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Regularization for Design

Nikolai Matni and Venkat Chandrasekaran

Abstract—When designing controllers for large-scale systems,
the architectural aspects of the controller such as the placement of
actuators, sensors, and the communication links between them can
no longer be taken as given. The task of designing this architecture
is now as important as the design of the control laws themselves.
By interpreting controller synthesis (in a model matching setup)
as the solution of a particular linear inverse problem, we view
the challenge of obtaining a controller with a desired architecture
as one of finding a structured solution to an inverse problem.
Building on this conceptual connection, we formulate and analyze
a framework called Regularization for Design (RFD), in which
we augment the variational formulations of controller synthesis
problems with convex penalty functions that induce a desired
controller architecture. The resulting regularized formulations are
convex optimization problems that can be solved efficiently; these
convex programs provide a unified computationally tractable ap-
proach for the simultaneous co-design of a structured optimal
controller and the actuation, sensing and communication archi-
tecture required to implement it. Further, these problems are
natural control-theoretic analogs of prominent approaches such
as the Lasso, the Group Lasso, the Elastic Net, and others that are
employed in structured inference. In analogy to that literature, we
show that our approach identifies optimally structured controllers
under a suitable condition on a “signal-to-noise” type ratio.

Index Terms—Atomic norm minimization, controller archi-
tecture co-design, distributed optimal control, joint actua-
tor/sensor/communication link placement, quadratic invariance.

I. INTRODUCTION

S WE move into the era of large-scale systems such
as the smart-grid, software defined networking and au-
tomated highways, the design of control systems is becom-
ing increasingly more challenging. Designing the controller
architecture—placing sensors and actuators as well as the
communication links between them—is now as important as
the traditional design of the control laws themselves.
A conceptually useful viewpoint in the design of controller
architectures is to consider complicated systems as being com-
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posed of multiple simpler atomic subsystems. For example, if
the task is to design the actuation architecture of a controller, a
natural atomic element is a controller with a single actuator—it
is then clear that a general architecture can be built out of such
atoms. In general, controllers with a dense actuation, sensing
and communication architecture (i.e., systems that consist of
many atomic subsystems) achieve better closed-loop perfor-
mance in comparison with those with sparse architectures (i.e.,
systems composed of a small number of atomic subsystems).
However, as these architectural resources translate into actual
hardware requirements, it is desirable from both a maintenance
and a cost perspective that we minimize the total number of
atomic elements used. Hence, the problem of controller archi-
tecture/control law co-design is one of jointly optimizing an
appropriately defined structural measure of the controller and
its closed-loop performance by trading off between these two
competing metrics in a principled manner. In other words, we
seek an approximation of a given optimal controller by one that
utilizes fewer atomic elements without a significant loss in per-
formance. This goal has parallels with the approximation theory
literature in which one seeks approximations of complicated
functions as combinations of elements from a simpler class of
functions such as the Fourier basis or a wavelet basis [2].

In an appropriate parameterization, pure controller synthesis
methods in a model matching framework can be interpreted as
techniques for solving a particular linear inverse problem in
which one is given an open-loop response of a system Y and
a linear map £ from the controller to the closed-loop response,
and one seeks a controller U such that Y — £(U) =~ 0 (as mea-
sured in a suitable performance metric). From this perspective,
our objective in joint controller architecture/control law co-
design is to obtain structured solutions to the linear inverse
problem underlying controller synthesis. Such structured linear
inverse problems (SLIP) are of interest in diverse applications
across applied mathematics—for instance, computing sparse
solutions to linear inverse problems or computing low-rank so-
lutions to systems of linear matrix equations arise prominently
in many contexts in signal processing and in statistics [3]-{6].

In these problem domains, minimizing the ¢; norm subject
to constraints described by the specified equations is useful
for obtaining sparse solutions [3], [4], and similarly, nuclear
norm minimization is useful for obtaining low-rank solutions
to linear matrix equations [5], [6]. These ideas were extended in
[7], where the authors describe a generic convex programming
approach—based on minimizing an appropriate atomic norm
[2]—for inducing a desired type of structure in solutions to
linear inverse problems. Motivated by these developments, our
approach to the problem of joint architecture/control law co-
design is to augment variational formulations of controller syn-
thesis methods with suitable convex regularization functions.
The role of these regularizers is to penalize controllers with
more complex architectures in favor of those with less complex
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ones, thus inducing controllers with a simpler architecture. We
call this framework Regularization for Design (RFD).

Related Work: Regularization techniques based on ¢; norms
and, more generally, atomic norms have already been employed
extensively in system identification, e.g., to identify systems of
small Hankel order (cf. [8]-{10]), and in linear regression based
methods [11]. Although the resulting solutions yield structured
systems, they typically do not have a direct interpretation in
terms of the architecture of a control system (i.e., actuators,
sensors and the communication links between them). The use
of regularization explicitly for the purpose of designing the
architecture of a controller can also be found in the literature.
Examples include the use of ¢; regularization to design sparse
structures in Ho static state feedback gains [12], treatment
therapies [13], and synchronization topologies [14]; the use of
group norm penalties to design actuation/sensing schemes [1],
[15]; and the use of an atomic norm to design communication
delay constraints that are well-suited to Hy distributed
optimal control [16], [17]. Although these methods provide an
algorithmic approach for designing controller architectures in
certain settings, they do not enjoy the theoretical support that
regularization techniques for structured inverse problems enjoy
in other settings [2]-{6]. Finally, we note that £ regularization
of the Youla parameter has been used to guarantee the
existence of optimal solutions to multi-objective optimal
control problems [18].

Our Contributions: This paper presents novel computational
and theoretical contributions to the area of optimal controller
architecture/control law co-design. From a computational per-
spective, we propose a general RFD framework that is ap-
plicable in a much broader range of settings than the previous
approaches mentioned above. We restrict ourselves to problems
for which the linear optimal structured controller is specified as
the solution to a convex optimization problem [19]-{21]. As a
result, RFD optimization problems with convex regularization
functions for inducing a desired architecture are convex pro-
grams. Specifically, (i) we provide a catalog of atomic norms
useful for control architecture design. In particular, in addition
to known penalties for actuator, sensor and communication
design, we provide novel penalties for simultaneous actuator,
sensor and/or communication design; (ii) we describe a unify-
ing framework for RFD that encompasses state and output feed-
back problems in centralized and distributed settings, and in
which any subset of actuation, sensing, and/or communication
architectures are co-designed; and (iii) we present a two-step
algorithm that first identifies the controller architecture via a
finite-dimensional convex RFD optimization problem, and then
solves for the potentially infinite dimensional linear optimal
controller restricted to the designed architecture using methods
from classical and distributed optimal control [22]{28].

To provide theoretical support for our computational frame-
work, we make explicit links between RFD optimization prob-
lems and the use of convex optimization based approaches
for structured inference problems. We build on these links to
analyze the properties of the structured controllers generated by
RFD synthesis methods, which leads to conditions under which
RFD methods successfully identify optimally-structured con-
trollers. Our analysis and results are natural control-theoretic
analogs of similar results in the structured inference literature.
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Specifically: (i) we show that finite-horizon finite-order convex
approximations of an RFD optimization problem can recover
the structure of an underlying infinite dimensional optimal con-
troller; (ii) we define control-theoretic analogs of identifiability
conditions and signal-to-noise ratios (SNRs), and we provide
sufficient conditions based on these for a controller architecture
to be identified by RFD. In particular, we show that controllers
that maximize this SNR-like quantity are more easily recovered
via RFD than those that do not; and (iii) we provide a concrete
example of a system satisfying the above identifiability and
SNR conditions. As far as we are aware, this is the first example
in the literature of a system for which convex optimization
provably recovers the actuation architecture of an underlying
optimally structured controller.

Paper Organization: In Section II, we define notation and
discuss the relevant concepts from operator theory. This pa-
per is then organized in a modular fashion: Sections -V
focus on the computational aspects of controller architecture
design, whereas Sections VI and VII focus on conditions for
optimal architecture recovery. Specifically, in Section III, we
introduce the RFD framework as a natural blend of controller
synthesis methods and regularization techniques. In Section I'V,
we focus on RFD problems with an ‘Hy performance metric
and an atomic norm penalty; we present a catalog of atomic
norms that are useful for controller architecture design, and
make connections to the structured inference literature. The
computational component of the paper concludes in Section V,
in which we formally describe the two-step RFD procedure, and
we apply the RFD framework to a simultaneous actuator, sensor
and communication design problem. In Section VI, we shift
our focus to analyzing the theoretical properties of the RFD
procedure: we make connections between structured controller
design and structured inference problems by framing both tasks
as finding structured solutions to linear inverse problems, and
we leverage these connections to describe sufficient conditions
for the success of a finite-dimensional RFD optimization prob-
lem. In Section VII, we provide a case study to further illustrate
the applicability of these results.

II. PRELIMINARIES & NOTATION

We use standard definitions of the Hardy spaces H2 and H ..
We denote the restrictions of Ho and H to the space of real
rational proper transfer matrices R, by RH2 and RH . As we
work in discrete time, the two spaces are equal, and as a matter
of convention we refer to this space as RH.,. We refer the
reader to [22] for a review of this material. Let RH fct denote the
subspace of RH composed of finite impulse response (FIR)
transfer matrices of length ¢, i.e., R’cht ={GeRHL|G=
S_o(1/29)G™}. We denote the projection of an element
G € R, onto the subspace RHS' by G=!. Unless required,
we do not explicitly denote dimensions and we assume that
all vectors, operators and spaces are of compatible dimension
throughout. We denote elements of R, with upper case Latin
letters, and temporal indices and horizons by lower case Latin
letters. Linear maps from R, to R,, are denoted by upper case
Fraktur letters such as £. For such a linear map, we denote the
ith impulse response element of £ by £(). We further use £=*
to denote the restriction of the range of £ to R’Hfot, and £547 to
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denote the restriction of £5¢ to the domain RH". Thus £54v
is a map from RH5" to RHZ!. In particular, if £ is represented
as a semi-infinite lower block triangular matrix, then £5%?
corresponds to the ¢ by v block row by block column sub matrix
(L), t=1,...,t, j=1,...,v. Sets are denoted by upper
case script letters, such as ., whereas subspaces of an inner
product space are denoted by upper case calligraphic letters,
such as S. The restriction of a linear map £ to a subspace S €
RH o is denoted by £s; similarly, the projection of an operator
G € R, onto a subspace A C R, is denoted by G 4. We denote
the adjoint of a linear map £ by £f. The most complicated

expression that we use is of the form [Eft’”]T: this denotes
the adjoint of the map £=* restricted to RH<" N S. We denote
the n-dimensional identity matrix and down-shift matrices by
I,, and Z,, respectively. In particular, Z,, is a matrix with all
ones along its first sub-diagonal and zero elsewhere. We use e;
to denote a standard basis element in R", and F;; to denote
the matrix with (4, j)th element set to 1 and all others set to 0.

III. RFD AS STRUCTURED APPROXIMATION

Under standard assumptions [22], traditional controller syn-
thesis methods within the framework of model matching can be
framed as linear inverse problems of the form

AR .
minimize (U;Y, £) )]

where Y is the open-loop response of the system, U is the
Youla parameter, £ is a suitably defined linear map from the
Youla parameter U to the closed-loop response, and ¥(-; Y, £)
is a performance metric that measures the size of the closed-
loop response (i.e., the size of the deviation between Y and
£(0)), such as the Ho or H, norm. We make this connection
clear in the following subsection and we also recall how to
incorporate quadratically invariant [19] distributed constraints
on the controller into this framework.

Remark 1: We use this non-standard notation to facilitate
comparisons with the structured inference literature. This no-
tation emphasizes that the optimal linear controller synthesis
task can be viewed as one of solving a linear inverse problem
with “data” specified by the open-loop response Y and the map
£ from the Youla parameter to the closed-loop response.

A Convex Model Matching

In order to discuss a broad range of model matching prob-
lems, we introduce the generalized plant, a standard tool in
robust and optimal control [22]. In particular, consider the
system described by

p_ [Pu

@)

Pra| _
Py

CQ Doy 0

where P;; = C; (21 — A)’lBj + D;;. As illustrated in Fig. 1,
this system describes the four transfer matrices from the distur-
bance and control inputs w and u, respectively, to the controlled
and measured outputs y and m, respectively. We make the
standard orthogonality assumptions that

D12 [C] Diy] = [0 pul], Dyy[Br Daa] = [0 puI] (3
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Fig. 1. Diagram of the generalized plant defined in (2).

for some p,,, p,, > 0. At times we separate the state component
of the open and closed-loop responses from the components
of these transfer matrices that measure control effort. To that
end, we define the state component of an element X to be the
projection of X onto the range of C'.

Letting u(z) = K (z)m/(z) for a causal linear controller K €
‘Rp, the closed-loop map from the disturbance w to the con-
trolled output y is given by the linear fractional transform P;; —
PisK (I — Py K) 1 Py;. When the open-loop plant is stable
(we remark on the unstable case at the end of the subsection),
a typical optimal control problem in this framework is then
formulated as

minimize ||Py; — PioK (I — P2 K) ™' Pay ||
KeR,
s.t. K(I — Py K) ™' € RHo 4)

where || - || is a suitable norm, and the constraint ensures inter-
nal stability of the closed-loop system [22]. Notice however that
the optimal control problem (4) is non-convex as stated.

A standard and general approach to solving the optimal con-
trol problem (4) is to convert it into a model matching problem
through the Youla change of variables U := K (I — P K )™ 1;
the optimal controller K can then be recovered via K = (I +
U Py3)~'U. The resulting convex optimization problem is then
given by

minimize ||Pi1 — PioUPo || ®)
UeRH oo

which is of the form of problem (1) if we take Y := Py,
L(U) := PoUPy; and ¥ (U, Y, £) := ||[Y — £(U)|.

We also often want to impose a distributed constraint on the
controller K by requiring K to lie in some subspace S, which
specifies information exchange constraints between the sensors
and actuators of the controller. It is known that a necessary
and sufficient condition for such a distributed constraint to
be invariant under the Youla change of variables is that it be
quadratically invariant with respect to Py [19]-{21].

Definition 1: A subspace S is quadratically invariant (QI)
with respect to Pao if K Poo K € SVK € S.

In particular, when a subspace S is QI with respect to Py, we
have that K € S if and only if K (I — P»K)™! € S, allowing
us to convert the general optimal control problem (1) with
the additional constraint that K € S to the following convex
optimization problem:

minimize ¥(U;Y, £)s.t. U € S. (6)

UeRH oo

This optimization problem is again precisely of the form of the
linear inverse problem (1) save for the addition of the subspace
constraint U € S. This framework is fairly general in that it
allows for a unified treatment of all structured optimal control
problems in which the linear optimal structured controller can
be computed via convex optimization [19], [21]. These include
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state and output feedback problems in either centralized or QI
distributed settings. Further, if the optimal control problem is
centralized with respect to the Ho, Ho or L1 metrics, or is
QI distributed with a finite horizon 5 cost, the linear optimal
control is globally optimal [21], [22], [29], [30].

Remark 2: The above discussion extends to unstable plants
through the use of an appropriate structure preserving Youla
parameterization built around arbitrary coprime factorizations,
which are always available. See [17], [27], [31], [32] for exam-
ples of such parameterizations and their use with a structure
inducing penalty. Note that although the structured synthesis
task for unstable plants is addressed by these previous results,
finding a structured realization [33] and an internally stabiliz-
ing distributed implementation [34] for the resulting optimal
controller may still be challenging.

B Architecture Design Through Structured Solutions

We seek a modification of the optimal controller synthesis
procedure to design the controller’s architecture. We reiterate
that by the architecture of a controller, we mean the actuators,
sensors, and communication links between them. In particular,
we view the controller K as a map from all potential sensors
to all potential actuators, using all potential communication
links between these actuators and sensors. The architectural
design task is that of selecting which actuators, sensors and
communication links need to be used to achieve a certain
performance level. This task is naturally viewed as one of
finding a structured approximation of the optimal controller (4)
that utilizes all of the available architectural choices.

The components of the controller architecture being designed
determine the type of structured approximation that we attempt
to identify. In particular, each nonzero row of K (z) corresponds
to an actuator used by the controller, and likewise, each nonzero
column corresponds to a sensor employed by the controller.
Further sparsity patterns present within rows/columns of the
power series elements K(Y) of K(z) can be interpreted as
information exchange constraints imposed by an underlying
communication network between the sensors and actuators. It
is thus clear that specific sparsity patterns in K have direct
interpretations in terms of the architectural components of
the controller: nonzero rows correspond to actuators, nonzero
columns correspond to sensors, and additional sparsity structure
corresponds to communication constraints.

Although we seek seek to identify a suitably structured
controller K, for the computational reasons described in
Section III-A it is preferable to solve a problem in terms of
the Youla parameter U as this parameterization leads to the
convex optimization problem (6). Therefore, in the following
definition RFD problems are defined as a regularized version
of the model matching problem (6) with a penalty function
added to the objective to induce suitable structure, rather than
as a modification of the controller synthesis problem (4). In
the sequel, we justify that for architectural design problems of
interest, the structure underlying the controller K is equivalent
to the structure underlying the Youla parameter U; to that
end, we show that in the case of actuator, sensor, and/or QI
communication topology design, the structure of the Youla
parameter U corresponds to the structure of the controller K.
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Definition 2: Let U, Y € RH, and £ : RHo — RH o be
of compatible dimension. The optimization

minimize ¥(U;Y, £) + 2 \QU)st. U € S @)
UeRH oo

is called a RFD optimization problem with cost function
U(-;Y, £) and penalty Q(-).

Remark 3: With the exception of the centralized state-
feedback setting, it is known that the optimal linear controller is
dynamic [22], and therefore restricting our analysis to dynamic
controllers is natural. In the centralized setting (given the equiv-
alence between static and dynamic state-feedback), once an
actuation architecture is identified, traditional methods can then
be used to solve for a static state-feedback controller restricted
to that architecture. Further, as we show in Section VI, the
dynamic controller synthesis approach is amenable to analysis
that guarantees optimal structure recovery.

We discuss natural costs ¥U(-;Y, £) and penalties (-) in
Section IV, and we focus now on justifying why we can perform
the structural design on the Youla parameter U rather than the
controller K.

a) Actuator/sensor design: Recall that the actuators
(sensors) that a controller K uses are identified by the nonzero
rows (columns) of K: the actuator (sensor) design problem
therefore corresponds to finding a controller K that achieves a
good closed-loop response and that is sparse row-wise (column-
wise). This corresponds exactly to finding a row (column)
sparse solution U to the RFD optimization problem (7). This
is true because any subspace D that is defined solely in terms
of row (column) sparsity is QI with respect to any Pso. In
particular, it is easily verified that if K € D, then right (left)
multiplication leaves D invariant, i.e., KX € D (XK € D)
for all compatible X. It then follows from Definition 1 that
D is QI with respect to any plant Psy. We can extend this
analysis to incorporate additional QI distributed constraints &
by leveraging the results in [20]: in particular, if S is QI with
respect to Pyg, then sois DN S.!

b) Joint actuator and sensor design: By virtue of the
previous discussion joint actuator and sensor design corre-
sponds to finding a controller K that is simultaneously sparse
row-wise and column-wise. It follows immediately from the
previous discussion that this corresponds exactly to finding a
simultaneously row and column sparse solution U to the RFD
optimization problem (7). In particular, any subspace D defined
solely in terms of row and column sparsity is QI with respect
to any plant Pss, we can incorporate additional QI distributed
constraints S by leveraging the results in [20].

¢) Communication design: In an analogous manner to
the above, one can also associate subspaces to structures cor-
responding to suitable information exchange constraints that
a distributed controller must satisfy.> Recall in particular that
the information exchange constraints between the sensors and

IRemoving actuators does not change the communication delays between
the remaining actuators and sensors. If the delay based conditions of [20] hold
with all actuators (sensors) present, they also hold for any subset of them being
present.

2We assume that communication delays satisfy the triangle inequality de-
fined in [20]: thus information exchanged between sensors/actuators is trans-
mitted along shortest delay paths in the communication graph.
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Fig. 2. Examples of QI sparsity patterns generated via (a) actuator, (b) sensor,
and (c) actuator/sensor RFD procedures without any distributed constraints, and
(d) actuator RFD subject to nested information constraints.
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actuators of a controller K are identified by the sparsity struc-
ture found within the nonzero rows and columns of K. In [17],
the first author showed that a specific type of sparsity structure
in K corresponds exactly to sensors and actuators exchang-
ing information according to an underlying communication
graph. In particular, given a communication graph between
sensors and actuators with adjacency matrix I', a distributed
controller K can be implemented using the graph defined by
I if the power series elements K () of the controller satisfy
supp(K ) C supp(I'*~1).3 The interpretation of the support
nesting condition is that the delay from sensor j to actuator %
is given by the length of the shortest path from node j to node @
in the graph defined by I'. This support nesting condition thus
defines the distributed subspace constraint S in which K must
lie—based on the discussion in Section III-A, one can pose the
distributed controller synthesis problem as a distributed model
matching problem (6) if and only if S is QI with respect to Pas.
In light of this, we consider the communication design task
proposed in [17]: given an initial graph with adjacency matrix
I'qr that induces a QI distributed subspace constraint S, what
minimal set of additional edges should be added to the graph to
achieve a desired performance level . It is additionally shown in
[17] that any communication graph constructed in this manner
results in a subspace constraint S that is QI with respect to Pss.
Therefore the structure imposed on the controller K by an
underlying QI communication graph corresponds exactly to the
structure imposed on the Youla parameter U.

d) Joint communication, actuator and/or sensor design:
By virtue of the previous discussion and the results of [20],
combining QI communication design with actuator and/or
sensor design still leads to the underlying structure of the
controller K corresponding to the underlying structure of the
Youla parameter U.

Thus, for architecture design problems the RFD task can be
performed via a model matching problem.

Example 1: Suppose that different RFD optimization prob-
lems are solved for a system with three possible actuators
and three possible sensors, resulting in the various sparsity
patterns in U(z) shown on the far right of Fig. 2. It is easily
seen by inspection that the resulting sparsity patterns are QI.
In particular Fig. 2(a) through (c) correspond to centralized
RFD optimization problems (this can be seen from the full
matrices in the center of the left hand side), and 2(d) to a RFD
optimization problem subject to lower triangular constraints, a
special case of a nested information constraint.’

3We assume that K is square for simplicity; cf. [17] for the general case.

41t is shown in [17] that under mild assumptions on the plant P»o, the
propagation delays of P2 can be used to define an adjacency matrix I'qp that
induces a distributed subspace constraint that is QI with respect to Pa2.

SNested information constraints are a well studied class of QI distributed
constraints, cf. [23]-{25] for examples.
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IV. RFD CoOST FUNCTIONS AND REGULARIZERS

In this section we examine convex formulations of the RFD
optimization problem (7) by restricting our attention to convex
cost functions ¥(+; Y, £) and convex penalty functions Q(-).

A. Convex Cost Functions

Any suitable convex cost function ¥(-;Y, £) can be used
in (7): traditional examples from robust and optimal control
include the Ha, Hoo [22] and £1 norms [30]. We focus on the
Ho norm as a performance metric because it allows us to make
direct connections between the RFD optimization problem (7)
and well-established methods employed in structured infer-
ence such as ordinary least squares, Ridge Regression [35],
Group Lasso [36] and Group Elastic Net [37].

We begin by introducing a specialized form of the model
matching problem (6), and show how state-feedback problems
with Ho performance metrics can be put into this form.

Definition 3: Let U, Y € RH o, and £ : RHoo — RH be
of compatible dimension. The optimization problem

L B 2 2
minimize 1Y = £U)5, +pullUllz, st UeS (8)

is the Ha optimal control problem for a suitable control penalty
weight p,, and a distributed constraint S.

In this definition, Y is the state component of the open-loop
response, and £ is the map from the Youla parameter to state
component of the closed-loop response. Explicitly separating
the cost of the state component [|Y — £(U) |3, of the closed-

loop response from the control cost p,||U||7, allows us to
connect the Ho RFD optimization to several well-established
methods in the inference literature. Before elaborating on some
of these connections, we provide two examples of standard
control problems that can be put into this form.

Example 2 (Basic LOR): Consider the basic LQR problem
given by

o0
minimize Z ||C$t||§2 + HDUt“Z
ucls —0

S.L. Ti41 = A(Et + BUt, Ty = 5 (9)

and assume that D' D = p, I, for some p, > 0. Define p =
pus XB = CAt¢ fort > 0, UM =y, and &(U) = —H + U,
where H € R, with H®) = 0,and H®) = CA*"'Bfort > 1.
We can then rewrite the basic LQR problem in the form of
optimization problem (8) (with no distributed constraint S).

Example 3 (Ho State Feedback): Assume either that the
generalized plant (2) is open-loop stable or that the control
problem is over a finite horizon. Let Co = I and Dy; = 0 in
the generalized plant (2) such that the problem is one of syn-
thesizing an optimal state-feedback controller, and for clarity
of exposition, assume that B is invertible.® Define the Youla
parameterization for the controller synthesis problem (4) as
follows [22]:

- 1 - - -
-1
Py = ;Plg, Pyy = APy + B1, U = K(I— PQQK) Py
6The assumption that B is invertible simply implies that no component of

the state is deterministic, and can be relaxed at the expense of more complicated
formulas.
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TABLE 1
A DICTIONARY RELATING VARIOUS SLIP METHODS IN STRUCTURED INFERENCE AND ACTUATOR RFD PROBLEMS

Parameters | Inference Inference Structure Inference Tradeoff RFD Method RFD Structure RFD Tradeoff
Method
A = 0, | Ordinary None N/A Cheap Control ~ Deadbeat response N/A
p=0 Least Squares LQR
A = 0, | Ridge Regres-  Small Euclidean  Bias, Variance LQR Small control action State deviation,
p>0 sion norm Control effort
A > 0, | Group LASSO  Group sparsity Bias, Variance, RFD LQR Sparse actuation State deviation, Control effort,
p=0 Model complexity Actuation complexity
A >0 Group Elastic  Correlated Bias, Variance, RFD LQR Correlated State deviation, Control effort,
p>0 Net group sparsity Model complexity sparse actuation Actuation complexity

with all other parameters remaining the same. Under this pa-
rameterization, the optimal control problem (4) (with additional
QI distributed constraint S) with performance metric || - ||${2
can be written as

minimize || Pj; — ]512(~f|\3{2 +pu||U3, st. UPs € S (10)

UeRH

The optimal controller K is then recovered from the solution
to (10) as K = (I + U152’11P22)_1[7 P;;'. The state-feedback
assumption and the choice of Youla parameterization ensure
that Py is invertible in RH, and that K € S.

Remark 4: A dual argument applies to s filter design by
considering the “full-control” setting, cf. [22] for more details.

As illustrated by Example 3, the 2 optimal control problem
(8) is simply a more general way of writing the 7, state
feedback model matching problem—in Remark 7 we show
how Hs output feedback model matching problems can also
be put in a similar form. Writing the Hy problem as a linear
inverse problem with a least squares like state cost and an
explicitly separated control cost already allows us to make
connections to classical techniques from structured inference.
These connections (along with others we make later in this sec-
tion) are summarized in Table I. In order to keep the discussion
as streamlined as possible, we make these connections in the
context of the Basic LQR problem presented in Example 2.

1) p, = 0: In an inferential context, this is simply ordinary
least squares, and is commonly used when U, is not known
a priori to have any structure. Further, the resulting estimate
of U, is unbiased, but often suffers from high error variance.
Moving now to a control context, It is easy to see that this
setting corresponds to “cheap control” LQR, in which there is
no cost on u;—under suitable controllability and observability
assumptions, the resulting state trajectory is deadbeat, but the
optimal control law is not necessarily unique.

2) py, > 0: This corresponds to Ridge Regression or
Tikhonov Regularization [35]. In an inferential context, this
regularizer has the effect of shrinking estimates towards O—this
introduces bias into the estimator, but reduces its variance,
and is often a favorable tradeoff from a statistical perspective.
From a linear algebraic perspective, this is a commonly used
technique to improve the numerical conditioning of an inverse
problem. Once again, the interpretation in RFD is clear: this
corresponds to standard LQR control with R = pI; the para-
meter p allows for a tradeoff between control effort and state
deviation. The optimal control action is then unique and the
resulting state trajectory is generally not deadbeat.

B. The Ho RFD Problem with an Atomic Norm Penalty

Recall that our strategy for designing controller architectures
is to augment the traditional model matching problem (6) with
a structure inducing penalty, resulting in the RFD optimization
problem (7). In light of the previous subsection, we further
specialize the RFD optimization problem to have an Hy per-
formance metric and an atomic norm penalty || - || 7.

Definition 4: Let U,Y € RH~ and £ : RHo — RHoo be
of compatible dimension. The optimization problem

L 2 2
n(ljlg%r.llze||Y—£(U)||H2+pHUHH2+2)\HUHgf s.t.UeS (11)

is called the Ho RFD optimization problem with parameters
(p, A), distributed constraint S, and atomic norm penalty || - || o
There are two components of note in this definition. The first
is that p need not be equal to p,,, the control cost parameter
of the original non-penalized control problem (8); the reasons
why a different choice of p may be desirable are explained in
Section VI. The second is the use of an atomic norm penalty
function to induce structure. Indeed, if one seeks a solution U,
that can be composed as a linear combination of a small number
of “atoms” .7, then a useful approach, as described in [3]-{7],
to induce such structure in the solution of an inverse problem is
to employ a convex penalty function that is given by the atomic
norm induced by the atoms <7 [2]. Examples of the types of
structured solutions one may desire in linear inverse problems
include sparse, group sparse and signed vectors, and low-rank,
permutation and orthogonal matrices (cf. [7]).
Specifically, if one assumes that
T
U=> chi, i€, c;>0 (12)

i=1

for a set of appropriately scaled and centered atoms <7, and a
small number r relative to the ambient dimension, then solving

mini{}nize YUY, L)+ 2\|U|| o (13)
with the atomic norm || - ||+ given by the gauge function’
U|ler :==1inf{t > 0| U € tconv(«)}
=inf Y ca|U=> cadica>0 (14)

Acd Acgd

results in solutions that are both consistent with the data as
measured in terms of the cost function W(-;Y, £), and that

7If no such ¢ exists, then || X || .z = oo.
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are sparse in terms of their atomic descriptions, i.e., are a
combination of a small number of elements from <7

Our discussion in Section III-B on designing controller archi-
tecture by finding structured solutions to the model matching
problem (6) suggests natural atomic sets for constructing suit-
able penalty functions for RFD. We make this point precise
by showing that actuator, sensor, and/or communication delay
design can all be performed through the use of a purposefully
constructed atomic norm. We introduce several novel penalty
functions for controller architecture design, most notably for
the simultaneous design of actuator, sensor and communication
delays. Further, all regularizers that have been considered for
control architecture design in the literature (cf. [1], [12]-{17],
among others) may be viewed as special instances of the atomic
norms described below.

In what follows, the atomic sets that we define are of the
form:

o = ) ANkaBu,
Aed

5)

for .# an appropriate set of subspaces, {k4} a set of normal-
ization constants indexed by the subspaces A € ., and By,
the Ho unit norm ball; see the concrete examples below. Note
that we normalize our atoms relative to the > norm as this
norm is isotropic; hence this normalization ensures that no atom
is preferred over another within a given family of atoms .o/
We use ng and n, to denote the total number of sensors and
actuators, respectively, available for the RFD task.

1) Actuator/Sensor Norm: For the Actuator Norm, we
choose the atomic set to be transfer functions in RH[.**" that
have exactly one nonzero row with unit {5 norm, i.e., suitably
normalized Youla parameters that use only one actuator. Specif-
ically, the set of subspaces (15) in this context is

Mact = {A C RHZ+*" | A has one nonzero row} (16)
leading to the atomic set
Aoy =&V |V ERHLZ™ IVlw, =1}. (A7)
The resulting atomic norm is then given by
na
1Ullact = [le] ULy, - (18)
i=1

In particular, each “group” corresponds to a row of the Youla
parameter. For the Sensor Norm, we similarly choose transfer
functions with exactly one nonzero column with unit 2 norm,
leading to the atomic norm

[1Ullsns = D 1Ueill, - (19)
i=1

Both of these norms are akin to a Group Lasso penalty [36].

2) Joint Actuator and Sensor Norm: Conceptually, each
atom corresponds to a controller that uses only a small subset
of actuators and sensors. As each row of the Youla parameter
U corresponds to an actuator and each column to a sensor, the
atomic transfer matrices have support defined by a submatrix of
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Fig. 3. Three-player chain system.

U(z). Specifically, we choose atoms with at most k, actuators
and k, sensors

Maciysns = {A C RHL*" | supp(A) is a submatrix

with at most k, nonzero rows and ks nonzero columns} .
(20)

The scaling terms k4 in the definition of the atomic set (15)
are given by k4 = (card(A) +.1)~(1/2), and are necessary as
some of the atoms are nested within others—the additional
.1 can be any positive constant, and controls how much an
atom of larger cardinality is preferred over several atoms of
lower cardinality. The resulting Actuator + Sensor Norm is then
constructed according to (15) and is akin to the latent Group
Lasso [38].

3) Communication Link Norm: As described in
Section III-B, the communication design task is to select
which additional links to introduce into an existing base
communication graph. An atom in o, corresponds to such
an additional link. We provide an example of such an atomic
set for a simple system, and refer the reader to [17] for a more
general construction. In particular, consider a three player
chain system, with physical topology illustrated in Fig. 3, such
that P9 lies in the subspace

* 0 0 * *
1 1 1
S=-10 x 0l@5|*x =*x x&3Ry
oo o« o o« x| 7

where * is used to denote R to reduce notational clutter.
We consider an existing communication graph matching the
physical topology illustrated in Fig. 3 so that the induced
distributed subspace constraint, as described in Section III-B,
is given precisely by S. It can be checked that S is then QI
with respect to P»2. We consider choosing from two additional
links to augment the communication graph: a directed link from
node 1 to node 3, and a directed link from node 3 to node 1.
Then Acomm = {A13,A31}, where its component subspaces
are given by

Lo 0 0 Lo 0+
As=—= 0 0 0|, Ax==10 0 0
“lx 0 0 1o 0 o

In particular, each subspace A;; corresponds to the additional
information available to the controller uniquely due to the added
link from sensor j to actuator ¢. The resulting Communication
Link Norm || + ||comm is then constructed according to (15) with
all normalization constants k4 = 1. We note that this penalty is
also akin to the latent Group Lasso [38].

4) Joint Actuator (and/or Sensor) and Communication Link
Norm: This penalty can be viewed as simultaneously inducing
sparsity at the communication link level, while further inducing
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row sparsity as well. The general strategy is to combine the
actuator and communication link penalties in a convex manner.
We suggest two such approaches, one based on taking their
weighted sums and the other based on taking their “weighted
maximum.” In particular, we define the joint actuator plus
communication link penalty to be

e

act+comm — (1 - 6)||U||comm + 9||U||act (21)

for some 6 € [0, 1], and the max actuator/communication link
penalty to be

HUHmax{act,comm} = max{(l _H)HUHCOHIIH; HHU

act }

for some 6 € [0, 1]. The analogous Sensor and Communication
Link penalties, as well as Sensor + Actuator and Communica-
tion link penalties can be derived by replacing o7, with either
vdsns or %ct—&-sns-

(22)

C. Further Connections With Structured Inference

As already noted in Section IV-A, by choosing different
values of p for A = 0 we are able to recover control-theoretic
analogs to Ordinary Least Squares and Ridge Regression [35].
Noting that the actuator norm penalty (18) is akin to the
Group Lasso [36], we now discuss how control theoretic
analogs of the Group Lasso and Group Elastic Net [37] can
be obtained by setting A > 0 in (11) and using the Actua-
tor Norm (18) penalty—these connections are summarized in
Table I. To simplify the discussion, we once again consider
these connections in the context of the basic LQR problem
introduced in Example 2, now augmented with the actuator
norm penalty (18).

In structured inference problems, the setting A >0, p > 0
corresponds to Group Elastic-Net regression. If the groups are
single elements, this becomes the traditional Elastic Net and
Lasso. The singleton group setting with A > 0, p = 0 corre-
sponds to Lasso regression, and this inference method is em-
ployed when the underlying model is known to be sparse—in
particular, the Lasso penalty is used to select which elements
U; of the model are non-zero [3], [4]. Continuing with the
singleton group setting, if both A > 0 and p > 0, then the
corresponding inferential approach is called the Elastic Net.
In addition to the sparsity-inducing properties of the Lasso,
the Elastic Net also encourages automatic clustering of the el-
ements [37]—in particular, p > 0 encourages the simultaneous
selection of highly correlated elements (two elements U, and
U; are said to be highly correlated if £(U;") ~ £(U;)). Thus
p can be seen as a parameter that can be adjusted to leverage
a prior of correlation in the underlying measurement operator
£. These interpretations carry over to more general groups in a
natural way.

In RFD, this setting corresponds to our motivating Example 2
augmented with the actuator norm penalty, in which we design
the controller’s actuation architecture. As each atom corre-
sponds to an actuator, this RFD procedure then selects a small
number of actuators. Porting the clustering effect interpretation
from the structured inference setting, we see that p promotes the
selection of actuators that have similar effects on the closed-
loop response. In particular, this suggests that for systems in

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 61, NO. 12, DECEMBER 2016

which no such similarities are expected, p should be chosen to
be small (or 0) during the RFD process, even if the original
LQR problem had non-zero control cost.

V. THE RFD PROCEDURE
A. The Tvo-Step Algorithm

We now introduce the convex optimization based RFD proce-
dure for the co-design of an optimal controller and the architec-
ture on which it is implemented. The remaining computational
challenge is the possibly infinite dimensional nature of the RFD
optimization problem (7). To address this issue, we propose a
two step procedure: first, a finite dimensional approximation
of optimization problem (7) is solved to identify a potential
controller architecture and its defining subspace constraint D.
Once this architecture has been identified, a traditional (and
possibly infinite dimensional) optimal control problem (1) with
Youla prameter restricted to lie in D NS is then solved—in
particular, in many interesting settings the resulting optimal
controller restricted to the designed architecture can then be
computed exactly leveraging results from the optimal controller
synthesis literature [22]-{28].

Formally, we begin by fixing an optimization horizon ¢ and
a controller order v. We suggest initially choosing ¢ and v
to be small (i.e., 2 or 3), and then gradually increasing these
parameters until a suitable controller architecture/control law
pair is found. Our motivations for this approach are twofold:
(1) first, selecting a small horizon ¢ and small controller order v
leads to a smaller optimization problem that is computationally
easier to solve and (ii) as we show in the next section, a smaller
horizon ¢ and smaller controller order v can actually aid in the
identification of optimal controller architectures. For a given
performance metric ¥(+; Y, £) and atomic norm penalty || - | 4,
the two step RFD procedure consists of an architecture design
step and an optimal control law design step:

1) Architecture design: Select the regularization weight
A and solve the finite dimensional RFD optimization
problem

minimize W(U; Y=t £55Y) 4 20| U] 4.

(23)
UeRHZ'NS

The actuators, sensors and communication links defining
the designed architecture are specified by the non-zero
atoms that constitute the solution U to optimization prob-
lem (23). The architectural components employed in U
in turn define a subspace D(U’ ) which corresponds to all
controllers (within the Youla parameterization) that have
the same architecture as U 8

2) Optimal control law design: Solve the infinite dimen-
sional optimal control problem with Youla parameter
additionally constrained to lie in the designed subspace
DU)NS:

minimize U(U;Y, £)s.t. U € D(U) N S. (24)

UeRH oo

8 As described in Section 111, the subspace D(U ) NS is QI by construction,
and hence this subspace also corresponds to all controllers with the same

architecture as K = (I 4+ UPa2)~1U.
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(d)

Fig. 4. (a) Topology of system considered for RFD example. Solid lines
indicate both physical interconnections and existing communication links
between controllers. Dashed lines correspond to possible additional edges to
be added. (b) Resulting architecture for A = 500: despite only using eight
actuators (orange squares), eight sensors (blue triangles) and five additional
communication links (green arrows), the performance only degraded by 0.71%
relative to the distributed controller using all eleven actuators, eleven sensors
and seven communication links.

If the resulting controller architecture and controller per-
formance are acceptable, the RFD procedure terminates.
Otherwise, adjust A accordingly to vary the tradeoff be-
tween architectural complexity and closed-loop perfor-
mance. If no suitable controller architecture/controller can
be found, increase ¢ and v and repeat the procedure.

Remark 5 (Removing Bias): The method of solving a regular-
ized optimization problem to identify the architectural structure
of a controller and then solving a standard model matching
problem restricted to the identified architecture is analogous to
a procedure that is commonly employed in structured inference.
In structured inference problems, a regularized problem is
solved first to identify a subspace corresponding to the structure
of an underlying model U,. Subsequently, a non-regularized
optimization problem with solution restricted to that identified
subspace is solved to obtain an unbiased estimator of the
underlying model U..

B. Simultaneous Actuator, Sensor and Communication RFD

In this subsection, we demonstrate the full power and
flexibility of the RFD framework in designing a distributed con-
troller architecture, jointly incorporating actuator, sensor and
communication link design. In particular we consider a plant
with eleven subsystems with topology as illustrated in Fig. 4(a).
The solid lines correspond to the physical interconnection
between subsystems. Choosing C; = By = I, the adjacency
matrix of this graph then defines the support of the A matrix in
the state space realization of the generalized plant (2), as well
as the required communication links between nodes such that
the distributed constraint is QI under P»o [17], [20].

The non-zero entries of A were generated randomly and nor-
malized such that [Apax (A)| = .999. The remaining state space
parameters of the generalized plant (2) satisfy D13[C] D{,] =
[0 251], and Dg,[B1 D21] = [0 .011], with C;C{ = 1001 and
BBy =1.

For the RFD task, we choose an Hy norm performance
metric; we allow each node to be equipped with an actuator
and/or a sensor (for a total of 11 possible actuators and sensors),
and we allow the communication graph to be augmented with
any subset of the interconnections denoted by the dashed lines
in Fig. 4(a), in addition to the already present links given by
the solid lines. This leads to 536870911 different possible
controller architectures.

We solved the RFD optimization (43) with atomic norm
I [|act+sns+comm as defined in Section IV-B, with weighting
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Fig. 5. A small degradation in closed-loop performance allows for a significant
decrease in architectural complexity.

parameter # = .75 and with ks, = k, = 1. We performed the
RFD procedure for two different horizon/order pairs: ¢ = 4 and
v =2,as well as t = 6 and v = 3; for these latter horizon/order
values acceptable tradeoffs between architecture complexity
and closed-loop performance were identified, and hence the
RFD procedure terminated. For each horizon/order pair (¢, v),
we vary ), and for each resulting optimal solution U, we
identified the designed architecture and corresponding subspace
D(U). We then used the method from [27] to exactly solve
the resulting non-regularized distributed 75 model matching
problem with subspace constraint D(T]’ ). Note that the Youla
parameter solving this non-regularized problem is not restricted
to have a finite impulse response. In particular, we can compute
the optimal Youla parameter and the corresponding optimal
controller restricted to the architecture underlying U in a
computationally tractable fashion because we guarantee that
the subspace corresponding to the designed architecture is QI,
as per the discussion in Section I'V.

For horizon ¢ = 6 and order v = 3, the resulting architec-
tural complexity is plotted against the closed-loop norm of the
system in Fig. 5. As A is increased, the architectural complexity
(i.e., the number of actuators, sensors and communication links)
decreases, but at the expense of deviations from the perfor-
mance achieved by the controller that uses all of the available
architectural resources. We also show the resulting architecture
for A = 500 in Fig. 4(b): as can be seen, a non-obvious com-
bination of eight actuators, eight sensors and five additional
communication links are chosen, resulting in only a 0.71%
degradation in performance over the distributed controller using
all 11 actuators, 11 sensors, and 7 additional communication
links.

As this example shows, the RFD procedure is effective at
identifying simple controller architectures that approximate the
performance of a controller that maximally utilizes the available
architectural resources. In the next section, we offer some
theoretical justification for the success of our procedure by
suitably interpreting the RFD optimization problem (7) in the
context of approximation theory and by making connections to
analogous problems in structured inference.

VI. RECOVERY OF OPTIMAL ACTUATION STRUCTURE

This section is dedicated to the analysis of the 72 RFD opti-
mization problem (11) with no distributed constraint, actuator
norm penalty (18), and Y and £ as given in Example 3—a
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TABLE 11
INTERPRETATION OF PARAMETERS IN STRUCTURED CONTROLLER
DESIGN AND STRUCTURED INFERENCE

Parameter ~ Structured Controller Design  Structured Inference
Y Open loop system Observations
£ Map to closed loop Measurement map
Uk Desired controller Underlying model
w Closed loop response Measurement noise

nearly identical argument applies to a sensor norm regularized
problem. We discuss how to extend the analysis to output
feedback and distributed problems at the end of the section.

Viewing the model matching problem (6) as a linear inverse
problem makes it clear that designing a structured controller
is akin to obtaining a structured solution to a linear inverse
problem. The problem of obtaining structured solutions to
linear inverse problems arises prominently in many contexts,
most notably in statistical estimation and inference. In that
setting, one posits a linear measurement model’

Y =L(U,)+W (25)

where Y is the vector of observations, £ is the measure-
ment map, U, parametrizes an underlying model and W is
the measurement error. The linear model (25) also has an
appealing interpretation from a control-theoretic perspective.
In particular, letting Y € RH, be the state component of the
open-loop response of a LTI system, U, € RH ., be a suitably
defined Youla parameter, and £ : RH., — RH~ be the map
from Youla parameter to the state component of the closed-loop
response, it is then immediate that

W:=Y - £(U,) (26)
represents the state component of the closed-loop response
achieved by the controller U,. Table II summarizes the corre-
spondence between these two perspectives.

This conceptual connection suggests a novel interpretation
of the role of the closed-loop response W achieved by a
controller U,. In an inferential context, since W corresponds to
measurement noise, a smaller ' makes the task of identifying
the structure of the underlying model U, much easier, as the
measurements are more accurate. In a similar spirit, we demon-
strate that structured controller design is easier [via the solution
to an RFD optimization problem (7)] if the corresponding state
component of the closed-loop response is small. Thus the state
component of the closed-loop response of the system plays the
role of noise when trying to identify the structure of a suitably
defined controller U.,. In the sequel, we describe an appropriate
notion of smallness for the state component of the closed-loop
response in the context of designing structured controllers.

The remainder of the discussion in this section builds
on prominent results from the structured inference literature
[3]-6]. The flavor of these results is somewhat non-standard
in the controls literature, and we therefore pause briefly to
frame the setup in this section appropriately and to discuss
how the results of this section should be interpreted. The
main result of this section proceeds by assuming that there

9We purposefully use non-standard notation to facilitate comparisons be-
tween RFD and SLIP.
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exists an architecturally simple controller U, (i.e., one with a
small number of actuators) that achieves a good closed-loop
response, [i.e., that achieves a small W as defined in (26)].
Under suitable conditions, Theorems 1 and 2 state that the
architectural structure of U, can be recovered via tractable con-
vex optimization using the RFD procedure. These conditions
are phrased in terms of quantities associated to U, which are
typically unknown in advance—however, these conditions are
not meant to be checked prior to solving a RFD optimization
problem. Although the results are stated in terms of a nominal
controller U,, they should be interpreted as describing the
properties satisfied by controller architectures identified via the
RFD procedure of Section V. In particular, the RFD procedure
requires solving RFD optimization problems across a range of
controller orders v, optimization horizons ¢ and regularization
weights \: this process leads to a set of controller architectures
being identified. Our results allow a practitioner to be confident
that all controller architectures satisfying the conditions of our
theorems—i.e., those that have a small number of actuators and
that achieve a small closed-loop state response—are included
in this set of identified controller architectures. In this way,
the RFD procedure provably identifies good controller archi-
tectures, should they exist.

We study finite dimensional variants of the 72 RFD opti-
mization problem (11) with the actuator norm penalty (18), and
show that such finite dimensional approximations are sufficient
to identify the structure of a desired controller U.. In particular,
we truncate the optimization problem (11) to a finite horizon
t by restricting Y — £(U) € RH to the first ¢ elements of its
impulse response, and to a finite controller order v by restricting
U to lie in RHZ". The resulting optimization problem is thus
finite dimensional, and corresponds to the first step of the RFD
procedure defined in the previous section. At this point, it is
convenient to introduce the temporally truncated version of (26)
for a fixed optimization horizon ¢ and controller order v

Wﬁt — Yﬁt _ £§t,t (U*St)

=Y=st—g=hv (UEY) == (27)

with

7= = e (U = USY) (28)
corresponding to the effect of the “tail” of U, on the state
component W=t of the truncated closed-loop response.

The flexibility in the choice of the optimization horizon ¢ and
controller order v will be the focus of much of our discussion. In
particular, it is of interest to find the smallest ¢ and v for which
we can guarantee that the RFD procedure recovers the structure
underlying U,—the smaller the horizon and controller order,
the smaller the size of the optimization problem that needs to
be solved. Perhaps counter-intuitively, we show that larger ¢
and v do not necessarily help in recovering the structure of an
underlying parameter U,. We make this statement precise in
what follows, but again drawing on intuition from the structured
inference literature, we note that increasing v in RFD is analo-
gous to increasing the allowed model complexity when solving
an inference problem: if the model class is too rich, we risk
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over-fitting and thus obfuscating the structure of the underlying
model U..

Our goal is to prove that the solution U to the finite dimen-
sional H2 RFD optimization problem

U= arg min HY<t
UeRHE'

2
S W), + pllU N, + 22U

(29)

has the same architectural structure as U, for appropriately
chosen ¢ and v. To show this, we study the solution U to the
following architect optimization problem:

U—arg min ||Ygt + Sgt’v(

UeRHEY

st. U € A,

2
U3, + 2IUI, + 2X|U

act

(30)

where A, is a subspace of Youla parameters U with the property
that a row of U, being zero implies that the corresponding row
of U is zero. In words, A, may be viewed as the set of Youla
parameters corresponding to actuation schemes matching the
actuation scheme of U,.. We also define .#Z, C M oct, With Myt
defined as in (16), to be
M= {AE€ Maer | (Us) 4 # 0}
In words, the elements of .#, correspond to actuation schemes
that use a single actuator, where these actuators are defined by
the nonzero rows of the desired controller U.,.
We show under suitable conditions on ¢, v, U and £557 that
U = U; that is to say that the architect solution U is also the
unique optimal solution to the RFD optimization problem (29)
without the additional constraint U € A.. As a result, since U
is constrained to lie in \4,, the solution to the RFD optimization
problem U also lies in A, and hence has the same architectural
structure as U,. We emphasize that at no stage during the RFD
procedure described in Section V do we require knowledge of
A, and .#,—the investigation of the architect problem (30) is
only a theoretical tool used to prove structural recovery results.

€29

A. Identifiability Conditions in Control

We begin by introducing two restricted gains in terms of the
subspace A, and its orthogonal complement .A.-. In order to do

so, we introduce the dual norm to || - ||act, which is given by
1Ullaey = max [|Tally, - (32)
These restricted gains are then
aStv = mAin <[£<t v} 2<t vt pI> (A)
act
st|A|f. =1, A€ A, NRHSY (33)
*
BE = max [sjﬁ”} £ (A)
act
st][Allre <1, Ae ANRHY. (34

The minimum gain o=%? is a quantitative measure of the

injectivity of the operator £55V x \/pI restricted to the sub-
space A.. Intuitively, it characterizes the distinctions among

4001

the effects of the different actuators within A,. The maximum
gain 3 <tv_on the other hand, is a measure of how different the
effects of actuators in A, are from those of actuators in Aj.

We can already see some immediate implications of different
choices of the horizon ¢ and and controller order v on these
quantities. In particular, o=%" is non-increasing in the con-
troller order v. This minimum gain’s dependence on the horizon
t is more subtle. Define the mixing time of .#, to be

ra. =max{teZ, | [¢3]' g5’ =0, vA£ Be .4}
(35

If no ¢ exists such that the condition within the max{-} is
satisfied, we set 7 4, = 0. The mixing time 7 4, measures how
long it takes for the effects of the distinct actuators used by U. to
overlap, or mix, in the closed-loop response. Consequently the
minimum gain o="" is non-decreasingin t so longast < 7 4.,
i.e., so long as ¢ is sufficiently small that the effects of the
different actuators used by U, do not overlap. We then have
the following lemma:
Lemma 1: Let T 4, be as defined in (35). Then

<tw __ . X <t,v <t,v
o= = p+ it o, ([s } 5 ) (36)

forall 1 <t < 74, . In particular, a=%?

foralll1 <t < 7y,.

Proof: 1t is easily verified that for A # B € ., and t <
T4, , We have [£<f U]T,Q;t’v = 0, from which (36) follows. To
see that =" as given in (36) is non-decreasing in ¢, it suffices
to note that

is non-decreasing in ¢

[£<t+1 v} £<tv - [£<t v} £<tv (37)

leading to the conclusion that
T
<t+1l,v <t+1l,v __ <t,v <t,v
] e = [ ] o

[£<f+1u 8<t v:| (£<f+1v £<f u). (38)

The result follows by noting that the final term in this expres-
sion is positive semidefinite. ]

In particular, this result suggests that actuation schemes with
more evenly distributed actuators [i.e., those with larger mixing
times 7 4, (35)] are easier to identify.

The maximum gain 3=%", however, is clearly seen to be non-
decreasing both in the controller order v and the horizon ¢. This
is consistent with our interpretation of 5=%? as a measure of
similarity between actuators: as either v or ¢ increase, there
is more time for the mixing of the actuators’ control actions
via the propagation of dynamics in the system, increasing their
worst-case “‘similarity.” We now assume that the following
identifiability condition is satisfied.

Assumption 1 (Identifiability): There exist 1 <v <t < o0
such that

/Bgt,v

Oégt,v

=velo1l). (39)
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In light of the previous discussion, it is immediate that a
larger controller order v decreases the likelihood of the identifi-
ability condition being satisfied, and should therefore be taken
as small as possible. The effect of increasing the horizon ¢ is
less clear, but we see that it may help if the minimum gain o=%"?
increases sufficiently fast with ¢ relative to the increase in the
gain 3=V with respect to t—further there is no need to increase
t beyond the mixing time 7 4, .

In the inference literature, the analog of these identifiability
assumptions are given by conditions known as the restricted
eigenvalue condition [39] and the restricted isometry property
[40]. In the sequel, we give an example of deterministic and
structured state space matrices that satisfy these identifiability
conditions. Specifically, we focus on systems (2) that have
block diagonal B and C matrices (i.e., decoupled actuators
and state costs), and block banded state matrices A (i.e., locally
coupled dynamics).

Remark 6: Notice that if £5%? =1, then o=tV > 1, f<HV =)
and v = 0. These conditions are satisfied if B = C = I and
v =t =1 in Example 2 (Basic LQR), or if C; = By, = I and
v =1, t =2 in Example 3 ( Hy State Feedback). Thus suffi-
ciently small values of v and ¢ ensure that condition (39) holds.
However, the resulting optimization problem only incorporates
low order effects of the dynamics (as encoded in £597) in
the RFD optimization problem, suggesting that ¢ and v should
be also be chosen large enough to sufficiently capture the dy-
namics of the system. This observation and Lemma 1 motivate
our suggestion in Section V to begin with small horizon ¢ and
controller order v and to then gradually increase these values
until a suitable controller architecture/control law pair is found.

B. Sufficient Conditions for Recovery

The following theorem provides sufficient conditions for (i)
the architect solution U to be the unique optimal solution to the
finite dimensional RFD optimization (29) and (ii) an actuator of
the desired controller, identified by a subspace A € .#,, to be
identified by the RFD procedure.

Theorem 1 (Structural Recovery): Fix a horizon 1 <t < o0,
and a controller order 1 < v <t such that Assumption 1
holds. If

*

A> (H ):j(“ (W<f T=tv)

+p||U<IU|wct)

act
*

o

+ act ( 40)

1-946

we have that U as defined in (30)is thg: unique optimal solution
to (29), and that the row support of U is contained within the
row support of U,. Further, if A € .#, and

1OZ) 4l
>-l <A-+
(6%

then Uy # 0.

[Sjt v} (W<t+T<t v) +p||U<v||act)

(41)

act
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The condition (40) states that, under suitable identifiability
assumptions, the regularization weight A needs to be suffi-
ciently large to guarantee that the architect solution U is also
the solution to (30). However, this can alwa}ys be made to
hold by choosing A sufficiently large so that U = U = 0. The
second condition (41) provides an upper bound on the values
of A for which a specific actuator (i.e., a specific component
(USY) 4, A € A.) is identified by the architect solution U.The
following corollary then guarantees the recovery of ...

Corollary 1: Let pu := min ez, [[(US") 414, and suppose
that the open interval

(o]

H <tv W<f+T<tv)

{git’v}T (Wgt + Tgt,v)

o]

act

act

5 )
St _H{Eijv} (WSt+T§t,v)

- <UHE}(
! ‘ )

act
(42)

is non-empty. Then the solution U to the RFD optimization
(29), with any regularization weight A chosen within A, has row
support equal to that of U,.

Note that it is useful to have a given architecture be identi-
fiable for a range of regularization weights A, as prior infor-
mation about the values needed to specify (42) are typically
not available. We exploited this fact when we defined the
RFD procedure in Section V by suggesting that A be varied
until a suitable architecture/control law pair is identified. This
corollary also makes explicit that larger values of p shrinks
the range of A for which the RFD procedure is successful.
It also shows that larger T<* tail terms (28) are deleterious
to the performance of the RFD procedure as well—therefore,
although we previously stated that the controller order v should
be chosen as small as possible, it should not be so small that the
tail term T=%" is too large.

Remark 7 (Extension to Output Feedback): A similar ar-
gument applies to the output feedback problem, but at the
expense of more complicated formulas. In particular, the Hs
RFD optimization takes the form

C e . 2 2
minimize 1Y = £(U)ll5, + IBW)5, + 2AMUllace  (43)
for Y = P11, S(U) = P12UP21, and s(U) =

[PlgUDgl D12UP21 D12UD21]. Notice that if D12 and
Dy are set to 0 in the RFD optimization problem (43), we
recover an optimization problem of exactly the same form as
(11) with p = 0, in which case the analyses of this section and
the next section are applicable.

Remark 8 (Extension to Distributed Constraints): For the
purposes of analysis, the additional constraint that U € S can
be incorporated by considering the restriction of £ to S, result-
ing in a centralized problem (cf. [19] for an example of how this
can be done).

C. A RFD Signal to Noise Ratio

Theorem 1 as stated does not yet provide an immediate
interpretation of the effect of the choices of the horizon ¢ and
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the controller order v on the performance of the RFD procedure.
In order to better understand the effects of the horizon ¢ and
controller order v on the success of the RFD procedure, we
describe more interpretable bounds on o=V and 5=,

Lemma 2: Fix 1 <t < oo and 1 <v <t The parameters
o=tV and B=HY, as defined in (33) and (34), can be bounded
from below and above, respectively, as follows:

aSt,U 2 p+,y§t,v (44)
where
t
st .= min  max [Umin ({Szt’v} Sjt”))
BCM | B|>1 Ac B
<15,'uT <t,v
_ZB#AG%’ Tmax qg*“ }SB j @5
t
<t, <t,v <tw
s Ae( Mo\ dl.) Z Fmax ([SA } s ) (46)

Be A,

Consequently, we can upper bound the ratio (39) as

<t,v
y< B0

. 47
< 7)

In particular, it is a straightforward consequence of Lemma 1
that for all t < 7,4, [where the mixing time 7,4, is as in (35)],
the intermediate quantity v=*?, as introduced in Lemma 2, is
given by

i
ASEY = mi;ll Omin ({27’“} 27’“)

Ae

and is non-decreasing in ¢. Further it is easily verified that the
bounds (44), (46), and (47) can be taken with equality if v = 1,
as each EE‘M is isomorphic to a column vector.

The bounds computed in Lemma 2 can be combined with
the sufficient conditions of Theorem 1 to describe sufficient
conditions for the successful recovery of the architecture of
U. in terms of a signal to noise like quantity—to that end, we
introduce the following definitions.

Definition 5 (RFD Noise): We define the RFD Noise level
nf/;;“ for an Ho RFD optimization problem (29) to be

*

T
i =] vt

act
*

v T v
T H{):jj } (WSt 4 T<t) (48)

act

The control theoretic interpretation (26) of the lin-
ear model (25) used in inference problems motivates our
terminology—recall in particular that in (26) the state compo-
nent of the closed-loop response W is interpreted as measure-
ment noise in the context of identifying a structured controller.
Likewise, T<"" can be viewed as additional noise introduced
into the architecture identification procedure by the temporal
truncation procedure described in (27). We proceed to define
a control theoretic analog to the signal in the context of RFD
optimization problems.
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Definition 6 (RFD SNR): In the context of architecture
recovery via RFD, the magnitude of each atom, ||(U=Y) allag,
plays the role of a signal, and the RFD Noise level nf/;;“ that

of noise, leading to the definition of the SNR of a component
(UsY) 4 A€ M. as

1) Al

<t,v
Ua

SNR ((UZ") ) = (49)

These definitions allow us to state simple conditions in terms
of the SNR (49) for the successful recovery of an actuation
architecture via the solution to the Ho RFD optimization
problem (29).

Theorem 2: Let p =0, A= X + k, where X is given by
the right hand side of (40), and x > 0 is an arbitrarily small
constant, and assume that 3t /y=<tv < 1. 1If

1
SNR ((U),) > -

P T (50)
for all A € #,, then for sufficiently small x, the solution U
to the H2 RFD optimization problem (29) has the same row
support as U=,
Proof:  Follows from rearranging terms in (41),

Definition 6 and letting  tend to O from above. |

Setting p = 0 increases the range A, as defined in (42), for
which the RFD optimization problem is successful in recover-
ing the structure of U, and the assumption that /3 St’”/ AU <1
ensures that Assumption 1 holds. Thus Theorem 2 can be
viewed as a slightly stronger, but more interpretable, set of
sufficient conditions for the success of the RFD procedure.

Notice in particular that the left hand side of condition (50),
i.e., the SNR, is mainly a function of the desired controller U, E”
and the closed-loop performance W=! that it achieves, whereas
the right hand side of (50) is mainly a function of the structure
of the optimal controller and £5%7. Thus we expect controllers
with sparse and evenly distributed actuation, i.e., controllers
that minimize the SNR threshold (v<tv — 3<t*)™", that act
quickly and aggressively to achieve a good closed-loop norm,
i.e., controllers that maximize the SNR (49), to be recovered by
the RFD procedure.

VII. CASE STUDY

The following case study illustrates the concepts introduced
in the previous section on a concrete system that satisfies our
sufficient conditions.

We consider a Hy RFD optimization with control cost
pu = .1, and the remaining generalized plant (2) state space
parameters set as Bo =C1 =119, A=(1/2)I10+(1/2)Z19, and
By = 1.1(E11 + Es5) + .TEgg + .1I1¢. This system is illus-
trated in Fig. 6. This simple example is chosen in order to allow
a direct computation of various bounds and parameters, and to
easily interpret the propagation of inputs and disturbances.

We consider the task of recovering the optimal actuation
schemes that use either 2 actuators or 3 actuators. In particular,
we take the desired controller U, for s = 2 and s = 3, to be

U, :=argmin ||V — £U)|l3, +-1|U|3,

UeRH oo

s.t. U has at most s nonzero rows (29
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Fig. 6. Diagram of the Stable Unidirectional Chain System case study.
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Fig. 7. Behavior of identifiability parameters y<%¥ and S<%". (a) Fixed
horizon ¢t = 6. (b) Fixed controller order v = 1. (c¢) Fixed controller order
v =2.

with open-loop state response Y and map £ as defined in
Example 3. We solve this optimization problem by enumerating
all possible actuation schemes, and we find that the optimal ac-
tuation scheme for s = 2 is given by actuators at nodes 1 and 5,
and for s = 3 by actuators at nodes 1, 5, and 9.

We emphasize that the goal of this case study is to illustrate
the concepts introduced in the previous section, and to help
the reader understand how the various parameters affect the
recovery conditions—in practice, ., and A, are not available.
Further, we note that the case study presented is, as far as we are
aware, the first example in the literature of a system for which
convex optimization provably identifies an optimal actuation
architecture.

With these optimal actuation schemes at our disposal, we
vary the parameters ¢ and v to investigate how our recovery
conditions are affected. As per the discussion in Section VI-C,
we set p = (0. We also show that for appropriate fixed con-
troller order v and horizon ¢, increasing A shifts the identified
architecture from actuators at nodes 1, 5, and 9 to actuators
at nodes 1 and 5. This is a very desirable property from an
architecture design perspective, as it suggests that increasing
the regularization weight A causes the identified architecture to
move to a simpler, but still optimal, actuator configuration. As
predicted by Corollary 1, each optimal architecture is identified
for a range of regularization weights A. Further, as predicted by
Theorem 2, the identified architectures are those for which the
optimal control law achieves a small closed-loop norm.

We begin by examining how the lower bound parameter
~<tv and the maximum gain 5=V are affected as we vary the
horizon ¢ and the controller order v. In particular, for actuation
sparsity s = 2, we compute v=bY and S=HY for (i) t =6
and v € {1,2,3} [shown in Fig. 7(a)], (ii) forv =1 and ¢ €
{1,2,3,4} [shown in Fig. 7(b)], and (iii) for v =2 and ¢ €
{2,3,4} [shown in Fig. 7(c)]. As expected, there is a decrease
in the lower bound parameter 4<% and an increase in the
maximum gain 3% as v increases, while both =% and 3<%
are non-decreasing for a fixed controller order v and increasing
horizon ¢ as long as ¢t < 7 4,. For this problem, the mixing
time 7.4, = 5. Further, we see that y=\"¥ begins to decrease
for horizons ¢ > 6 when v = 2.
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TABLE III
SUMMARY OF RELEVANT VALUES FOR THE CONTROLLER Uz
t W SNR;  SNRj A IAllX,  Bound
2 1 1.27 1.27 .8 73 .89
3 .8 .87 .88 1.46 91 1.03
4 127 732 735 2.01 1.00 1.12
5 7 .67 .68 2.45 1.05 1.16

The conditions of Theorem 2 are satisfied for v =1
and several values of ¢. For example, if we select t =4,
v=1, p=0 and U, as defined in (51), we can com-
pute (yS41 — g=41)7h = 7273, SNR((USY),) = .7324, and
SNR((US1),) = .7353, thus satisfying condition (50) for each
of the two actuators. Further, selecting A = 2.0119 € A, and
using this value for A in the truncated RFD optimization (29)
recovers a solution with non-zero first and fifth rows.

Perhaps surprisingly, similar positive recovery results can
be verified for all 2 < ¢ < 7 4, —the relevant values are sum-
marized in Table III. In this table, SNR; corresponds to the
SNR achieved by the controller component corresponding to
the actuator at node 4. Further, A := U — UZ=? is the approxi-
mation error between the architect parameter U and underlying
parameter U=?, and the values in the “Bound” column are given
by (52) in the appendix giving upper bounds on ||A||%.. It is
worth noting that for ¢ =5, we do not satisfy the sufficient
conditions of Theorem 2, but nonetheless recover the correct
actuation architecture.

We now consider the case of actuation sparsity s = 3. Much
as in the s =2 case, we can verify that the conditions of
Theorem 2 hold for v =1, and 2 <t <7y, , where the
mixing time 7,4, is still 5. However, since the controller
with 3 actuators is able to achieve a much better closed-
loop norm, the SNRs are significantly larger, while the SNR
threshold (y<t¥ — 3<t:*)™! does not change significantly. In
particular, for the case of ¢ =15, we have a threshold of
(y=31 — 655’1)_1 = .82, and SNRs of 4.04, 4.04, and 2.67 for
the three actuator components.

This is consistent with our original interpretation of the
closed-loop state response W=¢ playing the role of measure-
ment noise—the better the performance of the controller, the
easier it is to identify via RFD. These experiments demonstrate
that controllers with sparse and diffuse actuation schemes that
achieve a small state response W=¢ are easy to identify as
the solutions to RFD optimization problems. In summary, our
analysis and case studies demonstrate that: (i) the parameter p
can be set to 0 in the RFD optimization problem (7), even if
the original model matching problem (6) had non-zero control
cost p,; (il) choosing small controller order v and horizon ¢ can
actually lead to a favorable threshold (v<tv — g<tv)™! (50);
(iii) actuation schemes that are more evenly distributed [so that
they lead to large mixing times 7.4, in (35)] are easier to
identify; and (iv) controller components that maximize the
RFD analog of a SNR (49) are more likely to satisfy our
recovery conditions. These consist of controllers that have a
concentration of energy in their early impulse response ele-
ments, and that achieve a closed-loop with small state response
component.
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VIII. FUTURE WORK

A Priori Bounds on Incoherence: 1t is of great interest to
derive a priori bounds on the gain parameters o=** (33) and
B=tv (34) in terms of the state-space parameters of the system
and a lower bound on the mixing time 74, (35). We are
currently pursuing semidefinite relaxation based methods to
obtain bounds on these parameters [41].

Scalability: The scalability of the RFD framework is lim-
ited by the underlying quadratic invariance based controller
synthesis algorithms upon which it is built. In order to allow
the RFD framework, and distributed optimal control theory in
general, to scale to large heterogeneous systems, the first author
and co-authors have developed the localized optimal control
framework (cf. [42] and references therein).

APPENDIX

Proof of Theorem 1: The proof of Theorem 1 centers around
showing that under Assumption 1, the unique solution to the
architect optimization (30) is also the unique solution of the
original unconstrained optimization (29). We emphasize that at
no point during the RFD process do we assume knowledge of
A, or of the architect optimization problem (30).

The proof consists of two parts: we first show that if =" >
0, the architect optimization problem (30) has a unique opti-
mal solution U, and control its deviation from the underlying
desired controller U=". We then use U and its error bound
to construct a strictly dual-feasible primal/dual pair for the
original RFD optimization problem (29), showing that U is
indeed its unique optimal solution as well.

Proposition 1 (Bounded Errors): Fix a horizon 1 <t < o0,
and a controller order 1 < v < t. Assume that aSt? as defined
in (33) is strictly positive, and let A := U — U=". Then

1A s (A+H [e50] st eo)

L)
(52)

ac

Proof: 1tis clear that under the assumption that ast >,
the architect optimization problem (30) is strongly convex, and
hence has a unique optimal solution U. Letting A := U-— U=Y,
and using the relation (27), the optimality conditions of the
architect optimization problem (30) are then given by

(=]

T
w5kt ) (@) - [e5] vt 7o)

+pUS" +AZ + Ay 30

act =1 HZALHaCt

and Ay: € Al is the Lagrange multlpher correspondmg to
the architect constraint U € A,. Projecting (A) onto A,, and
leveraging that A € A,, we then obtain

([sjj”} festey pI> (A)

;
- ([sj{} (W=t 4 T=00) — pUZ" — /\ZA*> . (53)
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We then have the following chain of inequalities:

*

ot lalis | ([e]) s+ o) @)

act
*

HollUE,

act

< )\+" Sjlfv (W<t T<t v)

ac

where the first inequality follows from (33), and the second
from (53) and the triangle inequality. Rearranging terms yields
the error bound (52). |

Strict Dual Feasibility: In order to construct a primal/dual
feasible pair for optimization (29) from U, we first set Z 4, to
be a member of the sub-differential || - ||ac; evaluated at U. We
now choose Z 41 to be

([Szt*lvr(w<t+ Tty — {’gfl;v} t SZ,U(A))
A

Z At =
(54)

In doing so, we guarantee that (U, Z) satisfy the optimality
conditions of optimization (29). What remains to be shown
is the Z41 is an element of the sub-differential. In order to
do so, We show that under the assumptions of the theorem,
|1 Z4x|l7., < 1. This guarantees that Z is indeed in AU ]| acts

andthatUA =0 forall A & ..
To that end, notice that H Zar 7,

AL

( B Al + H[szif} W=t 4 750)

can be upper bounded by

* )
act

*
act)
* )
act

<t, U
’EA

H <fv W<t Tgt,v)

IN
> =

/\

A [

<1

1 <tw] <t <ton|”
+6+AH{SAJ (WSt 4 7=0)

act

where the first inequality follows from applying the triangle
inequality to (54), the second from applying definition (34), the
third from applying the error bound (52), and the fourth from
(40). Thus we have shown that under the assumptions of the
Theorem, U is also the optimal solution of the original problem
(29)—its uniqueness follows from the local strong convexity of
the cost function around U. Finally, if for A € .#,, we have
that (41) holds, then U 4 # 0. [
Proof of Lemma 2: The gain a=%" is bounded below by

(]

e+ pI) Ay

min  max
Al =1 AcA. 2
AcAx 2
t
<t,v <t,v
_ Z H {SA } £ Ap
B#Ac. A, Ho
T
. <t,v <t,v
> p+ min mMax O mj {2*’ } £50
SPT i s e Cmin ( A A

-2

B£AcR

T
rmax <[£jﬁ’”} 2,?“’)
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where the inequalities follow from the fact that | A%, =1
implies that there exists A € .. such that [[A4]|;, =1, and
the definition of the respective norms. The derivation of the
bound on 3= is similar, and hence omitted. [ |
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