INTRODUCTION TO
POLYNOMIAL CURVES
PART I1

Peter Schroder
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POLAR FORMS

Blossom

m For every polynomial F(u) of degree
n there exists a unique symmetric
multiaffine map f(u,...,u,) for
which F(u)=f(u,...,u). This map is
called the polar form. F(u) is called
its diagonal and fis called the
blossom of F.

CS175 2005

Page 1




EXAMPLE

Cubic case

F(u) = ag + ayu + asu? + azu

f(uy,up,uz) = a0 +
gl(m + uz +ugz) +
%(ulug + uousz + uzuy) +
az3u1uUIU3
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POLAR FORM
Correspondence
F(u) = z”: ait f(uq, ... un) = > (L,‘_(?)_l S ] uj
i=0 i=0 S%ﬁ;;:} jES
Differentiation

m differencing

m well defined, i.e., independent of u,,

®m linearin-t
CS175 2005
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POLAR FORM

Differentiation
FO@) = L e

dud

da—1 n—1
= (Al (@)

dud—1

dq—l n—1
= nAl[l] Tud—1

= " Aps@Ew
(n— )l

B F(‘?)(O) B
=— —

Qg

(;)anaso"
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POLAR FORM

Differentiation

m let f be a polar form and o< p<n,
and u € R (fixed) then the

following are equivalent
Vg=0,....,p: A1) f(u" 9 =0
Vui,...,op €ER: f(u""P vy, ..., vp) =0

Proof 7(...,uw)=f(..,v)= A —u]f(...)
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CONTINUITY

Two polynomials

m let F and G be two polynomials of
degree n and let u be a point on
the real line. Then Fand G are Cd
continuous at u iff

f(un_q?ula e ','UQ) - g(un_qaula s EUQ)

Ul,...,UQER
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BEZIER SEGMENTS

Continuity conditions

f(000) f(001) f(011) f(111),L g(000) g(001) g(011) g(111)

c0 ~ f(111) = g(000)

fluul) — f(uu0) ~ f(111) — f(110)
g(uul) — g(uu0) ~ g(001) — ¢(000)

A[1]f (uu)
Al1]g(uu)

Ct~ f(111) = g(000) = 1/2(g(001)+(110))
A[11]f(u) f(ull) — 2f(ul10) + f(u00)
A11]g(u) g(ull) — 2g(ul0) + g(u00)

€2~ f(111) = g(000) = 1/4(g(011)— f(001))
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BEZIER POINTS

Finding control points
m the Bezier control points of F with
respect to [s,t] are

b= f(s" ) i=0,....n u=- s+

Proof
P =5 = (

t—u U —

n—1
t_ﬁ)f(su )-l—(
= ...=> B.:ﬁ’n(u)f(s”_iti)

i=0

?) 1)

t—s
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DE CASTELJAU ALG.

Evaluate Bezier form

b3 b9 b9 b9

b(u)=b; i=0....,n NN
t—u u—3 bé /b{/b%
biﬁ(u) = (t——%) bi_l(u) + (t — s) bi—_l-ll (w) \b‘z b2
0 "1
v/
m very stable &

m convex combinations only
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DE CASTELJAU

Properties
m segment splitting, derivatives

(sst) f(stt)

D2 reay 6/ (tt) = 2f (stu) + f(ssu)

(t—s)?

DF(u) =3

f(tuu) — f(suu)
t

— 8
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MULTIPLE SEGMENTS

How to stick them together?
m can match first derivative easily

m second derivative?

f(111) = 9(000) = 1/2(g(001) — f(110))

f(111) = ¢(000) = 1/4(g(011) > f(001))

CS175 2005 .
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MODELING

Bezier curves

m requires to keep track of continuity
conditions explicitly... Possible, but
very messy

m better: use basis which has
continuity conditions built in!

B-Splines
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B-SPLINES

Basic idea
m share arguments of control points
u € [0,1]
f(=2—-10) f(—-101) f(012) f(123)
f(=10u) f(01u) f(12u)
f(Ouu) f(luu)
f(uuw)

CS175 2005 14

Page 7




ARGUMENT “BAGS”

Knotvector
m definition

T = (t;)icz ti <titn+1

m non-decreasing sequence, can
have multiple entries (multiplicity)

M curve:
c(u) = N/'(u)d;
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KNOT VECTOR

Example

m Bezier segments
000111
(000) (001) (011) (111)

m B-splines segments
-2 -1 01 2 3
(-2 —-10) (-101) (012) (123)

m 2n knots yield n+1 control points
m moving window of size n (why?)

CS175 2005 1

Page 8




CONTINUITY

Simple knots example
m n=3 just drawing arguments

G Sl sy W a9 () 60F (o)

(qrv) .'"-,_(rsvl) (stv) .."._-(rsvi) (stv) (txv)
(rv,v,) ."'-.gsvlvz)'.-". ."‘-.‘(SV1V2),~":. (tv,v,)
e . \ evaluation at sj R '
(vlv2v3) (vlvzvg)

m C2 at s: cubic B-splines are C?
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CONTINUITY

Doubling a knot
m lose one order of continuity

(Pa)  (@rs) - (rs9) (ss) & < (rs9) (st & (5t (txy)
(qrv1) (rsv1) (SSVI) (SSVi) (Stv1) (tXVl)
(rvyv,)  (sv,v) (sv,v,)  (tv,v)

\ evaluation at sj
(v,v,v,) (v,v,v,)

m now only C*
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B-SPLINES

Terms

m degree: highest exponent in
polynomial

m order: 1+degree

m multiplicity of a knot: how many
times repeated

m continuity: C"™ with multiplicty m
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B-SPLINES

Definition
MW recursive
NP(u) = { Lt Su<tipg

0 else

w— ts g t: —u —
N;-r'('n.) = 713\'5 l("-‘-)"‘LN;-i-}(u)
titr — ti biti+1 = it

m support
Niuw) =0 ¢ [titiyi41)
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B-SPLINE DEFINITION

Basis functions
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DE BOOR ALGORITHM

Recursion
m recursive definition of the basis is
reflected in recursive structure on
control points

d-zo('“») =d; i=j—n,...,J

t; —Uu g u —t; _
di(u) = —Fntl = 7 gl 1(u)+—"'4""di+ll(u)
titn+1 — titi tidn41 — tigi
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EVALUATION

tji—2 tj-1 b L1 ti42 43

0 — 0
dj—B = (tj—2tj—ltj) dj

o= (tj-1tjtj41)

dY_y = (tjtjyatj+2) d9 = (tjpatj4otjts)
t: — U w—t;
dt . = ﬁlido_ + 73_2(1_0_
T it 7T =t
t; — U w—ti_
d* , = it+2 d°_ + 7"11’1.0_
T2 tpa—ti 7T g~ 0T
t; —Uu w—t;
b, o= IE3 40 4 T 40
e T
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EVALUATION
Cubic spline
m two successive segments
(pan  (qrs)  (rst) (stx) (@rs) (st (stx) (txy)
(rv)  (sv)  (stv) (rsv)  (stv)  (txv)
(rvy,)  (sv,v) (sv,v,)  (tv,v)
(v,v,v,) (v,v,v,)
CS175 2005 "
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B-SPLINES

de Boor Algorithm

< ...<ry<s1<...<sp

{ {
dj(u) = f(ry,..., Trp—l—js W81, 85)
Si41—U
— J+1 . . =1 :
= - - f(!l,.,."r,,_;_j+1.'f.t .Ji]_..,..bj)-l—
Sjd1 — Tn—l—j+1
U= Tp—|—j+1

Sj41 — Tn—l—j+1
U

. -1
j("'l ..... :r’n_;_j._'u, ,.‘>‘1.,...,‘~;J'+l)

— Sj41 — U d!_—l " U= Tp—]—j5+1 d'ﬂ-_l u
Sj41— Tn—l—j41 * () + Sj41 — Tn—l—j+1 i+ ()
CS175 2005 ’s
B-SPLINES
Knot insertion
m create new degree of freedom
along curve
tj S t S tj_|_]_ (f: - ﬂ'?’.df + (]_ - a-i)d'f.—l
1 1< j—n
o; = %i—;‘_z,—? j—n4+1<i<j
0 j+1<i
CS175 2005 ”
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KNOT INSERTION

Example
m cubic spline: new knot v € [tj.tj+1]

ti-2 ti-1 4 tiyr G2 ti4s

(tj—2tj—1t) (Gj-atjtjr1) (Eitj4atj42) (G4atjpotivs)

(tj—atj—1t;) (tj—1tju) (tjutjy1) (utjpitjyo) (Fj4atj4otijys)
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KNOT DOUBLING

Example
W increasing multiplicity: u = ¢4 1

tji—2 tj-1 tj tip1 tj42 tj43 tjta

;ﬂi:yQij%iimmﬁiﬁﬁﬁf

(tj—atj1t}) (h-xﬂb+1)|0;b+1b+1) Uj+15+1H4Q)I(G+1H+25+3) (tj4oti13t;4a)
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OTHER PROPERTIES

Integrals and derivatives
m derivatives as differences !
enling. Lo 1BI71(t) _.-fB;i_ll(t)
.I B-spline: DB_,,(t)—tHj_l_tj_l v
W integrals
m Bernstein basis:
I+1

T 1 141
Bl(t)dt = —— B. T
| Bl FE ARG

/.1 T 1 T
> bBl(z)de = ——— > b;
10 [ 2H ! ”+1j=0 .
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DEGREE ELEVATION

Re-express as higher order curve

m by uniqueness
1 n+1

1 ?:;0 g} j£4)
m example: quadratic to cubic
F2(urun) = ag + a1/2(u1 + u2) + asuius
F2(uiusuz) = ag+ay/3(uy + us + us) +
as/3(uius + ususz + uzuq) + azujusuz

m Bezier control points?

CS175 2005 30
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POLAR FORMS

Curve manipulations
m splitting
m differentiation
m knot insertion
m increasing knot multiplicity
m degree elevation
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WHAT ELSE?

Rational curves

W conic sections in homogeneous
coordinates (.v.w) — (z/w,y/w)

z(t) 1/2(1 —t2)
y(t) | = t
(w(t)) ( 1—1/2(1—t2))
r+w—-1=0 5

::-:2+y2—w2=0
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