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Representations
� parameterized
� implicit
� piecewise linear

� lines and polygons

� higher order (not good… Why?)
� typically polynomials
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Curves (piecewise)
� linear

� quadratic? (why is this not enough?)

� cubic
� Hermite, Bezier, B-Spline

Surfaces (patches)
� tensor products (typically…)
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Linear interpolation
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Specify position and derivative at 
start and end point
� 4DOF, need cubic polynomial
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Substitute constraints to find basis

� how to transform?
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What are the basis functions?
� why is it useful to think in these 

terms?
� what do they look like?
� does the number of DOFs seem to 

be right?

Need something better!
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Bernstein blending polynomials

� cubic case
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Definition

Fun facts
� partition of unity
� affine combinations…

� why do they matter?
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Properties
� curve is affine combination of 

control points
� endpoint interpolating
� convex hull property
� shape is invariant under affine

transforms
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Example
� Hermite to Bezier
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Direct

� not very efficient
� Horner’s rule
� can be unstable for high orders
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Step along curve

� choose step size
� how many flops?
� accumulation of error
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Evaluation
� recurrence

� affine combination!
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Evaluation

de Casteljau Algorithm
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Properties
� very stable, uses only affine

combinations
� use to split curve into pieces
� recursive, adaptive subdivision
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Affine Combination

Affine Map

� exactly the linear maps and 
translation
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Definition
� subset of vector space closed 

under affine combinations

� exactly the linear subspaces plus 
translation
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Evaluation

Differentiation
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Blossom
� For every polynomial F(u) of degree 

n there exists a unique symmetric
multiaffine map f(u1,...,un) for 
which F(u)=f(u,...,u). This map is 
called the polar form. F(u) is called 
its diagonal and f is called the 
blossom of F
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Differentiation
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Two Polynomials
� Let F and G be two polynomials of 

degree n and let u be a point on 
the real line. Then F and G are Cq

continuous at u iff
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Finding Control Points
� The Bezier control points of F w.r.t 

[s,t] are

Proof
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Evaluate Bezier form

� Very stable, uses convex 
combinations only
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How to stick them together?
� can match first derivative easily
� second derivative?
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Bezier curves
� requires to keep track of continuity 

conditions explicitly... Possible, but 
very messy

� better: use basis which has 
continuity conditions built in!

B-Splines
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Definition
� knotvector

� non-decreasing sequence, can 
have multiple entries (multiplicity)

� curve:
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Definition
� recursive

� support
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Recursion
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Terms
� degree: highest exponent in 

polynomial
� order: 1+degree
� multiplicity of a knot: how many 

times repeated
� continuity: Cn-m with multiplicty m
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Knot insertion
� create new degree of freedom 

along curve
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Tensor product case
� nothing special happens

� treat each parameter direction 
separately

( ) ( )nn v;ufv,uF =
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Non-tensor product

� example: quadratic in two variables

� Bezier functions for triangles 
(deCasteljau, etc.)

� B-patches? very hard.
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Tensor product
� 2 parameter directions which 

decouple

� example: bi-cubic patches
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Polarform
� reduces to 1D setting

� control points of tensor product 
surface are outerproduct of control 
points for 1D components
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Control points
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Profiles and axes
� modulate diameter of circle
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