INTRODUCTION TO
POLYNOMIAL CURVES
PART 1

Peter Schroder
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CURVES AND SURFACE

Representations
m parameterized

m implicit

m piecewise linear
m lines and polygons

m higher order (not good... Why?)
m typically polynomials
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PARAMETRIC DESC.

Curves (piecewise)
m linear
m quadratic? (why is this not enough?)
m cubic
m Hermite, Bezier, B-Spline

Surfaces (patches)
m tensor products (typically...)
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PARAMETRIC CURVES

Linear mterpolatlon

C(t) = PO +t P1

Cylt)
C(t){cy(t)} P P1

C,(t) | ; i |
Clt)=G'BT(t)  C(t)=G'BTt)
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HERMITE CURVES

Specify position and derivative at
start and end point
m 4DOF, need cubic polynomial

D
D
G'=(Py P; Dy Dj) ’
)= & t 1) P,
/T _ 2
TT(t)=[t2 2t 1 0 b,
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HERMITE CURVES

Substitute constraints to find basis
10 3 2 -3 0 1

170 2}GT B{Z 3 0 OJ

171 1 17 -2 10

1700 1 =100

C(t) =By (t)Py +B4(t)P3 +B;(t)Dg +B3(t)D3

m how to transform?
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MULTIPLE SEGMENTS

What are the basis functions?

m why is it useful to think in these
terms?

m what do they look like?
m does the number of DOFs seem to
be right?

Need something better!
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BEZIER CURVES

Bernstein blending polynomials

BF() = (§)f'(1 - )b

m cubic case P,
B3(t) = (1-1t)°
Bi(t) = 3t(1-1)° P,
B3(t) = 3t?(1—t) P,
B3(t) = 3
PZ
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BEZIER CURVES

Definition
c(t) = poB3(t) + p1B3(t) + paB3(t) + p3B3(t)

d(0) 3(p1 —po) =do
d(1) 3(p3 —p2) =d3

Fun facts )
m partition of unity goBik(t) =1
m affine combinations...
m why do they matter?
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BEZIER CURVES

Properties

m curve is affine combination of
control points

m endpoint interpolating
m convex hull property

m shape is invariant under affine
transforms
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CHANGE OF BASIS

Example
m Hermite to Bezier

-1 3 -31 3 2 -3
3 -6 30 t2 | -2 3
3 3 oolle | HO=] 1 5
1 0 00 1 1 -1

(po p1 p2 p3)=(po p3 do d3 )HB™ !

B(t) =

el NoNe)
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EVALUATION

Direct g
Clty)= GTB{[SJ
to

1

m not very efficient
m Horner’s rule
m can be unstable for high orders
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FORWARD DIFFERENCING

Step along curve

C(t+8)=C(t)+AC(t) Cniy =C, +AC,
AC(t+8)=AC(t)+A’C(t)  AC,4 =AC, +A°C,
A2C(t+8) = A2C(t)+ A3Clt) A%C,,4 =A2C,+A°C,

0 0 0 1Ya
m choose step size |8 8 s 0b
D= 3 2
66° 26 0 Ofc
m how many flops? 6 0 0 old
m accumulation of error
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BEZIER CURVES

Bernstein blending polynomials

BE(t) = (51— pk~

m cubic case P,
B3(t) = (1-1)°
B3(t) = 3t(1—1t)? Py
B3(t) = 3t?(1—t) P,
B3(t) = 3
P2
CS175 2002
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BERNSTEIN POLYNOMIALS

Evaluation

W recurrence
Bf(t) = (N -nr

= ¢ ((lg:i.)tifl(l _ t)kflf(ifl)) +
(-0 ((*7Hea -nr1

= B () + 1 - )B (1)
m affine (convex!) combination
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BERNSTEIN POLYNOMIALS

Evaluation
W) = p; i=0...3

bi(t) = (1 —0plH(E) + 3 ()

de Casteljau Algorithm
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DE CASTELJAU ALG.

Properties

m very stable, uses only affine
combinations

m use to split curve into pieces
m recursive, adaptive subdivision

R v M
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AFFINE SPACE

Affine Combination
ug € R™ D ogug| > oy =1
Affine Map
FiRY=R™ O apup) =Y g flug) D ap=1
m preserves affine combinations

m exactly the linear maps and
translation
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AFFINE SPACE

Definition
m subset of vector space closed
under affine combinations

°
o

o o

o ©

m exactly the linear subspaces plus
translation (points, lines, planes...)
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AFFINE FORMS

Evaluation

f®) = f(p1+ (1 —=1)p2)

= /(1) + (1~ O)f(p2) B,
Differentiation
_ P,

Dfl, = ﬂ%f@+7@;M)—ﬂm

= flp+1) - f(p)

f(t) = at+bd
Df(t) = f(1)-f(0)=a
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