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1. Facts

A Stationary subdivision scheme S with subdivision mask σk is defined
via:

fj+1,l =
∑

k

σl−2kfj,k.

B Linear spline (�jg)(t) =
∑

k gkB1(2jt − k + 1).
C Multi-level sequence (fj,k)j≥0 produces F (t) if F (t) = limj→∞(�jfj)(t).
When (fj,k) comes from a subdivision scheme S we write S∞[f0] = F .

D The scaling function, or the fundamental solution of the subdivision
scheme is ϕ(t) = S∞[δ0](t).

E Refinement equation φ(t) =
∑

l σlφ(2t − l).
F Let φ and ξ be the fundamental solutions of subdivision schemes with
masks σφ and σξ correspondingly. Then (φ � ξ)(t) =

∫
φ(t − s)ξ(s)ds

is the fundamental solution of the subdivision scheme with the mask
σφ � σξ/2 where (σφ � σξ)q =

∑
k σφ

q−kσξ
k.

G z-transform: f(z) =
∑

k fkzk.
H B0 has mask 1 + z.
I If f ∈ Cn−1 then f � B0 ∈ Cn.
J Subdivision scheme in z:

fj+1(z) = σ(z)fj(z2).

K Affine invariance S1 = 1. Hence
∑

k σ2k =
∑

k σ2k+1 = 1, and there-
fore σ(−1) = 0 and then −1 is a root of polynomial σ(z) so that
σ(z) = (1 + z)τ(z).

L Differences (∆g)k := gk − gk−1, its z-transform (∆g)(z) = (1− z)g(z).
Derived subdivision for differences (∆fj+1)(z) = τ(z)(∆fj)(z2).

M Divided differences Dj = 2j∆. Derived scheme for divided differences:

σ(z) = σ[0](z) =
1 + z

2
σ[1](z).

Generally, for p > 0 define D
[p]
j = (Dj)p.

N If Djfj and fj converge uniformly to continuous functions G(t) and
F (t) correspondingly, then G = F ′.

O Suppose that S is affine. Let fj+1 = Sfj .
(a) Obviously, if ‖Djfj‖∞ < Cγj then ‖∆fj‖∞ < C(γ/2)j

(b) If ‖∆fj‖∞ < Cγj then ‖�j+1fj+1 − �jfj‖∞ < Cγj .
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(c) (i) If ‖�j+1fj+1 − �jfj‖∞ < Cγj for some fixed 0 ≤ γ < 1 then
fj converges.

(ii) If ‖�j+1fj+1 − �jfj‖∞ < Cγj for some fixed γ > 1 then
‖fj‖∞ < C ′γj .

(d) We can combine the above three statements into a “reduction”
lemma:
(i) If ‖Djfj‖∞ < Cγj for γ > 2 then ‖fj‖∞ < C ′(γ/2)j

(ii) If ‖Djfj‖∞ < Cγj for γ < 2 then fj produce a continuous
function.

P Non-trivial convergent scheme needs to be affine.

3/8 3/4 -1/8
1 5/4 -1/4

3/4 1/4 3/2 -1/21

Figure 1. Three point scheme and its derived schemes.

2. Example: “3pt scheme”.

A Scheme interpolates three neighbors with a parabola and inserts its
value at a new point which is halfway between the first and the second
points. Its mask is given by

σ(z) =
−1
8

z−3 +
3
4

z−1 + 1 +
3
8

z =
z−3

8
(−1 + 6z2 + 8z3 + 3z4).

B Factoring out (1+ z)/2 we obtain the scheme for the first derivatives:

σ[1](z) =
z−3

4
(−1 + z + 5z2 + 3z3).

C Another factorization gives us the scheme for the second divided dif-
ferences:

σ[2](z) =
z−3

2
(−1 + 2z + 3z2).

D Yet another factorization gives us the scheme for the third divided
differences:

σ[3](z) = z−3(−1 + 3z).
E Distilling the subdivision mask for the third divided differences into
readable subdivision rules we get:

f
[3]
j+1,2k = f

[3]
j,k+1;

f
[3]
j+1,2k+1 = 3f

[3]
j,k+1.
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It follows that ‖D
[3]
j fj‖∞ < C03j where C0 := ‖D

[3]
0 f0‖∞. Then

‖D
[2]
j fj‖∞ < C1(3/2)j From reduction lemma the first derived scheme

converges to a continuous function. Hence, the original 3pt scheme
produces C1 functions.

3. Everything eigen

A Eigenvalue λ and eigenvector e for matrix M if Me = λe.
B Local matrix S̄ for subdivision. There exists a finite neighborhood
which determines local behavior of the scheme. Especially useful when
we know behavior of the scheme everywhere but at a particular point.

C Eigenvectors and eigenvalues of S̄ are important. Convergence at a
point can be determined by them.

D Local eigenvector can be extended to be global. Given ē we define e
recursively extending its region via e = Sē/λ. In the end, we have
Se = λe globally.

E If e is an eigenvector corresponding to λ for an affine subdivision
scheme S then its derived scheme has an eigenvector Dje correspond-
ing to eigenvalue 2λ if Dje �= 0. (That means that the all-ones eigen-
vector disappears while all others get “upgraded” to correspond to
eigenvalues twice the previous one.)
Hence, the “canonic” eigenvalue structure for functional subdivision

is (1, 1/2, 1/4, . . . , 2−n, λn+2, . . .) with λn+2 < 2−n for a subdivision
scheme that has n continuous derivatives. For example, for the cubic
B-spline local matrix the eigenstructure is (1, 1/2, 1/4, 1/8, 1/8).

F Define eigenfunction φλ := S∞[eλ].
G Scaling relation for eigenfunctions: φλ(t) = λφλ(2t).
H Let S be a subdivision scheme producing Cn functions. Any non-zero
eigenfunction φλ for λ ≥ 2−n is a polynomial tk with λ = 2−k.
Indeed, consider φλ. Differentiating the refinement equation for

φλ(t) we get φ
(n)
λ (t) = 2

nλφ
(n)
λ (2t). It follows that φ

(n)
λ (t) is either

zero or a constant. Hence, φλ(t) is a polynomial. Looking back at the
refinemen equation we have φλ(t) = tk and λ = 2−k.

I It is different for tangent continuity of curve subdivision. A useful
eigenstructure can be (1, λ, . . .) with λ < 1.

3


