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1. Preliminaries and Tools.

Notation. For any two functions f(p), g(p), f(p) = O(g(p)) if there exists a constant c such that
f(p) ≤ cg(p) for all p ≥ p0 for a fixed p0 ∈ N. Similarly, f(p) = Ω(g(p)) if there exists a constant c′

such that f(p) ≥ c′g(p) for all p ≥ p0 for a fixed p0 ∈ N, and f(p) = Θ(g(p)) if f(p) = Ω(g(p)) and
f(p) = O(g(p)). Also, f(p) = o(g(p)) when f(p)/g(p) → 0 and f(p) = ω(g(p)) when f(p)/g(p) → ∞
as p → ∞. We use the notation f(p) = Õ(g(p)) if f(p) ≤ cg(p) log p, for some constant c and for

all p ≥ p0. Similarly, we have f(p) = ω̃(g(p)), if f(p)
g(p) log p → ∞ and f(p) = õ(g(p)) if f(p) log p

g(p) → 0,
as p → ∞.

For a graph G, let v(G) denote the vertex set of G. Let N (i) denote the neighbors of node
i and N [i] denote the closed neighborhood, i.e., including node i as well. We let Path(i, j;G) =
Path1(i, j;G) denote the subgraph spanning the corresponding shortest path and d(i, j;G) :=
|Path(i, j;G)| denote the graph distance or the shortest path distance between nodes i and j. Let
the set of nodes at distance1 exactly l from i in G be denoted as

(1) Bl(i;G) := {k ∈ V : d(i, k;G) = l}.

Let Pathl(i, j;G) denote2 the lth shortest path from i to j and dl(i, j;G) the corresponding length
of the path. Let NPath

l (i, j;G) denote the number of paths of length l from node i to node j in G
without repeating any node in the intermediate steps.

Denote the correlation between any two variables Xi and Xj , i, j ∈ Vp as

(2) C(i, j) := E[XiXj].

Given n samples xni , x
n
j drawn i.i.d. from Xi,Xj , let Ĉ(i, j;xni , x

n
j ) denote the empirical correlation

between node i and j is defined as

(3) Ĉn
i,j := Ĉ(i, j;xni , x

n
j ) :=

1

n

n∑

k=1

xi,kxj,k.

For any distributions P,Q on a finite alphabet X , recall that ν(P,Q) denotes the total variation
distance, given by

(4) ν(P,Q) :=
1

2
‖P −Q‖1 =

1

2

∑

x∈X
|P (x)−Q(x)|.

1.1. Analysis of Ising Models on Trees. We first derive simple expressions for Ising models
Markov on trees. This will be later used upon reduction of general models to tree models via self-
avoiding walk-tree construction. We first note the correlation between any two node pairs on a tree
model.

1We follow the convention that if l is not an integer, the distance is blc.
2We abbreviate Path1(i, j;G) as Path(i, j;G) and d1(i, j;G) as d(i, j;G).
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Fact 1 (Markov Property for Correlations on a Tree). For a symmetric Ising model (h = 0)
Markov on a tree T , the correlation is given by

(5) C(i, j;T ) =
∏

(k,l)∈Path(i,j;T )

C(k, l;T ), ∀i, j ∈ V,

and the correlation between any two neighbors is,

(6) C(i, j;T ) = tanh(Ji,j), ∀ (i, j) ∈ T.

Proof: Eqn. (5) is obtained by successive conditioning on the intermediate nodes in the path
between i and j in the tree T . Eqn. (6) is a consequence of the form of the symmetric Ising model.

�

Given an Ising model P Markov on G, define a corresponding model P̃ obtained by setting all
the node potentials hi to zero and all the edge potentials Ji,j to their corresponding absolute values

|Ji,j |. We term P̃ as the corresponding symmetric attractive model for P . We make the following
observation.

Proposition 1 (Dominance by Symmetric Attractive Model on Trees). For an Ising model P
Markov on a tree T and for P̃ its corresponding symmetric attractive model, we have

(7) ‖P [Xi|Xj = +;T ]− P [Xi|Xj = −;T ]‖1 ≤ ‖P̃ [Xi|Xj = +;T ]− P̃ [Xi|Xj = −;T ]‖1

Proof: The proof is along the lines of [3, Lemma 4.1], but we make the simple observation that
it also holds when the model P is not necessarily attractive (or ferromagnetic).

We first note that it suffices to show (7) for the special case when P is a Markov chain on
k + 2 variables, for some k ∈ N , i.e., the tree T is a path graph T = i, 1, . . . , k, j with i and j
as endpoints. This is because we can reduce the conditional probability P [Xi|Xj ;T ] on any tree T
to a corresponding conditional probability on the path from i to j by suitably modifying the node
potentials. See [3, Lemma 4.1] for details.

We now show that (7) holds when the tree is a path Tk := i, 1, . . . , k, j, for all k ∈ N, by doing
an induction on k. For k = 1 (path of length two), we have3

‖P [Xi|Xj = +;T1]− P [Xi|Xj = −;T1]‖1

=

∣∣∣∣
eJi,1+hi − e−Ji,1−hi

eJi,1+hi + e−Ji,1−hi
−

e−Ji,1+hi − eJi,1−hi

e−Ji,1+hi + eJi,1−hi

∣∣∣∣
= | tanh(Ji,1 + hi) + tanh(Ji,1 − hi)|

= (tanh(|Ji,1|+ hi) + tanh(|Ji,1| − hi))(8)

≤ ‖P̃ [Xi|Xj = +;T ]− P̃ [Xi|Xj = −;T ]‖1.

The expression in (8) has a unique maximum when hi = 0 and thus, the subsequent inequality.
The induction step on k now proceeds as in [3, Lemma 4.1], and we have the result. �

3Note the simple fact that ‖P [Xi|Xj = +]− P [Xi|Xj = −]‖1 = |E[Xi|Xj = +]− E[Xi|Xj = −]|. The result in [3,
Lemma 4.1] is expressed in terms of expectations.
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1.2. Self-Avoiding Walk Tree Construction. We now review the notion of a self-avoiding walk
(SAW) tree for graphical models with binary variables, first introduced in [16]. Given an Ising
model Markov on a general graph G and a particular node i ∈ V , the corresponding SAW tree
rooted at i is denoted by Tsaw(i;G). It is essentially the tree of self-avoiding walks originating from
node i, except that whenever a cycle in G is closed by the walk, a terminal node is included in
Tsaw(i;G) and is fixed to be either +1 or −1; the actual value is determined by the direction in
which the cycle is traversed by the walk (for instance, by convention, we can fix terminal nodes upon
clockwise traversal of cycles as +1). Let A denote the set of all terminal nodes in Tsaw(i;G) and
xA, the corresponding fixed configuration. In effect, Tsaw(i;G) involves conditioning with respect
to the terminal nodes A. See Fig. 1 for an illustration.

We now recap a powerful result of [16] that Tsaw(i;G) preserves the marginal and conditional dis-
tributions of node i with respect to the original graphG. Recall thatNPath

l (i,Q;G) =
∑

q∈QNPath
l (i, q;G)

denotes the number of paths of length l from i to a set Q ⊂ V in G, d(i,Q;G) = minq∈Q d(i, q;G)
denotes the graph distance, and S(i,Q;G) = ∪q∈QS(i, q;G) denotes a vertex separator between i
and Q in G. Let

(9) U(j;Tsaw(i;G)) = {j1, . . . , j|U(j;Tsaw(i;G))|} ⊂ v(Tsaw(i;G))

denote the set of copies of a node j 6= i in the self-avoiding walk tree Tsaw(i;G). The definition is
extended to sets Q ⊂ V as U(Q;Tsaw(i;G)) := ∪q∈QU(q;Tsaw(i;G)).

Theorem 1 (Properties of Tsaw(i;G)). The following properties hold for the self-avoiding walk
tree Tsaw(i;G)

1. The marginal and conditional distributions of node i are preserved

P (xi;G) = P (xi|xA;Tsaw(i;G))(10)

P (xi|xQ;G) = P (xi|xU(Q),xA;Tsaw(i;G)),(11)

for a fixed configuration xA on the set of terminal nodes A, and for any set Q ⊂ V \ {i}.
2. The paths in G from node i to any set V are preserved in Tsaw(i;G):

(12) NPath
l (i,Q;G) = NPath

l (i,U(Q);Tsaw(i;G)), ∀l ∈ N, Q ⊂ V \ {i}.

3. The graph distances from node i in G and Tsaw(i;G) are equal:

(13) d(i,Q;G) = d(i,U(Q);Tsaw(i;G)), ∀Q ⊂ V \ {i}.

4. The cardinality of the vertex separators are preserved:

(14) |S(i,Q;G)| = |S(i,U(Q);Tsaw(i;G))|, ∀Q ⊂ V \ {i}.

5. The maximum degrees in G and Tsaw(i;G) are equal.

Proof: Property (1) is proven in [16]. It involves a recursive expression for marginal and conditional
distributions of node i. Property (2) holds by definition since Tsaw(i;G) is constructed by self-
avoiding walks from node i. Properties (3), (4) and (5) depend only on the paths in the graph and
are thus preserved. �

Thus, for any graph G, we have a tree-representation Tsaw(i;G) which preserves many properties
with respect to node i. However, in general, the tree Tsaw(i;G) can have exponential number of
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(a) A graph
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(b) Its Self-Avoiding Walk Tree

Fig 1. The figure on the right is self-avoiding walk tree Tsaw(i;G) rooted at node i for the graph shown in the left.
The set U(j) is the set of copies of node j and the set A is the set of terminal nodes in Tsaw(i;G).

nodes (compared to G) and thus, we cannot use Tsaw(i;G) directly. This is also true for the class of
graphs considered in this paper. However, the bound on maximum edge potentials and conditioning
on local separators allows us to limit the neighborhoods under consideration.

We note the following property of graphs with local-paths property. Recall that a graph ensemble
GLP(p; η, γ) satisfies (η, γ)-local paths property if there are at most η paths of length less than γ.

Lemma 1 (Neighborhood Size of Tsaw(i;G) for Graphs with Local-Paths Property). For a.e.
G ∼ GLP(p; η, γ) satisfying the (η, γ)-local paths property as per Definition 2 in the main paper [2],
we have

(15) |Bl(i;Tsaw(i;G))| ≤ η|Bl(i;G)|, ∀l ≤ γ.

Proof: Recall that a.e. G ∼ GLP(p; η, γ) has at most η paths of length smaller than γ between
any two nodes. This implies that there are at most η copies of any node j 6= i in Tsaw(i;G) and
at most η number of terminal nodes A, which are at distance at most γ from i in Tsaw(i;G) using
Property (2) in Theorem 1. Thus (15) holds. �

2. Conditional Variation Distance Test.

2.1. Conditional Uniqueness Regime. We now characterize a sufficient condition for structure
estimation of Ising models and term it as the conditional uniqueness regime. In Section 2, we will
see that Definition 1 leads to structural consistency of the proposed CVDT algorithm. We use the
term “conditional uniqueness regime”, since it is similar to the so-called uniqueness regime4, but
involves the conditional distributions instead of marginal distribution. Our condition stated below,
is in fact, a weaker condition than the usual notion of the uniqueness regime.
Notations: Given a graph G = (V,E) and a graphical model P Markov on G, and any subset A ⊂ V ,
let P [XA;G] denote the marginal distribution5 of variables in A. Recall that d(i, j;G) denotes the

4Roughly, the uniqueness condition states that asymptotically, as the number of variables p → ∞, any marginal
distribution of variables in a local neighborhood of the graph is asymptotically independent of faraway variables.
Refer to [10, 13] for details

5In the sequel, we abuse notation by using P [Xi;G] to refer to the vector of length |X | containing the values of
the pmf PXi;G.
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graph distance, Bl(i;G) denotes the set of nodes within graph distance l from node i and ∂Bl(i)
denotes the boundary nodes, i.e., nodes exactly at l from node i.

Definition 1 (Conditional Uniqueness Regime). A discrete graphical model P Markov on
graph G ∼ G(p) is in the conditional uniqueness regime if there exists α ∈ (0, 1) such that for a.e.
G and all l ∈ N such that6,

(16) max
(i,j)/∈V

xSl
∈X |Sl|

‖P [Xi|Xj = +,XSl
= xSl

]− P [Xi|Xj = −,XSl
= xSl

]‖1 = Õ(αl),

where Sl := S(i, j;G, l) is the minimal l-local separator between i and j, according to Definition 1
in the main paper [2].

We now show that a sufficient condition for the conditional uniqueness condition in (16) to hold
for Ising models is for the maximum absolute edge potential to satisfy

(17) Jmax < J∗,

where the threshold J∗ ∈ R
+ is the largest value which satisfies7, for all l ∈ N,

(18) max
i∈V

|∂Bl(i;Tsaw(i;F
′
Sl
))| = Õ(tanh J∗)−l,

where F ′
Sl

:= G(V \ Sl) is the subgraph of G obtained by removing the nodes in Sl, the minimal
l-local separator and Tsaw(i;F

′
Sl
) is the corresponding self-avoiding walk tree rooted at i. Define

(19) α :=
tanh Jmax

tanh J∗ < 1.

We now characterize J∗ in terms of the self-avoiding walk tree.

Lemma 2 (Sufficient Conditions for Conditional Uniqueness via Tsaw(i;G)). The Ising model
satisfying (17) is in the conditional uniqueness regime according to (16) with rate α given by (19),
where the threshold J∗ is given by (18).

Proof: Abbreviate the l-local separator, S := S(i, j;G, l). We have, for i ∈ V ,

‖P [Xi|Xj = +,XS = xS ]− P [Xi|Xj = −,XS = xS ]‖1
=‖P [Xi|XU(j) = +,XU(S) = xU(S),XA = xA;Tsaw(i;G)]

− P [Xi|XU(j) = −,XU(S) = xU(S),XA = xA;Tsaw(i;G)]‖1(20)

from Property (1) in Theorem 1 for self-avoiding walk trees, for a certain configuration xA over the
set of terminal nodes A.

Recall that U(j;Tsaw(i;G)) denotes the set of copies of node j in Tsaw(i;G). Recall that in
Tsaw(i;G), each path starting from root node i has exactly one copy of nodes in S∪{j} (if the node
is encountered again, a terminal node is added to Tsaw(i;G)). Denote the set U1(j;Tsaw(i;G)) ⊂

6In Definition 1, we let l scale as a function of p, albeit under some restrictions depending on the graph ensemble.
See Corollary 1 for some examples.

7In (18), we let l scale as a function of p, albeit under some restrictions depending on the graph ensemble. This
implies that Definition 1 is satisfied for these regimes of l. See Corollary 1 for some examples.
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U(j;Tsaw(i;G)) as the set, where copies of node j are encountered first before encountering the copies
of nodes in S, along the paths from i in Tsaw(i;G). Similarly U1(S;Tsaw(i;G)) ⊂ U(S;Tsaw(i;G))
denotes the set encountered before the copies of j. Let U2(j;Tsaw(i;G)) := U(j;Tsaw(i;G)) \
U1(j;Tsaw(i;G)) and U2(S;Tsaw(i;G)) is defined similarly. See Fig.2. By definition, XU2(j)−XU1(S)−
Xi −XU1(j) −XU2(S) forms a Markov chain, and thus,

P (Xi|XU(j),XU(S),XA;Tsaw(i;G)) = P (Xi|XU1(j),XU1(S),XA;Tsaw(i;G)).

Substituting this equivalence into (20), we have

‖P [Xi|Xj = +,XS = xS ]− P [Xi|Xj = −,XS = xS]‖1
=‖P [Xi|XU1(j) = +,XU1(S) = xU1(S),XA = xA;Tsaw(i;G)]

− P [Xi|XU1(j) = −,XU1(S) = xU1(S),XA = xA;Tsaw(i;G)]‖1
(a)

≤‖P̃ [Xi|XU1(j) = +;Tsaw(i;G)]− P̃ [Xi|XU1(j) = −;Tsaw(i;G)]‖1,

(b)

≤‖P̃ [Xi|XU1(j) = +;Tsaw(i;F
′
Sl
)]− P̃ [Xi|XU1(j) = −;Tsaw(i;F

′
Sl
)]‖1,

(c)

≤‖P̃ [Xi|X∂Bl(i) = +;Tsaw(i;F
′
Sl
)]− P̃ [Xi|X∂Bl(i) = −;Tsaw(i;F

′
Sl
)]‖1

(d)

≤2|∂Bl(i;Tsaw(i;F
′
Sl
))|(tanh Jmax)

l,

where Inequality (a) is obtained by applying Proposition 1 and involves the symmetric attractive
counterpart P̃ of P , obtained by setting all the node potentials hk = 0 for all k ∈ v(Tsaw(i;G)).
Note that conditioning on a random variable Xk to be + (resp. −) is equivalent to setting its node
potential hj to ∞ (resp. −∞) and erasing the sub-tree beyond node k. Thus dropping conditioning
and setting the node potential to zero forms an upper bound in (a).

For Inequality (b), note that in Tsaw(i;G), the paths from node i, to U1(j) and U1(S) are disjoint
(except for node i). Thus, the conditional distribution of Xi conditioned on U1(j) on Tsaw(i;G)
is equivalent to a conditional distribution on Tsaw(i;F

′
Sl
) obtained by marginalizing out the nodes

corresponding to paths containing U1(S) and suitably changing the node potential of node i. (See
[9, Lemma 4.1] for an exact characterization of such a marginalization). Applying Proposition 1, we
have an upper bound by setting the node potential in Tsaw(i;F

′
Sl
) to zero, i.e., given by the model

P̃ on Tsaw(i;F
′
Sl
).

For Inequality (c), recall that by definition of a l-local separator, the set U1(j) has distance at
least l from node i. Thus, Xi −X∂Bl(i) −XU1(j) forms a Markov chain and in an attractive model

P̃ , the inequality (c) holds.
Inequality (d) involves considering a telescoping sum of a sequence of configurations λ0, . . . , λ|∂Bl(i)|

on ∂Bl(i) from all + configuration to all − configuration, where the difference between the vec-
tors λi and λi+1 is in a single coordinate, i.e., the configuration at a single node is changed while
keeping the others fixed. See [14, Lemma 2.8] for detailed discussion of this step. In particular, by
applying Proposition 1, for each term involving λi and λi+1, the conditioning on other nodes can
be dropped and we have

‖P̃ [Xi|X∂Bl(i) = λi]− P̃ [Xi|X∂Bl(i) = λi+1]‖1 ≤ 2(tanh Jmax)
l.

Collecting all the terms we have inequality (c), since there are |∂Bl(i)| number of terms. By defi-
nition of J∗ in (17), we have that

|∂Bl(i)| = Õ(tanh J∗)−l.
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j1 j2 j3

A

U(j)

U2(j)

i

U1(j)

U1(S)

U2(S)

Fig 2. Illustration of sets on Tsaw(i;G), the self-avoiding walk tree at node i corresponding to the graph in Fig.1 in
the main paper [2]. U(S) corresponds to copies of nodes in S in the original graph in Fig.1 in the main paper [2].
The nodes j1, j2 and j3 are the copies of j in Tsaw(i;G) and similarly for nodes in S. The set A is the set of terminal
nodes in Tsaw(i;G). The set U1(j) separates U2(S) from i and viceversa.

Now substituting α in the above equation using (19), we have the result. �

We can now obtain the threshold J∗ for specific graph ensembles using the above result. Re-
call that GDeg(p,∆) denotes a graph ensemble with maximum degree ∆, GER(p, c/p) denotes the
Erdős-Rényi ensemble, where an edge between any two nodes occurs with probability c/p and
GWatts(p, d, c/p) denotes the small-world graph, which is the union of a d-dimensional grid and an
Erdős-Rényi graph with parameter c. Recall that α := tanh Jmax

tanh J∗ . We have the following result.

Corollary 1 (Threshold J∗ for Deterministic Graph Families). We have the following results
for various graph families:

1. For any graph ensemble GDeg(p,∆) with maximum degree ∆, (16) holds for all l and (18)
simplifies to

(21) J∗
Deg = ∞.

In particular, for every Ising model Markov on a ∆-degree bounded graph,

(22) max
(i,j)/∈V
xS∈X |S|

‖P [Xi|Xj = +,XS = xS ]− P [Xi|Xj = −,XS = xS ]‖1 = 0,

where S is the exact separator between i and j.
2. For the girth-bounded ensemble GGirth(p; g,∆), when 2l < g, the threshold for (16) is given by

(23) J∗
Girth = atanh

(
1

∆

)
.

In particular, in this regime, every Ising model Markov on a graph G ∈ GGirth(p; g,∆) satisfies

(24) max
(i,j)/∈V

xSl
∈X |Sl|

‖P [Xi|Xj = +,XSl
= xSl

]− P [Xi|Xj = −,XSl
= xSl

]‖1 ≤ 2αl,
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when 2l < g, where g is the girth of the graph, and Sl := S(i, j;G, l) is the minimal l-local
separator between i and j and satisfies |Sl| ≤ 1.

We provide probabilistic bounds for random graph families.

Corollary 2 (Threshold J∗ for Random Graph Families). We have the following results for
various graph families:

1. For the random-regular graphs GReg(p,∆), (16) is satisfied when l = O(log∆−1 p), ∆ =
O(poly log p), the threshold is given by

(25) J∗
Reg = atanh

(
1

∆

)
.

In particular, in this regime, for every Ising model Markov on a ∆-random regular graph,
when l < 0.25(0.25p∆+0.5−∆2), with probability at least 1−∆16l−2(p∆−4∆2−16l)−(8l−1),
we have

(26) max
(i,j)/∈V

xSl
∈X |Sl|

‖P [Xi|Xj = +,XSl
= xSl

]− P [Xi|Xj = −,XSl
= xSl

]‖1 ≤ 2αl,

where Sl := S(i, j;G, l) is the minimal l-local separator between i and j and satisfies |Sl| ≤ 2.
2. For both the Erdős-Rényi ensemble GER(p, c/p) and the small-world graph ensemble GWatts(p, d, c/p),

(16) holds when l ≤ log p
4 log c and c = O(poly log p) with thresholds given by

(27) J∗
ER = J∗

Watts = atanh

(
1

c

)
.

In particular, in this regime, when l < log p
4 log c and 1 < c = O(poly log p), with probability at

least 1− le
√
125p−2.5 − l!c4l+1p−1, we have

(28) max
(i,j)/∈V

xSl
∈X |Sl|

‖P [Xi|Xj = +,XSl
= xSl

]− P [Xi|Xj = −,XSl
= xSl

]‖1 ≤ 4l3αl log p,

and Sl := S(i, j;G, l) is the minimal l-local separator between i and j and satisfies |Sl| ≤ 2
for the Erdős-Rényi ensemble GER(p, c/p) and |Sl| ≤ d+2 for the small-world graph ensemble
GWatts(p, d, c/p).

Remarks:

1. Comparing (21), (23) and (25), we note that for the degree-bounded ensemble J∗
Deg = ∞

meaning that we do not place any restrictions on the maximum potential Jmax, while for
the girth bounded ensemble and the random regular ensemble J∗

Girth = J∗
Reg = 1/∆. This is

because the minimal l-local separators are different for these two ensembles. For GDeg(p,∆),
it has cardinality ∆ and thus, forms an exact separator. On the other hand, for GGirth(p; g,∆)
and GReg(p,∆), the minimal l-local separators have cardinalities 1 and 2 when 2l < g and
l = O(log∆−1 p) respectively, and thus, do not form an exact separator. Thus, the threshold
J∗ depends on whether exact or approximate separators are used for conditioning.
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2. Comparing the thresholds for random regular ensemble in (25) and the Erdős-Rényi ensemble
in (27), we see that J∗

ER � J∗
Reg, if we constrain the maximum degrees in the two ensembles

to be the same. Recall that the maximum degree of the Erdős-Rényi ensemble is a.a.s. ∆ =
Θ(log p log c/ log log p). Thus, by obtaining the threshold J∗

ER in terms of the average degree c
instead of the maximum degree, we have a larger threshold and thus, can provide guarantees
for structure estimation of Erdős-Rényi graphs for a wider regime of edge potentials.

3. Comparing the thresholds for the Erdős-Rényi ensemble GER(p, c/p) and the small-world
ensemble GWatts(p, d, c/p) in (27), we see that J∗

ER = J∗
Watts, but note that the minimal l-

local separators are different for these two ensembles. For the Erdős-Rényi ensemble, it has
a cardinality of two when l ≤ log p

4 log c , as discussed above. For the small-world ensemble, which
is the union of a d-dimensional grid and an Erdős-Rényi graph, the minimal l-local separator
has a cardinality of d+2 when l ≤ log p

4 log c and it forms an exact separator on the grid. Thus, for
the small-world graphs, we require a threshold J∗

Watts such that the long paths on the Erdős-
Rényi subgraph has a decaying effect, leading to the same threshold on the edge potentials
(J∗

Watts = J∗
ER).

Proof: The result in Eqn. (21) is from the definition of graphical models: the size of the minimal
l-local separator for GDeg(p,∆) ensemble is of size ∆ for all l ∈ N. This implies that Tsaw(i;F

′
Sl
) has

no edges and thus, J∗
Deg is infinite.

The result in Eqn. (23) is obtained from the fact that the l-local separator is of size 1 when 2l < g
since we do not encounter any cycles. In this case, we can bound the neighborhood of Tsaw(i;F

′
Sl
)

via Tsaw(i;G) and using Property (5) in Theorem 1, we have the result.
For the result in Eqn. (25), note that the size of minimal l-local separator for GReg(p,∆) is 1,

when l = O(log∆−1 p) [5, p. 107]. In this case, we can bound the neighborhood of Tsaw(i;F
′
Sl
) via

Tsaw(i;G) and using Property (5) in Theorem 1, we have the result. For the result in (26), we appeal
to [12, Thm. 3] and derive the probability of two cycles each of length at most 2l overlapping with
one another.

For the result in (27), we appeal to [6, Lemma 1] that with probability at least 1− le
√
125p−2.5,

for all l ∈ N, when c > 1,

(29) max
i∈V

|Bl(i)| ≤ 2l3cl log p.

When l ≤ log p
4 log c , with probability at least 1− l!c4l+1p−1 [1, Lemma 2], there is at most one cycle in

Bl(i) for all i ∈ V . From Lemma 1, we have the result. When c = O(poly log p), we have log p
log c = ω(1),

and thus J∗
ER holds.

For the small-world graph ensemble Gwatts(p, d, c/p), which is the union of the d-dimensional grid
and Erdős-Rényi graph, the size of the minimal l-local separator is d+2, when l ≤ log p

4 log c . Since FSl

is dominated by the Erdős-Rényi graph, the result holds. �

2.1.1. Uniqueness Regime. We now relate the conditional-uniqueness regime to the well-known
notion of the uniqueness regime8 of an Ising model.

Intuitively, in the uniqueness regime, as the number of nodes p → ∞, any marginal distribution of
variables in a local neighborhood of the graph is asymptotically independent of faraway variables.
We formally define it below. Recall that we say f(p) = Õ(g(p)) if f(p) ≤ Mg(p) log p for some
constant M and p > p0 and Fl(i;G) denotes the spanning subgraph of the l-hop neighborhood of
node i.

8For uniqueness regime, we consider the notion of weak spatial mixing and limit to exponential decay of correlations.
Refer to [10, 13] for other notions of correlation decay.
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Definition 2 (Uniqueness Regime). A discrete graphical model P Markov on graph G ∼ G(p)
is in the uniqueness regime if there exists α ∈ (0, 1) such that for a.e. G and all l ∈ N,

(30) max
i∈V

‖P [Xi;G]− P [Xi;Fl(i;G)]‖1 = Õ(αl).

Comparing the above definition of the uniqueness regime and the conditional uniqueness regime
in Definition 1, we note that the requirement for uniqueness regime is stronger. This is because for
uniqueness regime, we require that the “faraway” nodes have a decaying effect on node marginal
distributions, while for conditional uniqueness, we only require it upon conditioning on local sep-
arators. Note that conditioning itself removes the effect of a subset of “faraway” nodes and thus,
conditional uniqueness is a weaker requirement. The notion of uniqueness regime is well-studied
(see [10, 13]) and has many implications. For instance, the mixing time of Gibbs sampling is poly-
nomial (in the number of nodes) in the uniqueness regime.

We now note sufficient condition for the uniqueness condition in (30) on lines of analysis in the
previous section by requiring the maximum absolute edge potential of the Ising model to satisfy

(31) Jmax < J̃∗,

where the threshold J̃∗ ∈ R
+ is the largest value which satisfies, for all l ∈ N,

(32) max
i∈V

|∂Bl(i;Tsaw(i;G))| = Õ(tanh J̃∗)l.

The proof is on similar lines as that of Lemma 2 and is omitted.
On lines of Corollary 1, we can obtain the threshold J̃∗ in explicit form for many graph fami-

lies. Recall that GDeg(p,∆) denotes any graph ensemble with maximum degree ∆ and GER(p, c/p)
denotes the Erdős-Rényi ensemble, where an edge between any two nodes occurs with probability
c/p.

Corollary 3 (Threshold for Uniqueness). For a degree-bounded graph ensemble GDeg(p,∆),
(32) simplifies to

(33) J̃∗
Deg = atanh

(
1

∆

)
.

The above threshold can be improved for the Erdős-Rényi ensemble GER(p, c/p) as

(34) J̃∗
ER = atanh

(
1

c

)
, c = O(poly log p).

Remarks:

Comparing the thresholds J∗ and J̃∗ for conditional uniqueness and uniqueness, we note that
J∗ ≥ J̃∗. The difference between J∗ and J̃∗ is the largest upon exact separation. For instance, in
a (∆ − 1)-regular tree with degree ∆, the uniqueness threshold J̃∗ = 1/∆, while the conditional
uniqueness is J∗ = ∞ with η = 1, since upon (exact) separation, there is no effect of faraway nodes.
Thus, our criterion of conditional uniqueness is weaker than the usual notion of uniqueness. This
implies that we can guarantee efficient structure estimation in high dimensions for a wide range of
models.
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2.2. Conditional Variation Distance Between Non-Neighbors. Recall that

(35) νi|j;S := min
xS∈{−1,+1}|S|

ν(P (Xi|Xj = +,XS = xS), P (Xi|Xj = −,XS = xS)),

where ν(·, ·) denotes total variation distance. Using the notion of conditional uniqueness regime
from Section 2.1, we immediately obtain a bound for the conditional variation distance between
non-neighbors of an Ising model, when the conditioning set is a l-local separator.

Lemma 3 (Conditional Variation Distance Between Non-Neighbors). Given an Ising model
satisfying conditional uniqueness regime according to Definition 1, for graphs satisfying (η, γ)-local
separation property with η = O(1), we have

(36) νmax(p; η) := max
(i,j)/∈G

min
|S|≤η

S⊂V \{i,j}

νi|j;S = Õ(αγ).

2.3. Conditional Variation Distance Between Neighbors. We now provide a lower bound on the
conditional variation distance between neighbors. This implies that we can distinguish edges and
non-edges through conditional variation distance thresholding. We first provide explicit bounds for
special cases such as attractive models. Using analytic theory, this implies that the bound also
holds for generic values of edge potentials.

2.3.1. Attractive Models. We first carry out the analysis for attractive models (Ji,j ≥ 0 for all
(i, j) ∈ G).

Proposition 2 (Variation Distance between Neighbors). For attractive Ising models Markov
on graph G with maximum degree ∆ having edge potentials Jmax ≥ Ji,j ≥ Jmin > 0 and node
potentials 0 ≤ hi ≤ hmax, for any set S ⊂ V \ {i, j},

(37) min
(i,j)∈G

xS∈|X ||S|

νi|j;S ≥
1

2

(
tanh(Jmin + h′max) + tanh(Jmin − h′max)

)
,

where h′max is the modified node potential due to conditioning and marginalization.

Proof: Using self-avoiding walk tree construction, we have, for any xS ∈ X |S|,

ν(P [Xi|Xj = +,xS ], P [Xi|Xj = −,xS ])

(a)
=ν(P [Xi|XU(j) = +,xU(S),xA;Tsaw(i;G)], P [Xi|XU(j) = −,xU(S),xA;Tsaw(i;G)])

(b)

≥ν(P [Xi|Xj1 = +,xU(S),xA;Tsaw(i;G)], P [Xi|Xj2 = −,xU(S),xA;Tsaw(i;G)])

(c)
=
1

2

(
tanh(Ji,j + h′i) + tanh(Ji,j − h′i)

)
,

where equality (a) is from self-avoiding walk tree construction Tsaw(i;G), inequality (b) is true for
attractive models and j1 refers to the copy of node j in Tsaw(i;G) occurring as neighbor of i in
Tsaw(i;G) and equality (c) is from the fact that the effect of terminal nodes A and conditioning set
S and marginalization over other nodes is to change the node potential of i to h′i. �
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2.3.2. Generic Edge Potentials. When the Ising model is not necessarily attractive, it is harder
to obtain lower bounds for conditional variation distance between neighbors, for any conditioning
set. Note that the case where the neighbors are marginally independent belongs to the class of
non-attractive models, and in this case, our method fails to recover the edge. We now show that
such instances, where our method fails, form a set of Lebesgue measure zero, and that the bound
established for attractive models also holds for general models under generic edge potentials.

We first note the following result on analytic functions [11, Lemma 2].

Lemma 4 (Property of Analytic Functions). For an analytic function f(y) for y ∈ D ⊂ R
m,

if f is non-trivial, i.e., there exists y0 ∈ D such that f(y0) 6= 0, then the set where f vanishes has
Lebesgue measure zero.

Since the conditional variation distance is νi|j;S is an analytic function of the edge potentials
J := [Je1 , . . . , Jem ], we have the following result.

Proposition 3 (Variation Distance under Generic Potentials). For an Ising models Markov
on graph G with edge potentials |Ji,j| ≥ Jmin, we have for any S ⊂ V \ {i, j},

(38) min
(i,j)∈G

xS∈|X ||S|

νi|j;S = Ω(Jmin).

Proof: We have that the function f(J) := νi|j;S − kmini 6=j(J), is an analytic function of the edge
potentials J := [Je1 , . . . , Jem ], for a suitable constant k. Since f(J) > 0 for an attractive model
(Jij ≥ 0), for a suitable constant k > 0, we have that the set of edge potentials J where f(·)
vanishes is of measure zero. Thus, for generic edge potentials, νi|j;S = Ω(Jmin). �

2.3.3. Graphs with Local Paths. In the previous section, we established the bound for generic
edge potentials. We now establish a stronger result that the bound holds for all edge potentials for
a limited set of graphs: the class of graphs GLP(p; η, γ) satisfying the (η, γ)-local paths property.
Recall that these graphs have at most η paths of length less than γ.

Lemma 5 (Variation Distance between Neighbors). Under assumptions (A2)–(A3) in Sec-
tion 3.1 of the main paper [2], for an Ising model Markov on a graph G ∼ G(p; η, γ) satisfying
the (η, γ) local-paths property and the model is in the uniqueness regime according to (30), we have

(39) νi|j;S = Ω(Jmin), ∀(i, j) ∈ G,S ⊂ V \ {i, j}, |S| = O(1),

where Jmin ≤ |Ji,j | ≤ Jmax, for all (i, j) ∈ G, and there exists a constant δ > 0 such that

(40)
Jmin

(η − 1)J2
max

> 1 + δ.

Proof: Denote the subset of copies of any node j in the self-avoiding walk tree Tsaw(i;G) rooted
at a node i with distance smaller than γ as

(41) Ũγ(j;Tsaw(i;G)) := {jk ∈ U(j;Tsaw(i;G)) : d(i, jk ;Tsaw(i;G)) ≤ γ}.

We now have

ν(P [Xi|Xj = +,xS ], P [Xi|Xj = −,xS ])|
12



(a)
=ν(P [Xi|XU(j) = +,xU(S),xA;Tsaw(i;G)], P [Xi|XU(j) = −,xU(S),xA;Tsaw(i;G)])

(b)

≥ν(P [Xi|XŨγ(j)
= +,xŨγ(S)

,xA∩Bγ(i)], P [Xi|XŨγ(j)
= −,xŨγ(S)

,xA∩Bγ (i)])− Õ(αγ)

(c)
=
1

2

(
tanh

[
|Ji,j + J ′

i,j |+ |h′i|
]
+ tanh

[
|Ji,j + J ′

i,j | − |h′i|
])

− Õ(αγ)

(d)

≥
1

2

(
tanh

[
|Jmin − (η − 1)J2

max|+ |h′i|
]
+ tanh

[
|Jmin − (η − 1)J2

max| − |h′i|
])

− Õ(αγ)

(e)
=Ω(tanh Jmin)

where equality (a) is from the equivalence of conditional distributions on the self-avoiding walk
tree (Theorem 1). For equality (b), recall that Ũ(j; γ) defined in (41), denotes the copies of node
j in Tsaw(i;G), which are at distance smaller than γ from root i. For equality (b), note that the
uniqueness condition, according to (30), states that the effect of nodes beyond Bγ(i) decays as

Õ(αl). Equality (c) arises from the self-avoiding walk tree configuration. The parameter h′i is the
modified node potential due to conditioning on nodes in U(S; γ) and A∩Bγ(i) and marginalization
of the other nodes and is bounded since we condition on finite number of nodes. The parameter
Ji,j is due to the contribution of the direct path (edge) from i to j while J ′

i,j is the contribution of
all other paths from i to j of length less than γ.

Inequality (d) arises from the (η, γ)-local paths property, which implies that there are at most η
copies of any node in Tsaw(i;G) within distance γ from the root (Lemma 1). This implies that the
worst-case configuration is when one path from i to a copy of j through the edge (i, j) having a
minimum edge potential (i.e., Ji,j = Jmin and all the other paths to copies of j having the maximum
potential but with the opposite sign, i.e., J ′

i,j = −(η − 1)J2
max. This is because all the other paths

are at least two hops away from i. Equality (e) arises when Jmin
(η−1)J2

max
is bounded away from one

(and larger than one), and from assumption (A3), we have Jminα
−γ = ω̃(1). �

3. Sample-Based Analysis of CVDT.

3.1. Concentration of Empirical Variation Distances. We have so far established bounds on
conditional variation distance in graphs with local-separation property. We now provide concentra-
tion results for empirical variation distance estimated from samples. We use the following result on
empirical distribution [15, Thm. 2.1].

Lemma 6 (Guarantees for General Empirical Distribution). The following is true for the em-
pirical distribution P̂n, obtained using n i.i.d. samples from a discrete distribution P :

(42) P[ν(P̂n, P ) > ε] ≤ 2|X | exp[−2nε2].

Lemma 7 (Concentration Bounds). Given n i.i.d. samples from P , we have for all δ > 0,

(43) P


 max
i,j∈V,|S|≤η
S∈V \{i,j}

|ν̂ni|j;S − νi|j;S| > δ


 ≤ 2η+3pη+2 exp

[
−

nP 2
minδ

2

2(δ + 2)2

]
.

Proof: From Lemma 6,

P

[
‖P̂n(Xi,XS ,Xj)− P (Xi,XS ,Xj)‖1 > δ1

]
≤ 2η+2 exp[−nδ21/2],
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6

p

νmin(p) = Ω(Jmin)

νmax(p; η) = Õ(αγ)

ξn,p

Fig 3. The threshold ξn,p in CVDT algorithm separates edges and non-edges with high probability. νmin and νmax are
defined in (48) and (50). In the above figure, it is assumed that νmin = O(1).

P

[
‖P̂n(XS ,Xj)− P (XS ,Xj)‖1 > δ2

]
≤ 2η+1 exp[−nδ22/2].

Under the event, that ‖P̂n(Xi,XS ,Xj)−P (Xi,XS ,Xj)‖1 ≤ δ1 and ‖P̂n(XS ,Xj)−P (XS ,Xj)‖1 ≤
δ2,

‖P̂n(Xi|XS = xS ,Xj = xj)− P (Xi, |XS = xS ,Xj = xj)‖1 ≤
δ1 + δ2

Pmin − δ2
.

If we require a bound of δ for ‖P̂n(Xi|XS = xS ,Xj = xj) − P (Xi|XS = xS ,Xj = xj)‖1, we can
choose δ2 = kδPmin and δ1 = Pminδ(1− k − kδ). Setting k = 1/(δ + 2) gives the optimal exponent.

�

3.2. Asymptotic Guarantees for CVDT. We first provide rough asymptotic arguments for recov-
ery under CVDT. We then sharpen them to finite sample complexity results. For any (i, j) /∈ Gp,
define the event

(44) F1(i, j; {x
n}, Gp) :=

{
ν̂i|j;S > ξn,p

}
,

where ξn,p is the threshold in (20) in the main file [2]. Similarly for any edge (i, j) ∈ Gp, define the
event that

(45) F2(i, j; {x
n}, Gp) :=

{
ν̂i|j;S < ξn,p

}
.

The probability of error resulting from CVDT can thus be bounded by the two types of errors,

P [CVDT({xn}; ξn,p; η) 6= Gp] ≤ P


 ⋃

(i,j)∈Gp

F2(i, j; {x
n}, Gp)




+ P




⋃

(i,j)/∈Gp

F1(i, j; {x
n}, Gp)


(46)

For the first term, applying the concentration result in (43) of Lemma 7,

(47) P


 ⋃

(i,j)∈Gp

F2(i, j; {x
n}, Gp)


 = O(pη+2 exp[−nO(νmin − ξn,p)

2])
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where

(48) νmin := min
(i,j)∈Gp

min
|S|≤η

S⊂V \{i,j}

νi|j;S = Ω(Jmin),

from Lemma 5. Since ξn,p = O(Jmin), (47) is o(1) when n = Ω(J−2
min log p). For the second term in

(46),

(49) P


 ⋃

(i,j)/∈Gp

F1(i, j; {x
n}, Gp)


 = O(pη+2 exp[−nO(ξn,p − νmax)

2]),

where

(50) νmax(p; η) := max
(i,j)/∈Gp

min
|S|≤η

S⊂V \{i,j}

νi|j;S = Õ(αγ),

from (36). For the choice of ξn,p in (20) in the main paper [2], (49) is o(1).

3.3. PAC Guarantees for CVDT. We now sharpen the results of the previous section to provide
finite sample complexity bounds. Recall that

νmax(p; η) := max
(i,j)/∈Gp

min
|S|≤η

S⊂V \{i,j}

νi|j;S.

Given a fixed δ > 0, recall that we choose threshold ξn,p as

(51) ξn,p(δ) = νmax(p; η) + δ.

On lines of the error events (44) and (45) defined in the previous section and using the concentration
bounds in Lemma 7, we have that

P[CVDT({xn}; ξn,p(δ); η) 6= G′
p;δ] ≤ 2η+4pη+2 exp

[
−
2nδ2P 2

min

(δ + 2)2

]
.

The results of Lemma 1 in the main paper [2] follow from Corollaries 1 and 2.

4. Necessary Conditions for Structure Estimation.

4.1. Erdős-Rényi Random Graphs. This proof is inspired by [4, Thm. 1]. Fix any deterministic
estimator Ĝp. Denote R := Ĝp((X

p)n) as the range of the estimator Ĝp. This is the set of all graphs

that can be output by the estimator Ĝp. Then we have the sequence of lower bounds:

PXn,Gp(Ĝp 6= Gp)
(a)
=
∑

g∈Rc

PX|Gp=g(Ĝp 6= Gp|Gp = g)PGp(Gp = g)

+
∑

g∈R
PX|Gp

(Ĝp 6= Gp|Gp = g)PGp(Gp = g)

(b)

≥
∑

g∈Rc

PX|Gp
(Ĝp 6= Gp|Gp = g)PGp(Gp = g)
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(c)
=
∑

g∈Rc

PGp(Gp = g)

(d)
= 1−

∑

g∈R
PGp(Gp = g),(52)

where equality (a) comes from the fact that Gp = R∪Rc, inequality (b) lower bounds the sum by

the term involving Rc, inequality (c) is due to the fact that PX|Gp
(Ĝp 6= Gp|Gp = g) = 1 for all

g ∈ Rc and finally inequality (d) is because
∑

g∈R PGp(Gp = g) +
∑

g∈Rc PGp(Gp = g) = 1.
Now we provide an asymptotic upper bound for the term

Υ :=
∑

g∈R
PGp(Gp = g).

To do so, first note that |R| ≤ |X p|n = 2nm. Furthermore, let kg ∈ {1, . . . ,
(
p
2

)
} denote the number

of edges in the graph g ∈ Gp. Then,

(53) PGp(Gp = g) =

(
c

p

)kg (
1−

c

p

)(p2)−kg

.

Eqn. (53) says that if the probability of edge appearance c/p < 1/2 (which is the case of interest)
then P(Gp = g) is maximized at kg = 0. In fact, we have the general result that for graphs g1, g2 ∈ Gp

(54) kg1 ≤ kg2 ⇒ PGp(Gp = g1) ≥ PGp(Gp = g2).

It is then straightforward to show that the natural number

(55) z := min

{
l ∈ N :

l∑

k=1

((p
2

)

k

)
≥ 2nm

}

is of the order nm/ log p (by solving for l in (55)). The quantity z defined in (55) is to be interpreted
as the number of edges such that the sum of the number of graphs with no greater than z edges is
at least 2nm. Thus,

Υ
(a)
:=
∑

g∈R
PGp(Gp = g)

(b)

≤
z∑

k=0

((p
2

)

k

)(
c

p

)k (
1−

c

p

)(p2)−k

(c)
=

O(nm/ log p)∑

k=0

((p
2

)

k

)(
c

p

)k (
1−

c

p

)(p2)−k

(d)

≤ exp

[
−

4

nc

(
nc−O

( nm
log p

))2]

where (a) follows from the definition of Υ, (b) follows from rewriting Υ in terms of z, the number
of edges and by using (53), (c) follows from (55), and (d) follows from the fact that Pr(Bin(N, q) ≤
k) ≤ exp(− 2

Nq (Nq − k)2) for k ≤ Nq with the identifications N =
(p
2

)
and q = c/p. Finally, we

observe from (d) that if n = ac log p for some a > 0, then the term Υ → 0 as p → ∞. Thus, referring
back to (52) and noting the arbitrariness of Ĝp, we conclude that if n ≤ εc log p for sufficiently small

ε > 0, then PXn,Gp(Ĝp 6= Gp) → 1.
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4.2. Other Graph Families. Proof of Lemma 2 of main paper [2]: The proof is by counting
arguments. For girth-bounded graphs, we prove by recursively adding edges. At each stage, one
endpoint of the edge can be picked out of p nodes while the other end point cannot be a node
within g-hop neighborhood of the first end point. The number of such nodes is at least ∆g

min and
at most

∑g
i=1∆

g
max ≤ g∆g

max. By recursively adding edges we have the result.
We now consider local-paths graphs. Given a graph G, form a partition of nodes such that

nodes in the same partition have graph distance at most γ. The number of partitions is at least
m1 := p/γ∆γ

max and at most m2 := p/∆γ
min. In each partition, the tree excess (additional edges

compared to a tree) is η − 1 from local paths property. Thus, if these edges are removed from all
partitions, we obtain a graph with girth γ with number of edges in [k1, k2], and use the bound
previously derived. We finally note that in each partition, the η− 1 edges can be chosen arbitrarily
given the graph of girth γ.

For augmented graphs, the result is straightforward by noting that there p
(p−1

d

)
regular graphs

of degree d. �

4.3. Proof of Theorem 4 in Main Paper [2]. Let Gn denote the family of undirected labeled
graphs with n nodes. Let G(n, c

n) denote the Erdős-Rényi ensemble. A random graph G ∈ Gn is

drawn from G(n, c
n). There are also m conditionally i.i.d. samples Xm := (X(1), . . . ,X(m)) ∈ (X n)m

drawn from pm
X|G. These samples are then used to estimate the underlying random graph G. The

alphabet X is be a finite set {1, . . . , |X |}. Each estimator Ĝ( · ) induces a partition of the set of
graphs Gn. That is, we can define decoding regions

(56) D(xm) :=
{
G ∈ Gn : Ĝ(xm) = G

}

such that D(xm) ∩ D(x̃m) = ∅ for xm 6= x̃m and ∪xm∈(Xn)mD(xm) = Gn.

4.3.1. Typical Graphs. Given a graph G, we define the average degree d̄(G) to be the ratio of
the number of edges of G to the total number of nodes n. We define the following set of graphs:

(57) T (n)
ε :=

{
G ∈ Gn :

∣∣∣d̄(G) −
c

2

∣∣∣ ≤ c

2
ε
}
.

The set T
(n)
ε is the ε-typical set of graphs. Every graph G ∈ T

(n)
ε has an average degree that is

“close” to the average degree of the graphs in the Erdős-Rényi ensemble. Let Hb(q) := −q log2 q −
(1− q) log2(1− q) be the binary entropy function.

Lemma 8 (Properties of T
(n)
ε ). The ε-typical set has the following properties:

1. P(T
(n)
ε ) → 1 as n → ∞.

2. For all G ∈ T
(n)
ε , we have

(58) exp2

[
−

(
n

2

)
Hb

( c
n

)
(1 + ε)

]
≤ P(G) ≤ exp2

[
−

(
n

2

)
Hb

( c
n

)]
.

3. The cardinality of the ε-typical set can be bounded as

(59) (1− ε) exp2

[(
n

2

)
Hb

( c
n

)]
≤ |T (n)

ε | ≤ exp2

[(
n

2

)
Hb

( c
n

)
(1 + ε)

]

for all n sufficiently large.
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Part 1 will be strengthened in Lemma 10. Also, note that part 2 says that all the graphs in
the ε-typical set have roughly the same probability (in contrast to the family of all graphs Gn).
Furthermore, part 3 says that the number of graphs in the ε-typical set is relatively small (compared
to |Gn|). More precisely, the cardinality is of the order exp2[Θ(n log n)]. Note that in contrast to the
usual typical sets in information theory, ε only appears on one side of the bounds in (58). Lemma 8
is proved along the same lines as the asymptotic equipartition property in [8, Ch. 3].

4.3.2. Sparse Random Discrete Graphical Models.

Proof. For the sake of convenience, we define the random variable:

(60) W =

{
1 G ∈ T

(n)
ε

0 G /∈ T
(n)
ε

.

The random variable W indicates whether G ∈ T
(n)
ε . Consider the following sequence of lower

bounds:

nm log2 |X | ≥ H(Xm)(61)

(a)

≥ H(Xm|W )(62)

= I(Xm;G|W ) +H(Xm|G,W )(63)

(b)

≥ I(Xm;G|W )(64)

= H(G|W )−H(G|Xm,W ),(65)

where (a) is because conditioning does not increase entropy and (b) is because the conditional
entropy H(Xm|G,W ) is non-negative. We are going to lower bound the first term in (65) and
upper bound the second term in (65). Now consider the first term in the difference in (65):

H(G|W ) = H(G|W = 1)P(W = 1) +H(G|W = 0)P(W = 0)(66)

(a)

≥ H(G|W = 1)P(W = 1)(67)

(b)

≥ H(G|G ∈ T (n)
ε )(1− ε)(68)

(c)

≥(1− ε)

(
n

2

)
Hb

( c
n

)
,(69)

where (a) is because the entropy H(G|W = 0) and the probability P(W = 0) are both non-negative.
Inequality (b) follows for all n sufficiently large from the definition of W as well as Lemma 8 part
1 (law of large numbers). Statement (c) comes from fact that

H(G|G ∈ T (n)
ε ) = −

∑

g∈T (n)
ε

P(g|g ∈ T (n)
ε ) log2 P(g|g ∈ T (n)

ε )(70)

(a)

≥ −
∑

g∈T (n)
ε

P(g|g ∈ T (n)
ε )

[
−

(
n

2

)
Hb

( c
n

)]
=

(
n

2

)
Hb

( c
n

)
(71)

where (a) comes from the upper bound in Lemma 8 part 2. We are now done bounding the first
term in the difference in (65).
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Now we will attempt to bound the second term in (65). First we will derive a bound on
H(G|Xm,W = 1). Consider,

P (n)
e := P(Ĝ(Xm) 6= G)(72)

(a)
= P(Ĝ(Xm) 6= G|W = 1)P(W = 1) + P(Ĝ(Xm) 6= G|W = 0)P(W = 0)(73)

(b)

≥ P(Ĝ(Xm) 6= G|W = 1)P(W = 1)(74)

(c)

≥ P(Ĝ(Xm) 6= G|G ∈ T (n)
ε )

(
1

1 + ε

)
(75)

(d)

≥
H(G|Xm, G ∈ T

(n)
ε )− 1

log2 |T
(n)
ε |

(
1

1 + ε

)
,(76)

where (a) is by the law of total probability, (b) is by the fact that probabilities are non-negative,
(c) holds for all n sufficiently large by Lemma 8 part 1 (law of large numbers) and (d) is due to
the conditional version of Fano’s inequality (see Lemma 9 below). Note that the cardinality of

G|G ∈ T
(n)
ε is exactly |T

(n)
ε | (this is tautological). Then, from (76), we have

H(G|Xm,W = 1) ≤ P (n)
e (1 + ε) log2 |T

(n)
ε |+ 1(77)

≤ P (n)
e (1 + ε)

(
n

2

)
Hb

( c
n

)
+ 1.(78)

Define the rate function K(c, ε) := c
2 [(1+ε) ln(1+ε)−ε]. Note that this function is positive whenever

c, ε > 0. In fact it is monotonically increasing in both parameters. Now we utilize (78) to bound
H(G|Xm,W ):

H(G|Xm,W ) = H(G|Xm,W = 1)P(W = 1) +H(G|Xm,W = 0)P(W = 0)(79)

(a)

≤ H(G|Xm,W = 1) +H(G|Xm,W = 0)P(W = 0)(80)

(b)

≤ H(G|Xm,W = 1) +H(G|Xm,W = 0)(2e−nK(c,ε))(81)

(c)

≤ H(G|Xm,W = 1) + n2(2e−nK(c,ε))(82)

(d)

≤ P (n)
e (1 + ε)

(
n

2

)
Hb

( c
n

)
+ 1 + 2n2e−nK(c,ε),(83)

where (a) is because we upper bounded P(W = 1) by unity, (b) follows by Lemma 10, (c) follows
by upper bounding the conditional entropy by n2 (very coarse but is good enough) and (d) follows
from (78).

Substituting (69) and (83) back into (65) yields

nm log2 |X | ≥ (1− ε)

(
n

2

)
Hb

( c
n

)
− P (n)

e (1 + ε)

(
n

2

)
Hb

( c
n

)
− 1− 2n2e−nK(c,ε)(84)

=

(
n

2

)
Hb

( c
n

) [
(1− ε)− P (n)

e (1 + ε)
]
−Θ(n2e−nK(c,ε)),(85)

which implies that

(86) m ≥
1

n log2 |X |

(
n

2

)
Hb

( c
n

) [
(1− ε)− P (n)

e (1 + ε)
]
−Θ(ne−nK(c,ε)).
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Note that Θ(ne−nK(c,ε)) → 0 as n → ∞ since the rate function K(c, ε) > 0. If we impose that

P
(n)
e → 0 as n → ∞, then m has to satisfy (86) by the arbitrariness of ε. This completes the proof

of the converse.

Lemma 9 (Conditional Fano Inequality). In the above notation, we have

(87)
H(G|Xm, G ∈ T

(n)
ε )− 1

log2(|T
(n)
ε | − 1)

≤ P(Ĝ(Xm) 6= G|G ∈ T (n)
ε ).

Proof. Define the “error” random variable

(88) E =

{
1 Ĝ(Xm) 6= G

0 Ĝ(Xm) = G
.

Now consider

H(E,G|Xm,W = 1) = H(E|Xm,W = 1) +H(G|E,Xm,W = 1)(89)

= H(G|Xm,W = 1) +H(E|G,Xm,W = 1).(90)

The first term in (89) can be bounded above by 1 since the alphabet of the random variable E is of
size 2. Since H(G|E = 0,Xm,W = 1) = 0, the second term in (89) can be bounded from above as

H(G|E,Xm,W = 1) = H(G|E = 0,Xm,W = 1)P(E = 0|W = 1)

+H(G|E = 1,Xm,W = 1)P(E = 1|W = 1)(91)

≤ P(Ĝ(Xm) 6= G|G ∈ T (n)
ε ) log2(|T

(n)
ε | − 1).(92)

The second term in (90) is 0. Hence, we have the desired conclusion.

Lemma 10 (Exponential Decay in Probability of Atypical Set). Define the rate function K(c, ε) :=
c
2 [(1 + ε) ln(1 + ε)− ε]. The probability of the ε-atypical set decays as

(93) P((T (n)
ε )c) = P(G /∈ T (n)

ε ) ≤ 2 exp (−nK(c, ε))

for all n ≥ 1.

Note the non-asymptotic nature of the bound in (93). The rate function satisfies K(c, ε) = O(ε2).
The proof uses standard Chernoff bounding techniques but the scaling in n is somewhat different
from the vanilla Chernoff (Cramér) upper bound.

Proof. For simplicity, we will use M :=
(
n
2

)
. Let Yi, i = 1, . . . ,M be independent Bernoulli

random variables such that P(Yi = 1) = c/n. Then the probability in question can be bounded as

P(G /∈ T (n)
ε ) = P

(∣∣∣∣∣
1

n

M∑

i=1

Yi −
c

2

∣∣∣∣∣ >
cε

2

)
(94)

(a)

≤ 2P

(
1

n

M∑

i=1

Yi > (1 + ε)
cε

2

)
(95)
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= 2E

[
I

{
1

n

M∑

i=1

Yi − (1 + ε)
cε

2
> 0

}]
(96)

(b)

≤ 2E

[
exp

(
t

M∑

i=1

Yi − nt
c

2
(1 + ε)

)]
(97)

= 2 exp
(
−nt

c

2
(1 + ε)

) M∏

i=1

E[exp(tYi)],(98)

where (a) comes from the union bound, (b) comes from an application of Markov’s inequality.
Note that t ≥ 0 in (97). Now the moment generating function of a Bernoulli random variable with
probability of success q is qet+(1− q). Using this fact, we can further upper bound (98) as follows:

P(G /∈ T (n)
ε ) = 2 exp

(
−nt

c

2
(1 + ε) +M ln(

c

n
et + (1−

c

n
)
)

(99)

(a)

≤ 2 exp

(
−nt

c

2
(1 + ε) +

n(n− 1)

2

c

n
(et − 1)

)(100)

(b)

≤ 2 exp
(
−n
[
t
c

2
(1 + ε)−

c

2
(et − 1)

])
,

(101)

where in (a), we used the fact that ln(1+ z) ≤ z and in (b) we upper bounded n− 1 by n. Now, we
differentiate the exponent in square brackets with respect to t ≥ 0 to find the tightest bound. We
observe that the optimal parameter is t∗ = ln(1 + ε). Substituting this back into (101) completes
the proof.

5. Properties of Power-law Graphs. We briefly note the local-paths property of power-law
random graphs. Recall that the ensemble GLP(p; η, γ) has at most η paths of length at most γ in
G between any two nodes or equivalently, there are at most η − 1 number of overlapping cycles
of length smaller than 2γ. We now describe the power-law random graph model. For details, refer
to [7, Ch. 5].

For a given sequence w = (w1, w2, . . . , wp), the random-graph G = (V,E) with V = {1, . . . , p}
is generated as follows: for any two nodes i, j ∈ V , the probability of edge (i, j) occurs with
probability wiwjρ, independent of other edges, where ρ := (

∑
j wj)

−1 is the normalization factor.
The sequence w is the sequence of expected degrees in the random-graph model. A power-law
random graph ensemble GPL(p,w, β,∆) has an expected degree sequence given by

wi = αi
− 1

β−1 , ∀i ≥ i0,

α :=
(β − 2)

(β − 1)
wp

1
β−1 , i0 = p

(
w(β − 2)

∆(β − 1)

)β−1

,

where w is the average degree, ∆ is the maximum degree and β > 0 is the exponent of the power
law. We immediately see that a special case of the above parameterization is the Erdős-Rényi
ensemble G ∼ GER(p, c/p) where wi = c for all i ∈ V , implying that w = c and β = ∞.

Proposition 4 (Local-Paths Property of Power-Law Graphs). The power-law random graph
ensemble GPL(p,w, β,∆) satisfies the (η, γ)-local paths property a.a.s. when

(102) w = o(p
η−1
2ηγ

− 2
β−1 ),
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Proof: Let F = (VF , EF ) be a graph which is the union of at least η cycles of length less than 2γ.
We see that |EF | = |VF |+ η− 1 and |EF | < 2γη. By a counting argument, the expected number of
subgraphs F in G ∼ GPL(p,w, β,∆) is bounded by

(
p

|VF |

)
α2|EF |ρ|EF | ≤ p|VF |α2|EF |ρ|EF | ≤ w|EF |p

2|EF |

β−1
−η+1,

by substituting for α and ρ and using the fact that |EF | = |VF |+η−1. Thus, the expected number
of subgraphs F in G ∼ GPL(p,w, β,∆) is o(1) when (102) holds by noting that |EF | < 2γη. By
Markov’s inequality, the subgraph F does not occur in G a.a.s. �

Thus, we have a relationship between the average degree w, the power-law exponent β, the
number of local paths η and the threshold γ on the length of the paths. We note that in the special
case of Erdős-Rényi ensemble GER(p, c/p), the (η, γ)-local path property is satisfied when

(103) η = 2, γ <
log p

4 log c
,

by substituting w = c and β = ∞.
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