polynomials
m generally not enough

m 4pt scheme has 1,1/2,1/4,1/4,1/8,-1/16,
-1/16

m approximation properties
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CONVERGENCE

Limit position
m let j go to infinity
pl = kéa0x0+l{a1x] +...
mif A,=1and |A /<1, i=1,...,n-1
Py = do
m example: cubic B-spline
ag=1/6(p]_, +4p! +pl.)

= o]

Pi
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GEOMETRIC BEHAVIOR

Move limit point to origin
m look at higher order behavior

pl = léaoxo—i—l{alx] +...

A2l A=t < A

Pj/k“lf = ayx;+ (/M) apxy + ...

tangent vector
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MORE GENERAL SETTINGS

Subtleties
m generalized eigen values

m more subtle smoothness analysis
m non-uniform subdivision

m completely irregular subdivision
m boundaries

m formule de commutation
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A NOTE

Size of subdivision matrix
m for need enough support
to parameterize a finite
neighborhood of the origin

m for evaluation need only enough
support to zoom in on origin

W e.g., cubic spline needs
respectively 3 control points
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AFFINE INVARIANCE

Sanity condition
m also necessary for convergence

displacement t

pij+1 = Zk Sk-2iPk

p/t+t= D i Sk-2i(Pk +1)
=p (zkzskzr? )

=1
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EIGEN ANALYSIS

Summary

m invariant neighborhood to
understand behavior around point

m Eigen decomposition of subdivision
matrix helpful

m limit point: a,, tangent: a,

General setting more complicated...
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