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BRITTLENESS OF BAYESIAN INFERENCE AND NEW SELBERG
FORMULAS*
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Abstract. The incorporation of priors [H. Owhadi, C. Scovel, and T.J. Sullivan, Electronic H.
Stat., 2013] in the Optimal Uncertainty Quantification (OUQ) framework [H. Owhadi, C. Scovel, T.J.
Sullivan, M. McKerns, and M. Ortiz, SIAM Rev., 2013] reveals brittleness in Bayesian inference; a
model may share an arbitrarily large number of finite-dimensional marginals with, or be arbitrarily
close (in Prokhorov or total variation metrics) to, the data-generating distribution and still make the
largest possible prediction error after conditioning on an arbitrarily large number of samples. The initial
purpose of this paper is to unwrap this brittleness mechanism by providing (i) a quantitative version
of the Brittleness Theorem of [H. Owhadi, C. Scovel, and T.J. Sullivan, Electronic H. Stat., 2013] and
(ii) a detailed and comprehensive analysis of its application to the revealing example of estimating the
mean of a random variable on the unit interval [0,1] using priors that exactly capture the distribution
of an arbitrarily large number of Hausdorff moments.

However, in doing so, we discovered that the free parameter associated with Markov and Krein’s
canonical representations of truncated Hausdorff moments generates reproducing kernel identities corre-
sponding to reproducing kernel Hilbert spaces of polynomials. Furthermore, these reproducing identities
lead to biorthogonal systems of Selberg integral formulas.

This process of discovery appears to be generic: whereas Karlin and Shapley used Selberg’s integral
formula to first compute the volume of the Hausdorff moment space (the polytope defined by the first
n moments of a probability measure on the interval [0,1]), we observe that the computation of that
volume along with higher order moments of the uniform measure on the moment space, using different
finite-dimensional representations of subsets of the infinite-dimensional set of probability measures on
[0,1] representing the first n moments, leads to families of equalities corresponding to classical and new
Selberg identities.
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1. Introduction

Optimal Uncertainty Quantification (OUQ) [32] provides a framework for the com-
putation of optimal bounds on quantities of interest—given a set of available information
and specified assumptions. Although this framework is neither frequentist nor Bayesian,
in that it is simply expressed in terms of optimization over measures and functions, a
natural question arises; what happens when we introduce priors into OUQ? In Owhadi
et al. [31], this program was initiated through the introduction of a further set of as-
sumptions, namely, the assumptions regarding the prior on the specified assumption set.
A corresponding reduction theory for optimization problems over measures on spaces
of measures is established, facilitating the computation of optimal bounds on prior and
posterior values and the analysis of the consequences of conditioning on observed data.
However, the completion of this program reveals Brittleness Theorems [31, Thm. 4.13,
Thm. 6.4, Thm. 6.9] for Bayesian Inference—mild assumptions are sufficient to demon-
strate that, given a set of priors, conditioning on observations can produce arbitrary
results, regardless of the sample size.
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Although it is known from the results of Diaconis and Freedman that the Bayesian
method may fail to converge or may converge towards the wrong solution (i.e., be incon-
sistent) if the underlying probability mechanism allows an infinite number of possible
outcomes [15] and that in these non-finite-probability-space situations, this lack of con-
vergence (commonly referred to as Bayesian inconsistency) is the rule rather than the
exception [16], it is also known, from the Bernstein—Von Mises Theorem [7, 43] (see also
LeCam [29]), that consistency (convergence upon observation of sample data) does in-
deed hold, under some regularity conditions, if the data-generating distribution of the
sample data belongs to the finite dimensional family of distributions parameterized by
the model. Furthermore, although it is also known that this convergence may fail under
model misspecification [44, 21, 33, 2, 3, 28, 30, 23] (i.e., when the data-generating dis-
tribution does not belong to the family of distributions parameterized by the model), it
is natural to wonder whether a “close enough” model has good convergence properties:
see e.g. [18, 37, 19] and in particular G. E. P. Box’s question [6, p. 74] “Remember that
all models are wrong; the practical question is how wrong do they have to be to not be
useful?”

The Brittleness theorems [31, Thm. 4.13, Thm. 6.4, Thm. 6.9] suggest that there
may be no such thing as a “close enough” model if Box’s question is answered in the
classical framework of Bayesian sensitivity analysis (where given the data and a class
of priors one computes optimal bounds on posterior values); indeed, if “closeness” is
defined (i) as sharing an arbitrarily large finite number of finite-dimensional marginals
or (ii) using the Prokhorov or total variation metrics, then the posterior values of such
“close” models may be as distant as possible after conditioning on an arbitrarily large
number of sample data.

The primary motivation for this paper is to unwrap the mechanism causing this brit-
tleness by providing (i) a quantitative version of the Brittleness Theorem [31, Thm. 4.13]
and (ii) a detailed and comprehensive analysis of its application to the informative exam-
ple from [31, Ex. 4.16] of estimating the mean of a random variable on the unit interval
using priors that exactly capture the distribution of an arbitrary large number of Haus-
dorff moments. In this example, the probability distribution p! of X is an unknown ele-
ment of the set of all possible probability distributions on [0,1], i.e. uf€.A:=M([0,1]).
The set of prior probability distributions 7 on p € A (i.e., m € M(A)) is defined as the set
of priors m under which the vector of truncated Hausdorff moments (E,[X],...,E,[X"])
is uniformly distributed on the truncated Hausdorff moment set M™ CR™ defined as
the set of ¢=1(q1,...,q,) €ER™ such that there exists a probability measure p on [0,1]
with E,,[X?| =g, for i€ {1,...,n} (M" is the polytope of R" corresponding to the set of
possible values for the first n moments of a measure of probability on the interval [0,1])).
In this case, the computation of optimal bounds on posterior values leads naturally to
the calculation of the Lebesgue volume of certain subsets of the set M™ of truncated
Hausdorff moments.

Curiously, whereas Karlin and Shapley [26] used Selberg’s integral formula to first
compute the volume of the truncated Hausdorff moment space M,,, inadvertently stim-
ulating the development of the theory of the Selberg integral formulas', it appears
that computing the volume of the truncated Hausdorff moment space M"™ using differ-
ent finite-dimensional representations of M™ in the infinite-dimensional space M ([0, 1])

n discussing the history and importance of the Selberg integral formulas, Forrester and Waardan
(20, Pg. 3] mention their first application: “For over thirty years the Selberg integral went essentially
unnoticed. It was used only once—in the special case a = =1,y =2—in a study by S. Karlin and L.S.
Shapley relating to the volume of a certain moment space, published in 1953.”
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reveals a new family of Selberg integral formulas (see Theorems 8.1, 8.2, 8.4, and Corol-
lary 8.3). This process of discovery appears to be generic and we will now describe its
main principles.

Let ¥ be the function mapping each measure € M([0,1]) into its first n moments

V(1) = (Exau[X] Exnp[X7], . Exan[X7]). (1.1)
Note that
M" ::\I/(M([O,l])). (1.2)

The classical and new Selberg identities are obtained by computing the volume of M"
using different finite dimensional representations in M ([0,1]). These finite dimensional
representations are obtained by restricting ¥ to convex sums of Dirac masses, i.e., to
measures 11 € M([0,1]) of the form

N
p=>_X\;d, (1.3)
j=1

where 0 <ty <--- <ty <1 and Aq,...,Ay >0 with Zévzl/\jzl. Note that if p is of the

form (1.3), then ()= (q1,...,qn) with ¢; :Z;V:l Ajt5

For each measure p of the form (1.3), we define (), the index of 41, as the number of
support points (Diracs) of p, counting interior points with weight 1 and boundary points
with weight 1/2. We call p “principal” if i(u) = (n+1)/2, “canonical” if i(u) = (n+2)/2,
“upper” if support points include 1, “lower” if support points do not include 1. Then
Theorem 5.1 asserts that each g€ Int(M™) has a unique upper and lower principal
representation. Since the volume of M,, is independent of the representation used to
compute it, computing that volume with a lower and an upper representation leads to
an equality corresponding to classical Selberg identities.

Now let ¢, € (0,1). Theorem 5.2 asserts that every point in the interior of M™ has a
unique canonical representation whose support contains ¢,, and when ¢, =0 or 1, then
there exists a unique principal representation whose support contains t,. Since the vol-
ume of M,,, and the higher order moments of the uniform measure restricted to M,,, are
independent of the representation used to compute them, computing these “moment
moments” for all possible values of t* leads to a family of equalities corresponding to
new Selberg integral formulas and reproducing kernel Hilbert spaces. Consequently,
the free parameter ¢, associated with Markov and Krein’s canonical representations of
truncated Hausdorff moments (see Section 5) which, along with their principal repre-
sentations, so handily provides us with the means to prove the quantitative Brittleness
Theorem 3.6, is found to generate reproducing kernel identities corresponding to re-
producing kernel Hilbert spaces of polynomials (see Sections 6 and 7). Furthermore,
these reproducing identities lead to biorthogonal systems of Selberg integral formulas
described in Theorems 8.1, 8.2, and 8.4 (see also Corollary 8.3).

Moreover, although not done here, this process can easily be generalized in simple
ways. For example, the argument is valid using any measure on the moment space, not
just the uniform measure, and so the introduction of alternatives for which the integrals
can likewise be computed, can be used. In addition, it also appears possible that this
process can be repeated with multiple free parameters ¢ 1,...,t.  to obtain even richer
classes of (new) Selberg integral formulas.
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2. OUQ with priors

To understand OUQ one simply starts with éebyéev [25, Pg. 4] “Given: length,
weight, position of the centroid and moment of inertia of a material rod with a density
varying from point to point. It is required to find the most accurate limits for the weight
of a certain segment of this rod.” According to Krein [25], although éebyéev did solve
this problem, it was his student Markov who supplied the proof in his thesis. See Krein
[25] for an account of the history of this subject along with substantial contributions by
Krein. We take this mindset and apply it to more complex problems, extending the base
space to functions and measures, and, instead of developing sophisticated mathematical
solutions, develop optimization problems and reductions, so that their solution may
be implemented on a computer, as in Bertsimas and Popescu’s [9] convex optimization
approach to éebyéev inequalities, and the Decision Analysis framework of Smith [41]. In
addition to the determination of optimal bounds as a function of available information
and assumptions, the OUQ methodology has the substantial benefit of demanding that
different components of an organization work together to come up with information and
assumptions that, together, they believe in.

Let us begin with a general formulation of OUQ with priors, where the base as-
sumptions are sets of (function, measure) pairs and the secondary assumptions are
sets of priors, that is, sets of probability measures defined on the base assumption set.
Later, when we apply to Bayesian inference, we will restrict to a base assumption set
consisting of a set of measures and a secondary assumption consisting of a set proba-
bility measures on the base assumption set. To that end, let X be a topological space,
M(X) the space of Borel probability measures on X, and let G C F(X) be a subset
of the real-valued measurable functions F(X') on X. Let A be an arbitrary subset of
GXM(X), and let &: Gx M(X)—R be a function producing a quantity of interest.
In the context of uncertainty quantification one is interested in estimating ®(fT,uf),
where (f1,u")€G x M(X) corresponds to an unknown reality. If A represents all that
is known about (fT,u") (in the sense that (fT,u') €A and that any (f,u)€.A could, a
priori, be (fT,u!) given the available information) then [32] shows that the quantities

U(A) ::(f§52A¢(f,u) (2.1)
L(A) ::<f,i,f§fe,4q’(f’“) (2.2)

determine the inequality
L(A)<®(fT,u") <U(A) (2.3)

to be optimal with respect to the available information (i.e., (fT,u)€.A) as follows:
First, it is simple to see that the inequality (2.3) follows from (ff,u")€ A. Moreover,
for any >0 there exists a (f,u) €.A such that

U(A) = <O(f,p) SU(A).

Consequently since all that we know about (ff,uf) is that (fT,u’) €A, it follows that
the upper bound ®(fT,u") <U(A) is the best obtainable given that information. The
lower bound is clearly optimal in the same sense.

A classical example of a quantity of interest is the validation and certification quan-
tity ®(f,p):=u[f >a] where @ is a safety margin. In the certification context one is
interested in showing that uf[fT >a] <e where ¢ is a safety certification threshold (i.e.,
the maximum acceptable pf-probability of the system f! exceeding the safety margin
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a). If U(A)<e, then the system associated with (fT,u") is safe (given the informa-
tion represented by A). If £(A) > e, then the system associated with (f,uf) is unsafe.
If £L(A)<e<U(A), then the safety of the system cannot be decided without making
further assumptions or gathering further information.

Although the OUQ optimization problems (2.1) and (2.2) are extremely large, we
have shown in [32] that an important subclass enjoys significant and practical finite-
dimensional reduction properties. In particular, for assumption sets corresponding to
linear inequality constraints on generalized moments, the search can be reduced to
one over probability measures that are products of finite convex combinations of Dirac
masses with explicit upper bounds on the number of Dirac masses.

To incorporate priors, we define a prior 7 to be a probability measure m€ M(A),
and define the value ®(7) of m through the extended quantity of interest ®: M (A) =R
defined by

B(r):=E[®], meM(A).

We will defer the nontrivial and not uninteresting topics of measurability to when we
analyze the full OUQ with priors framework, but note that Ressel [34] has established
important and relevant results for us already, in particular the measurability of the
validation and certification quantity of interest discussed above under mild conditions.

We call the value E,[®] the prior value, and for a family of priors IIC M(A) we
note that the values

UI):= Slellr)[EW (@] (2.4)
£(I):= inf E, [0] (2.5)

form a natural generalization of the notations U(A) and L£(A). Moreover, in the same
way that U(A) and £(A) are optimal upper and lower bounds on ®(fT,u") given the
information that (fT,uf)€ A, U(IT) and L(II) are optimal upper and lower bounds on
E, [(I)] given the information that = eIl.

For conditioning on sample data in an observation space D, we begin by defining a
data map

D:A— M(D)

which specifies that D(f,u) € M(D) generates the data when the truth is (f,u) € A.
Then, given a prior m € M(A), we define a probability measure

TODeM (A x D)
through
T OD[Ax B] =E(yr [La(f)D(f.)[B]], A€B(A), BB(D),

where 1 4 is the indicator function of the set A:

1’ (f?/u’)GA’
0, (f,m)¢A.

We denote the resulting D-marginal by 7-D € M(D) which satisfies

7 D[B]:=E(,u)~r [D(f,1)[B]].

]]-A(fmu) = {
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Given an observation d €D, to simultaneously avoid the ill-definedness of regular
conditional probabilities and incorporate uncertainty in the observation process, we
consider conditioning on an open subset B containing d such that 7-D[B]>0. The
naturalness of this positivity condition is fully discussed in [31], in particular it is easy
to show that if B is an open ball of center § around the data d (noted Bs) and if
the data is randomized and distributed according to 7-ID, then the probability of the
event m-D[Bs] >0 is one. It is also shown in [31] that if the probability of the data
is uniformly bounded, in the Bayesian model class A, from above and below by that
of a reference measure (e.g., for all (f,u) €A, 1D(fo,10) <D(f,1)[Bs] < aD(fo,p0) for
some reference measure D( fo, o)) then learning and robustness appear as antagonistic
properties: when a=1, the data is equiprobable under all measures in the model class,
the posterior values are equal to the prior values, the method is robust but learning is
not possible, and as « deviates from, learning becomes possible (posterior values depend
on the data) but the method becomes increasing brittle (the range of posterior values
converges towards that of the quantity of interest ®).

To simplify notation, we henceforth drop the notational dependence of the set B on
the point d. The conditional expectation, given a prior 7 and data map I, conditioned
on a subset B € B(D) such that 7-D[B] >0, is

E(f e [@(f,10)D(f.1)[B]]
E(f,u)~r [D(f,1)[B]]

To represent uncertainty regarding the data generating process, instead of a single
data map D: A— M(D), we instead specify a set

Erop[®|B] =

D={D:A—M(D)}

of data maps and represent our assumptions regarding the data with the statement
De®. Therefore, having specified a set II of priors, and a set ® of data maps, for an
open subset B C D, we define the set of all possible resulting product measures to be

Nop®:= {W@D:WGH,DGQ,(’/T']D))[B]>O}.

The notations U(II) and L(II) of (2.4) and (2.5) extend naturally to these conditional
expectations as

UTTEepD):= sup E.ep [@{B]
TODEIIO D
qH@BgyzmmgimgmMJMBL

where we note that, just as for U(A), L(A), U(IT), and L(IT), U(TIGD) and L(IIOp
D) are optimal upper and lower bounds on the posterior value Eop [(I>|B}, given the
assumptions that m€Il, De®, and 7-D(B) > 0.

We are now prepared to discuss the brittleness theorems of the next section. Indeed,
it is easy to see that

L(A) <L) <UL <U(A) (2.6)
and

LA)<LMED) <UTO5D) <U(A).
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What Brittleness Theorem 3.2 will show is that, under mild conditions, regardless of
where the values £(II) and U(II) lie in (2.6) we have

LITOpD)~L(A) and U(TIO D) ~U(A),

that is, conditioning on the observed data, one can obtain any value between £(.A) and
U(A) for the posterior value Erqp[®|B] for some admissible prior 7 €I and data map
De®.

3. Quantification of Bayesian Brittleness
The following theorem is the Main Brittleness result of [31, Thm. 4.13]:

THEOREM 3.1. Let A be a Suslin space, let Q be a separable and metrizable space, and
let U: A— Q be measurable. Moreover, let Q C M(Q) be such that supp(Q) CW(A) for
all Qe Q. Suppose that, for all 6 >0, there exists some Q€ Q such that

v |, _int DI =0 (3.1)
and
P,w0 sup D (1) > sup (p) —6] > 0. (3.2)
pEV—1(q),D(1)[B]>0 nEA
Then
U(T'Q|B) =U(A). (3.3)

The following generalization of the Theorem 3.1 ([31, Thm. 4.13]) allows a weakening
of its assumptions while approximately obtaining its conclusion. We require, as in [31],
the data space D to be metrizable. We select a consistent metric, and for a data point
deD, let Bs(d) denote the open ball of metric radius ¢ about d. To keep the notation
simple we omit reference to the base point d and denote this family of open balls about
d by {Bs,6 >0}, where By=0.

THEOREM 3.2. For a metrizable topological space X, consider a topologized subset G C
F(X) and the space of probability measures M(X) equipped with the weak star topology.
Let ACG X M(X) be Suslin, Q separable metrizable, and ¥: A— Q Borel measurable.
Moreover, let QC M(Q) be such that suppQC ¥ (A),QeQ, and let 7>0. Suppose
there exists some Qe DED, and a continuous monotonically increasing function
h:R* =R with h(0)=0 such that

o(fa:, inf, D(fwIBs|<7})21-h(3), >0 (3.4)

Fiz §>0. If€>0, ¢ >0, and 6’ >0 are three real numbers such that

Q({q: sup O(f,pu)> sup <I>(f,u)—5’})2€’ (3.5)
(1) €%~ (q), D(f,)[Bs]> (fm)EA

and
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then we have
UA) =20 <U(TTH(Q)Op, D) <U(A). (3.7)

If, for 7 =0, there exists a §* >0 such that for all ¢’ >0 there exists some Q€ Q,D e
D which satisfies (3.4) with a function h such that h(5)=0, § <0*, and which satisfies
(3.5) with £=0, then we recover the conditions and the assertion of the Brittleness
Theorem [31, Thm. 4.13] for Bs, § <d*.

REMARK 3.3.  The proof of Theorem 3.2 also leads to the following result. For a
metrizable topological space X, consider a topologized subset G C F(X) and the space of
probability measures M (X') equipped with the weak star topology. Let AC G x M(X)
be Suslin, Q separable metrizable, and ¥:A4— Q Borel measurable. Moreover, let
Q C M(Q) be such that supp QC ¥(A),QeQ. It holds true that for § >0

UA) —0(8) UV (Q) 05, D) <U(A). (3.8)

where the function v is defined by

§' > (U(A)—L(A))

v(9) ::2inf{(5' >0 inf
QeN,DeD,e>0,7>0

(3.9)

1—Q({q:inf(f#)e\l,—l(q)]D)(f,u)[Bg] ST}) +7 }
5@({q:sup(f,u)€\ll 1(q),D(f,p)[Bs]> (fv )>Sup fu)eAq)(fv ) })

for 6 >0.

REMARK 3.4.  This brittleness is not a consequence of a lack of compactness of the
admissible set. Indeed, in the following section, the primary space of measures M(I)
is compact in the weak topology, as is any closed moment subset, and Theorem 3.6
describes a brittleness result.

REMARK 3.5. It is true that this brittleness does not appear to be primarily due to
the Bayesian methodology, but is valid more generally. See Bahadur and Savage [10]
and Donoho [17] for similar results for statistical estimators, where it appears that the
mechanism generating the instability is analogous to that investigated here.

3.1. Application to a revealing example. To demonstrate that the assump-
tions of Theorem 3.2 are mild, we now use it to extend the Brittleness result of [31,
Ex. 4.16] to a simple but informative example. Here one is interested in estimating the
mean of a random variable X with unknown distribution on the unit interval I:=[0,1].
Since our quantity of interest is E, i [X], where u' is an unknown distribution on I,
in the notations of Section 2, we have X :=1 (since X is a random variable on I), G
consists only of the identity function (this example does not involve unknown functions
of X), A:= M(I) (the set of possible/admissible candidates for ' is the set of all prob-
ability distributions p on I), ®(p) :=Es,[t] (our quantity of interest is the mean of the
random variable X), Q:=R" and the map ¥: M(I)—R" is the map to the truncated
Hausdorff moments W(u):= (E;~,[t']),_ ... (our set of prior distributions is defined
by constraining the distribution of the first n Hausdorff moments in R”, for some fixed
n). Furthermore Q is the uniform Borel measure on R” restricted to the Hausdorff
moment space M™:=W¥(M(I)) and then normalized to be a probability measure, that
is IIC M(M(I)) is the set of prior distributions on A=M(I) such that ¥y e M(M™)
is uniformly distributed on the space M™ of first n Hausdorff moments.
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The Brittleness Theorem 3.2 implies (see [31, Ex. 4.16]) that if we observe (con-
dition on) k independent samples from X, i.e., D:=1I% and D*pu:=p®---@u (k-fold
tensorization) and B is the k-fold product of small enough balls centered on the data
then LI OpD)~L(A) and U(TTGpD)~U(A). In other words, although the set of
prior values of E,[X] is the single point {%}, the optimal bounds on the posterior values
of E, [X] are zero and one irrespective of the number n of constraints on marginals and
the number k of observed samples if the data is observed with sufficient precision.

The following theorem provides a rigorous and quantitative statement and proof of
this implication for k=1. Although, for the sake of conciseness and clarity our analysis
is provided in the k=1 case, it generalizes to the situation where k is arbitrary. Indeed,
although counterintuitive, one can show that brittleness for the single sample case is
more difficult to obtain than for multiple samples. Since our main objective here is
to unwrap and scrutinize the mechanism causing brittleness in Bayesian inference, we
therefore chose to keep the presentation and our example as clear, concise, and simple
as possible to illustrate the generic and pervasive nature of this brittleness.

Therefore, we will now (i) consider the case of a single data point, i.e., k=1, D:=1,
and D'y:=p (ii) use Theorem 3.2 to provide quantitative bounds on U(IIGp D) as a
function n of the number of marginal constraints defining the set of priors (iii) scrutinize
the brittleness causing mechanism through the proof of the following theorem.

THEOREM 3.6. Let A:=M(I), ®(pn)=E;u[t], D=1, and V: M(I)—-R" denote the
map to the truncated Hausdor(f moments W(u)= (Etwt[ti])i:l .- Furthermore, let
Q denote the uniform Borel measure on R™ restricted to the H,aulsdorﬁ moment space
M"™:=U(M(I)) and then normalized to be a probability measure. Suppose that Q€ Q
and D' €®. Then for § >0 we have

1—46(2—:5)ﬁ <U(T(Q)©p, D) <1. (3.10)

REMARK 3.7. Alternatively, Theorem 3.6 asserts that for positive d,0" satisfying
1 2n+1 —2n
§<— (& 2
<L)
we have

1-28' <U(P'(Q)op, D) <1. (3.11)

4. Volume inequalities on the Hausdorff moment space

Karlin and Shapley [26, Thm. 15.2] (see also [27, Thm. 6.2]) computed the volume
of the space of truncated Hausdorff moments M™ of probability measures on the unit
interval to be

Vol(M™) EW (4.1)

where T is the gamma function. To accomplish this, they used a Markov representation
of truncated moment points, as described in Krein [25] (see also [27, Ch. II]), combined
with the change of variables formula, followed by the evaluation of a Selberg integral.
Here we will refine their analysis to obtain volume inequalities on the Hausdorff
moment space which are used in the application of the Brittleness Theorem 3.2 to the
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proof of the Brittleness Theorem 3.6. Of the two main results, it is interesting to note
that the Mass Supremum Equality uses the canonical representation of moment points
combined with Markov’s Maximal Mass Theorem [25, Thm. 2.1] (see also [27, Thm. 4.1])
to change the “Inequality” to “Equality”, whereas the Mass Infimum Inequality instead
uses the principal representation, as in Karlin and Shapley’s proof of the volume formula
(4.1). All this terminology will be defined in the following Section 5 and comes from
Karlin and Studden [27]. This section will simply state the volume inequalities that we
need for Theorem 3.6.

To proceed, let us now fix terminology. Let I:=0,1], and let P(I) be the set of
Borel measures on I and M(I) CP(I) be the set of probability measures. Throughout
we will assume the weak star topology for these measures. For the system of functions

ui(t):=t'tel,i=0,....n

the Hausdorff moments of a measure p€P(I) is defined as the vector ¢ € R"*! with
coordinates ¢; =K, [u;] =E;,[t']. It is well known (see e.g. [1, Cor. 15.7]) that the map

U:P(I) R

defined by W(u):= (E;~,[t"],i=0,...,n) is affine and continuous. Furthermore, let the
Hausdorff moment space M" 1 CR"*! be the image M"T1:=WP(I) of the measures,
and let M™ defined by M™*1 = (1, M") be moments of a probability measures omitting
the zero-th moment. Equivalently, let P, :R xR™ — R" denote the projection mapping
(x0,21,...,&y) onto (21,...,2,) and let Wy =: Py W. Then M"™ =V M(I). We will abuse
notation by letting ¥ also denote the mapping ¥, restricted to the first-to-n-th order
moments of the probability measures

U:M(I)—M"CR"™,
and, for g e R™, let
U lgi={peM(I): ¥pu=q}

denote its set-valued inverse.
It follows from continuity that the moment set M"™*! is a closed convex cone and
M™ is a compact convex set. Moreover, one can show that

Int(M™ )N (1,R™) = (1,Int(M™)), (4.2)

see e.g. [35, Cor. 6.5.1], so that a point ¢ is interior to M™ if and only if (1,q) is interior
to M1 Let Vol be the usual n-dimensional volume measure. Then, since M" is
convex, by [8, Lem. 1.8.1]

Vol (Int(M™))=Vol(M"). (4.3)
Our first result is the Mass Supremum Equality.
LEmMA 4.1. Let t, eI, 0<e<1, and consider the set M C M" defined by
Ml :={qgeM":3pe ¥ q: u({t.}) >}
Then we have

Vol (M) =(1—¢)"Vol(M").
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REMARK 4.2. Lemma 4.1 is valid for any system u;:I—R,i=1,...,n of moment
functions which form a T-system per [27].

The second is the Mass Infimum Inequality.

LEMMA 4.3. Let t, €1, >0, and consider the set Mg C M™ defined by
My ={qe M":3ue V¥ " q: u(Bs(t.)) =0}.
Then we have

Vol(Mg) = (1-6(2¢)>" ) Vol (M").

The third is the Mass of First Moment Inequality.
LEMMA 4.4. Let 0<6< % Then we have

o Vol(geM™ g e[1-6,1]) _
1 (26) > Vol(M™) >46".

5. Integral geometry of the Markov—Krein representations

Here we will describe the Markov—Krein representations of truncated moments and
begin the development of their integral geometry. The history of this subject begins
with éebyéev and his student Markov’s thesis, followed by work by Krein and others,
where in [25] one can find, not only an historical sketch, but substantial contributions
by Krein. Indeed, it is clear from Karlin and Studden [27] that this subject owes a lot
to Krein. Consequently, we refer to the (principal and canonical) representations that
we use as Markov—Krein representations. It can be argued that the appropriate name
should be éebyéev—MarkovareTn representations but this name is too long and so we
implicitly give credit to éebyéev.

Now, following Karlin and Studden [27, Chapters IT & IV], we describe the Markov—
Krein representations and determine their Jacobian determinants. We finish this section
by setting up the change of variables approach, in preparation for both the proofs of the
volume inequalities of Section 4 and all that follows. To wit, we define the index i(¢)
of a strictly increasing set t of points 0 <t; <ty <--- <ty <1 by counting the interior
points with weight 1 and boundary points with weight % For a point g€ M™ we say
that a measure p € M(I) is a representing measure for ¢ if ¥(u) =g and it is a weighted
sum of Dirac masses

N
p=>Y Adt,, Aj>0j=1,...,N
j=1

for a strictly increasing set of points 0 <ty <to <--- <ty <1. In that case, we have the
formula

N .
0= (2 (1), =D_Ait;-

The index i(u) of such a representing measure is defined to be the index i(t) of its set
of support points.
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A representing measure p is called principal if i(p) =" and canonical if i(p) <

242 For g€lInt(M"), [27, Thm. 2.1] asserts that i(p)>24L for any representing
measure p for g. A principal or canonical representation is called “lower” if its set
of support points does not include the right-hand endpoint 1 and “upper” if it does.
The following two results will be our main tools. The first is the principal representation,

see [27, Cor. 3.1].

THEOREM 5.1. Every point g € Int(M™) has a unique upper and lower principal repre-
sentation.

The second is the canonical representation which allows the specification of a pre-
determined point ¢, € I in the support of the representing measure, see [27, Thm. 3.1],
combined with [27, Cor. 3.2] and [27, Cor. 3.1].

THEOREM 5.2. For t,€(0,1), every point q€ Int(M™) has a unique canonical repre-
sentation whose support contains t.. When t,=0 or 1, there exists a unique principal
representation whose support contains t,.

What Theorem 5.2 doesn’t make clear is if the canonical representations converge
to these principal representation as ¢, tends to 0 or 1. They indeed do as we will see.
Let us define some notation that we will use henceforward. We consider two coordinate
representations of the interior of the regular unit simplex. In particular, let

TN ={(t1,...,tn):0<t; <ty <--- <ty <1}

denote the set of strictly increasing sequences of length N in the interior to I and
N
AV ={(A1, AN A >0, =1,...,N,> "\ <1}
j=1

denote the interior to the positive orthant restricted to A-1<1. Sometimes it will be
convenient to abuse this notation and shift indices so that

N—-1
AN ={(Ao,-- - AN-1) 1A >0,5=0,...,N=1, Y "\ <1}.
j=0

We will often use the fact that IV can be described by N! copies of TV corresponding
to permuting the sequence.

We use the notation ¢ for a vector with coordinates t; and similarly A for a vector
with coordinates A;. We use the superscripts p for “principal” and ¢ for “canonical”,
the subscripts o for “odd”, e for “even”, [ for “lower”, and u for “upper”. Finally, we
purposefully ignore multiples of +1 in all our determinant calculations. With proper
caution, this causes no harm since at the end of the day we take the absolute value.

5.1. Principal representations. Theorem 5.1 asserts that each g€ Int(M™)
has a unique upper and lower principal representation. We now define these represen-
tations as maps and compute their Jacobian determinants. We state these propositions
without proof, since these proofs are very similar to those for the canonical representa-
tions of propositions, 5.5 and 5.6.

First consider the odd case when n=2m—1. Then since "T“ =m is an integer,
it follows that the support of any lower principal representation contains neither end-

point and the support of any upper principal representation contains both endpoints.
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Consequently, Theorem 5.1 implies that each point in Int(M?*™~!) has a unique lower
principal representation of the form

m

p=_Nde, Aj>0=1...,m, > \j=1 (5.1)
j=1

j=1
where 0 <ty <ty <---<t,, <1l. Therefore, consider the bijection

PN X T — Int(MP™1)

defined by
m—1 m—1
P =0 (D A, + (1= D A)4,)
j=1 j=1
m—1 . m—1 . 2m—1
= (Dt =D At L (5.2)
j=1 j=1 =

It also follows that each point in Int(M>?™~1) has a unique upper principal representa-
tion of the form

m—1 m
p=Xobo+ Y Njdt, +Amb1, A >0,5=0,...,m, Y X;j=1 (5.3)
j=1 j=0

where 0 <ty <to <---<ty_1<1l. Therefore, consider the bijection

P AT T o Int(MP™Y)

defined by
m—1 m—1
P (A1) :\IJ()\060+ S Nd (1= )\j)él)
- r
m—1 . ' m—1 2;_1
- (Z At (1— Aj))i_1 . (5.4)
j=1 J=0 a

For an increasing sequence t; <t;1 let

A(t)=]] (tr—t)) (5.5)

j<k

denote the Vandermonde determinant (see e.g. [24, Pg. 400]) of the matrix with entries
[t;],j:1,...,N,i:07...,N71. which we write as Ay to emphasize the dimension of
t. We will also use the same formula for non-increasing sequences when we eventually
take the absolute value.

PROPOSITION 5.3. When n=2m—1, the Jacobian determinants are

m—1 m—1

|det(dg)|(A 0 =TH1 (1S A) [T A

j=1  j=1
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m—1

|det(deb,) (M) =I5, t) [T A
i=1
where

Th(t) =A% (t)
To0 =[] 201 A% ().

Note that although each term appears to have the same multiplier H;’:ll Aj, in the
lower case this multiplier is the full product in on A”™~! and in the upper case it is only
a partial product on A™ that is, it is missing the A\¢ term. Finally, let us observe the
symmetries under the reflection t+—1—t:

a(1=1)=T5(t)

Tou(1—1)=T5,(t). (5.6)
Now consider the even case when n=2m. Since "TH :m—i—% is an integer plus % it
follows that the support of any lower principal representation contains the left endpoint
but not the right and any upper principal representation contains the right endpoint
but not the left. Let us first consider the lower representation. Theorem 5.1 implies
that every point in the interior Int(M?™) has a unique lower principal representation
of the form

MZZAj(Stj—F(l—Z)\j)(So, )\j>0,j:17...,m,Z)\j<1
j=1 j=1

Jj=1
where 0 <ty <---<t,, <1. Therefore, we consider the bijection

P A™ < T™ — Int(M*™)

defined by
2 (A1) :w(ZAjatj +(1—ZA].)5O) (5.7)
=1 =1
- (ijt;ﬁ): (5.8)
=1

On the other hand, every point in the interior Int(M?™) has a unique upper principal
representation of the form

p=Y N0+ (1= N6, A>0,5=1,...,m, Y \;<1
j=1 j=1 j=1

where 0 <ty <---<t,, <1. Therefore, we consider the bijection

P, A X T™ — Int(M>™)
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defined by
) = (ZA 5, + Z )51) (5.9)
- (ZAjt;’. +1=2N) (5.10)
=1 -

PROPOSITION 5.4. When n=2m the Jacobian determinants are

|det(de?)|(\ ) =T5 @) [ [\

7j=1

::13

|det(dg,)|(At) = T4 (t)

Aj
1

J
where

=1[5-2n®
j=1

TE, () H AL ()

Here, instead of the reflection ¢+ 1 —1¢ leaving the lower and upper invariant as in the
odd case (5.6), reflection swaps lower and upper:

H1=1)=TL(1). (5.11)

5.2. Canonical representations. Theorem 5.2 asserts that, when ¢, €(0,1),
every point in Int(M™) has a unique canonical representation whose support contains
t., and when t, € {0,1}, it has a unique principal representation whose support contains
t.. Therefore, every point in Int(M™) has a unique representing measure p such that

N N
= Ndy, A>0=1,..,N, Y =1 (5.12)

j=1 j=1

such that the sequence 0<t; <ty <---<ty <1 contains t., where for t,€(0,1), the

sequence has index 24 or 22, and when ¢, =0 or 1, the index is 2E. Now let us

2
remove t, from the list and use the identity Z;V:l/\j =1 to solve for the weight A;,
corresponding to t,. Changing notation from N+ N +1 and relabeling the indices, we
obtain that

N N
p= Xiby, + (1= X)oe, AeAV, (5.13)
j=1 j=1

where the resulting sequence

0<ti<to<--- <ty <1
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does not contain t,, and when ¢, € (0,1), the removal of this interior point implies that
the resulting sequence has index ";1 or 5 and when £,=0 or 1, the removal of this
boundary point implies that the resulting sequence has index 3.

Consequently, for t, € (0,1), to represent Int(M™) we can split into four domains,
two corresponding to the two ways of producing index "7*1 and two corresponding the
two ways of producing index 5. When n is even one of the two index %’1 configurations
corresponds to including t =0 in the sequence and not t =1 and the other corresponds to
including t=1 in the sequence and not ¢ =0, while one of the two index % configurations
corresponds to not allowing t=0 or t=1 and the other corresponds to including both
t=0 and t=1. When n is odd this relationships is reversed. Similarly, when ¢, €{0,1},
we can can split into two domains corresponding to the two ways of producing index 7.

However, we can show that the representations of index ”7’1 produce zero volume
and so can be excluded from the integral analysis. To that end, we only need to
consider the t, € (0,1) case. Then let us decompose the set of sequences of index N by
their endpoint configurations. That is, split such sequences into those which contain 0
but not 1, 1 but not 0, 0 and 1, and neither 0 or 1. Some of these components will be

empty. On any of these endpoint specific subdomains let

Zc{l,...,N}
denote the indices of the interior points, so that in this notation we have
N
=D A+ N0+ (1= N)0, AeAN.
JjeL JETI° j=1

Moreover, for a sequence t, let { denote the sequence of interior points, and define
To:={t:teTN t;#t.,j=1,...,N} to be the set of interior points which do not cover
t. and consider the map

¢: AN x T, — Int(M™)

defined by

o) =W (SN0, + D Ab, + (1= DoM)d1. )

JjET JEL" j=1
N n
- (ZAjt; o Nt —Z)\j)ti)i:l
JjeET JELC j=1

where we note that the first sum ) jeT )\jt; is over the interior points and the second
> jeTe /\jté- over the endpoints which are fixed.

The dimension of the domain AN x T} is clearly N +|Z|. However, one can easily
show that

N+ |Z|=2N,

so that in the case N = 251, it follow that the dimension of this subdomain is N +|Z| =

2N =n—1<n. Consequently, the image of this subdomain under the map ¢ has zero

volume in M™. Since the domain corresponding to index % is a disjoint union of two

such subdomains, the assertion is proved. Moreover, the subset consisting of sequences
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which cover ¢, also clearly has zero volume, so the constraint that the sequences not
cover t, can also be removed.
In conclusion, we can represent the volume Vol(M™) using the representation

N N
SNt (A=Y N, i=1,..n, (5.14)
j=1 j=1

defined on two subdomains corresponding to the two ways that the sequence
0<ti<to<---<ty<1

can have index 5. That is, when n is even, one subdomain corresponds to not allowing 0
or 1 and the other to including both 0 and 1. When n is odd, one subdomain corresponds
to including 0 and not 1 and the other to including 1 and not 0.

We now compute the Jacobian determinants. First consider the odd case, n=
2m —1, then sequences of index % :m—% split into the lower and upper sequences

O=t1<to<--<t,, <1,
O<ti<to<---<ty,=1.

Define the lower representation

€A™ X T s Int (M2

by
m—1 m—1
S (A tit) = \Il()\050+ S N (1= Aj)at*)
j=1 j=0
m—1 ) m—1 \2m—1
- (Z At (1— Aj)ti) (5.15)
j=1 j=0
and the upper representation
BCy AT X T Int (MM
by
m—1 m—1
c (ntsty) :\I/(Aoél + 3 N+ (1 Aj)(st*)
j=1 j=0
m—1 S\ 2m-1
</\0+ Z At O Aj)t*)izl . (5.16)
=

PROPOSITION 5.5. When n=2m—1, for t, €(0,1), the Jacobian determinants are

|det(dog)|(Atit) = T (Eest) ] As
1

J

|det(dg5,) (A tite) = T, (L, 1) H
Jj=1
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where
m—1 m—1
2
(tert) =t [[ 5=t [] 6520
j=1 j=1
m— m—1
jocu(t*ﬂ = _t H t _t 2 H m 1(t)
j=1 j=1
Moreover,
jocu(t*7t) (1 t*al_t) (517)

Now consider the even case, n=2m. Then sequences of index § =m split into the

lower and upper sequences

O<ti<to<---<tp<l1
O:t1<t2<"'<tm+1=1,

Therefore, we define the lower representation

@S AT X T™ — Int(M?™)
by

(A tity) (ZA 8, + ZA ). )

m 2m

- (ZAit§+(1_ZAj)ti)i=1~ (5.18)

j=1
and the upper representation

€, AT T s Int(MP™)
by

m—1 m
C tit) = \I/(A060+ 3 Ajbe, + Amr + (1 —ZAj)zst*)
j=1 =0

m—1 m

(ZA L A+ (1 ZAj)ti)

2m
. (5.19)

i=1

PROPOSITION 5.6. When n=2m, for t. € (0,1), the Jacobian determinants are

| det(dgy) (N tit) = T (e t) [ [ A
7j=1
m—1
| det(dgg, ) (A tit) = T (tat) TT A,
Jj=1

where

m
Gtot) =T (4 —t)?- A (1),
Jj=1
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m—1

m—1
Teu(tet) =t (1=t) T (65 —t.)° [T 651 —1))*- A%, 1 (),
=1 j=1

J

Finally, observe that if we extend the canonical representations to be defined for
t, =0,1 by continuity, we obtain the following relations between the canonical represen-
tations evaluated at the endpoints and the principal representations:

J500,6)=0
T5u(0,8) = TL,(t)
Ja(0,8) = T3 (t)
J&(0,t) =0, (5.20)
|de,(0,1)[=0
g, (0,8)| = [dep, (¢)]
|, (0,1)] =[dey, (t)]
|d¢,, (0,t)| =0, (5.21)
To1(1,1) = T3, ()
Je (1,t)=0
Ta(Lt)=TE, ()
Js, (Lt)=0, (5.22)
|ddg, (1,8)|=[deg, (1)
|ddg, (1,1)] =0
|de (1,8)] =|dor,(t)]
|doS,, (1,8)] =0. (5.23)

5.3. Change of variables integral representations. In Karlin and Shapley’s
[26, Thm. 15.2] proof of the Hausdorff moment volume formula (4.1), they used the
lower principal representation ¢?, of (5.2) when n is odd and ¢%, of (5.7) when n is even
combined with the change of variables formula. To develop this method so that it can
be used for the canonical representations, which are not bijections, it is convenient to
proceed in some generality. To begin, consider a representation

¢ W —Int(M™),

where W CR"™ is open and ¢ is a continuously differentiable bijection. Then, since
¢ is injective, by the change of variables formula for injective differentiable mappings
whose Jacobian determinant may vanish (see e.g. [42, Thm. 3.13] combined with Sard’s
Theorem [42, Thm. 3.14]), we conclude that

Vol(o()) = [ |dol.
w
Moreover, since ¢ is surjective we have

¢(W) = Int(M")
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and from (4.3) we have
Vol(M™) =Vol(Int(M"))

so that we conclude
Vol (M") = / dgl. (5.24)
w

To compute Vol(M ”), Karlin and Shapley then evaluated the right-hand side by de-
termining the Jacobian determinant and then evaluating the resulting integral using a
Selberg integral formula.

However, more can be done along these lines. Indeed, applying the full change of

variables formula we obtain
/ f=/ (foo)|dg]
d(W) w

for any function f:¢(W)—R that is integrable over ¢(W). In particular, since M™ is
compact, it follows using the same reasoning that was applied above to the case f=1,
that for any bounded measurable function f: M"™ — R we have

/M"f:/w (Fod)ldol. (5.25)

We now apply this to the component functions ¢ ¢;,i=1,...,n on M"™ where we abuse
notation and indicate them by the symbol ¢;. It may be profitable to also consider
nonlinear functions such as ¢+ ¢? but we will not do that here. Then, in this notation,

giop=¢" and (5.25) becomes
i=[ ¢'ld 5.26
/ a / ¢'|dg| (5.26)

That is, we have an integral representation of the mean Hausdorff moments.

However, to prove Lemma 4.1, instead of a principal representation, we use a family
of canonical representations from Section 5.2. In this case, utilizing the conclusion at
(5.14), the major difference with the previous discussion is that, instead of a single
bijection, there are two continuously differentiable injections

Op Wi — Int(M™), k=1,2
that are volume filling in the sense that
Vol(Int(M™)) =Vol(¢1(W1)Upz(W2))
and
P1(W1) N2 (W2) =0
and, instead of Wy, k=1,2 being open, there exists open sets V, C Wy, k=1,2 such that
Vol(Wy)=Vol(Vy).

Then the analysis above can easily be repeated to conclude that

/ = fo¢1|d¢1|+/ fods|dés| (5.27)
n Wy Wo
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for any bounded measurable function f:M™ —R. In particular, we conclude

/ Gi— / gildpn|+ [ Bilddal, (5.28)
n W1 Wo

is our primary integration identity for the mean Hausdorff moments to be used in the
next section.

6. Mean Hausdorff moments using the Markov—Krein representations

We are now prepared to derive integral representations of the mean truncated Haus-
dorff moments with respect to the uniform measure on M™ and show that the canonical
representations generate reproducing kernel identities corresponding to reproducing ker-
nel Hilbert spaces of n-th degree polynomials. These identities are used in Section 8
to derive biorthogonal systems of Selberg integral formulas. The mean moments with
respect to many other Selberg-type densities can also be computed but to keep this
presentation simple we will not do that here.

We will use Selberg’s result (see e.g. [20])

D(a+jy)T(B+jn)T(1+(+1)7)
(@ B,7) = 1;[ Dla+B8+(n+ji—1)y)T'(1+7) (6.1)
for the integrals
Suepi)= [ TI6"a-0)" AP (6.2)
j=1

where Re(a) >0,Re(8) >0,Re(y)>—min (+,Re(a)/(n—1),Re(B)/(n—1)).

We begin with the volume calculation and then proceed to higher moments using the
result of the volume calculation. The main idea of our approach is the following. Recall
from Section 5.1 that the lower and upper principal representations are each bijections
with Int(M™) so that the volume Vol(M™) can be computed using the change of vari-
ables result (5.24). For example, when n=2m —1, the lower principal representation ¢?,
defined in (5.2) and the upper principal representation ¢, defined in (5.4), along with
the values of their Jacobian determinants from Proposition 5.3 produce two different
integral representations for Vol(M™). Specifically, in the notation for Selberg’s formulas
(6.1) forthe integrals (6.2), using the identity [, , (1— Z;r:ll )T ")jdA= m
the lower representation yields

Vol = [ Jdertd)
Am—1xTm
m—1
:(/ 1= %) H)\d)\/ T
Am—l =
1 4
B (mel)!/ijOl

1
— P
 (2m—1)!m! /Im ot

1
=—— | At
(2m—1)Im! /Im m(t)dt
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:mSm(l’l’Q)' (6.3)

On the other hand, using the identity [ Am H;n:_ll AjdA = m, the upper representa-
tion ¢F,, yields

Vol(M2m=1) = / det(dg?,)|

Am xTm—1

m—1
_ (/m ]Hl Ajdx) /%Mjfu

1
T 2m-1)! Lm,_ljf“

1
T 2m-1)l(m-1)! Im_ljfu

- (2m—1)1!(m—1)!/1m1 H 2(1—1;)2. AL (H)dt

- (m—l)!ém—1)!57”—1(3’3’2)~ (6.4)

Combining the two results (6.3) and (6.4) we conclude the identity

1 1
m5m71(3,372) == ﬁsm(171,2)

which is confirmed through direct calculation.

In the even case, where n=2m, we use the representation ¢?, defined in (5.7) and

its Jacobian determinant from Proposition 5.4, along with the identity f Am H;n:l AjdA=
1

@l to conclude that

Vol(M2m):m/m jgzmsm(&lﬂ). (6.5)

Using same identity, the upper representation ¢, defined in (5.9) yields

Vol(M*™) = 1S (1,3,2). (6.6)

1 1
e —— e
(2m)Im! /m Teu (2m)Im!
Equating the two we conclude that
Sm(1,3,2) =5,(3,1,2)

which is well known from the symmetry of the Selberg formula in its first two arguments,
and corresponds to the change of variables t+—1—t¢. Consequently, we see how two
different integral representations of the volume Vol(M™) generate identities.

However, the canonical representations form a one parameter family of representa-
tions of Int(M™) and the value Vol(M™) expressed in terms of the resulting one pa-
rameter family of integrals produces more interesting results. To see this, consider the
odd case n=2m—1, and the volume filling pair of representations ¢¢;, and ¢, defined
in (5.15) and (5.16) with Jacobian determinants evaluated in Proposition 5.5. Apply
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the modified change of variables formula (5.28) in terms of these two representations,
7

and the identity [, Hj”:_ll Ajd\= m, to obtain

Vol(M?m=1) = / ey + / dét|
Am xTm—1 Am xTm—1

m—1 m—1
:/A H)\jd)\/ 71j0°'l+/ HAjdA/ Tau
m Tm Am oS ™
1
T 2m—1)! /T,H (Tai+ )

1 . .
- (Qm—l)'(m_l)l /]mfl (‘70[+jou)'

Therefore, showing the parameters, we conclude that for ¢, € (0,1) we have

Vol(ME = o 1)1!(m_ 5 /1— (TGt )+ TE (b)) . (6.7)

Since the identity (6.7) holds for all ¢, €(0,1) it generates integral identities. For the
first, since the integrand is continuous in ¢, we can set t, =0 to obtain

Vol(M?m1) = (2m—1)1!(m—1)!/1m—1( 5(0,6)+75,(0.0)) dt,

but from Proposition 5.5 we have

(0,t)=0
and from (5.20)

T5u(0,8) =T3,(t)
so that we obtain

Vol(M*™ ™) = (2m—1)1!(m—1)! /Im_ljfu(t)dt’

which we already knew from the volume calculation using the principal representation

(6.4). However, if we compute the first order differential invariant by differentiating
(6.7) with respect to t. at t, =0 we obtain the first integral formula of Theorem 8.1.

Now consider the even case n=2m, and the volume filling pair of representations

¢, and ¢¢,, defined in (5.18) and (5.19) with Jacobian determinants evaluated in Propo-

sition 5.6. Apply the modified change of variables formula (5.28) in terms of these two

representations, and the identities [, H;":l Ajd\= ﬁ and [ .41 H;”:_ll Aid\ = ﬁ

to obtain

valem= [ a4 [ dgt, |
AmxT™ AmtlxTm—1
m m—1
_ (/mj]:[lxjcu) /T JQ—{—(/AMH ]1;[1 ey /Tm_lj;

1 C 1 (&
= 2m)! /Tm T Gm); /Tm,l Teu
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1 C 1 C
2m)!m! Jim Jeut (2m)!(m—1)! /Iwnfl Jeu:

Showing the parameters, we conclude that for ¢, € (0,1) we have

Vol(M*™) = o) ,m, / TG (ks )dt+ﬁ /1 mflje‘;i(t*,t)dt. (6.8)
Setting t. =0 and using
J&0,6)=0
from Proposition 5.6 and

1(0,8) =T (#)

from (5.20), we obtain

Vol(M*™) =

~ (2m)!m

which we alread knew from the volume calculation using the principal representation
(6.5). However, if we compute the first order differential invariant by differentiating
(6.8) with respect to t, at t. =0 we obtain the second integral formula of Theorem 8.1.

We can now proceed to compute the mean of the moments with respect to the
uniform measure on M™ using the volume identities (6.3), (6.4), (6.5), (6.6) from the
principal representations and (6.7) and (6.8) from the canonical representations. From
the identities (5.20), (5.21), and (5.22), (5.23) connecting the canonical representations
at the endpoints and the principal representations, it is clear that we can generate the
integral formula for the mean moments corresponding to all the principal representa-
tions except ¢¥, by doing so using the canonical representations and then evaluating the
result at the endpoints. Therefore, we move directly to the canonical representations.
Let 0y denote the indicator function defined by ¢ (i) =1,i=0, and (i) =0 otherwise.
Using the convention that 0° :=1, the following proposition utilizes the volume equalities
(6.7) and (6.8) to simultaneously expresses themselves and the moment equalities gen-
erated by the canonical representations. For a function ¢: I —R we define the diagonal
extension Y¢: IV R by

(Zo)(t):=> o(t;), teI.

For simple powers, we introduce the notation

N
D
j=1
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for the power sum and note the important example

N
=2t
j=1

that will be used in the Selberg integral formulas of Theorem 8.1.
PROPOSITION 6.1. Let n=2m—1. Then for allt, €1 and i=0,1,...,.2m—1 we have

R tf" 2m—1
/M2m_1 q; om VOl(M )

0o (1) . 1 .
:m/lmiljol(t*at)dt“rm i Ts (t,t)dt

+m /Im,lw( o”z<t*7t)+J;u<t*,t))dt.

Let n=2m. Then for allt, €1 and i=0,1,...,2m we have

ti
— Vol(M?*™
/Mzmq 2 +1 (M)

c t*,t
(2m+1 /m 1‘76“
2 i 7C 2 i e
+(2m+l)!m!/m2t el(t*,t)dt+ (2 +1) (m 1) / B it jeu(t*,t)dt.

The above technique of comparing two representations of the same volume to gen-
erate identities we now apply to the higher order moments with respect to the uniform
measure on the moment space (the moment moments) by simply subtracting the in-
tegral representations of Proposition 6.1 evaluated at ¢, =0 from that with arbitrary
t. € I. We now show that this procedure produces a reproducing kernel identity on the
space of polynomials.

7. The canonical representations and reproducing kernel Hilbert spaces
of polynomials

The integral representations of Proposition 6.1 show clear signs of the existence of
reproducing kernel identities of the form

/ny y)dy, feH,zeX

since, in the odd case, the integrand on the right-hand side X¢’ is integrated against a
kernel J5 (L., t) + TS, (t,t) and produces a multiple of ¢! plus some terms. Reproducing
kernel Hilbert spaces are Hilbert spaces of functions such that pointwise evaluation is
continuous on the Hilbert space. They have remarkable properties, in particular, the
reproducing kernel identities which can be thought of like an abstract Cauchy integral
formula from complex analysis.

Let us present Proposition 6.1 in reproducing kernel form. To that end, define

H(t*,t)::jocu(oat)_ ocl(t*7t)_jocu(t*7t)7 (7'1)
and note that from (5.20) we have J¢,(0,t) = JP2,(t), so that
Htat) =T, (1) = T (test) = T (tast).
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Moreover, observe that the symmetries

ol(l_t): (S(t)
jopu(]'_t):jopu(t)
To (s, t) =T (L=t 1—1)

of (5.6) and (5.17) combined with J5(0,¢) =0 imply that

H(0,t) =
H(1,t)=0. (7.2)
and
H(1—t, 1 —t) =H(t,1). (7.3)

Let II"™ denote the space of n-th degree polynomials in one variable with real coef-
ficients.

THEOREM 7.1. For all p €111 we have

¢(0) .
- (2m - 1)'(m— ]_)' £77z—1 jou(taht)dt
(

T am —(f)!l(in— 1)! /1m-1 Jor(te )t (7.4)

and for ¢ €II?™ we have

(b(t*)VOl(MQm):—W/I\m (E¢)(t)( ecl(t*at)_ ei(o,t))dt
_m /szl (X0)(8) T&, (t t)dt

(0 c (1 .
+(2’I’)’f)!)’fn!/m el(t*i)dt_(QTn)!((rn)—l)!\/Iml jeu(t*,t)dt.

To integrate out the diagonal extension 3, for any function (.,t)— J(t.,t) we let

T (te,s) ::/j(t*7(37t27'--7tN))dt2'~~dtN

denote the marginalization to the first component of t. Now for any such function 7,
which is invariant under the symmetric group acting on its second variable, we have

/ (26)()T (¢, £)dt = N / 0(5) T (tr5)ds
N I

so that we obtain the following corollary to Theorem 7.1. Let us define

g(t*,s) = jecl(O,S) _jecl(t*vs) - (m_ ]')Jecu(t*7s)
and note that

G(0,5)=0
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but

G(1,5) Z0.

Let ITfy CII"™ denote the n-th degree polynomials ¢ € II" which vanish on the boundary
of I, that is, ¢(0) =¢(1)=0.

COROLLARY 7.2. For all ¢ €II?™~1 we have

(b( )VOZ(M2m 1) (2m 1)2(m 2 /¢ t*78)d8

c t*,
+(2m 1) m—2)! /Jou

Tam= 1)(' (m—2)! /‘7001 te,s)d (7.5)

and for ¢ €I1*™ we have

V") = s [ 90t 5)a
IR S 8—¢ 7e s)ds
+(2m)!(m71)!/1j61(t*’ )d (Qm)!(me)!/,jeu(t*’ )

In particular, for the normalizations

1 2 _
= Vol(aP ) @m—D)m—2)1
1 2 _

Vol(M?m) (Qm)!(m—l)!g

2,

Qp»
I

we have

/(b 7-7 (ty,s)ds, ¢ellz™ !

(L) :/I¢(s)é(t*,s)ds, peII2m,

Let us now restrict our attention to the odd case and let L?(I) denote the usual
Lebesgue space corresponding to the uniform Borel measure on I. Then, it is well
known, see e.g. Saitoh [36, Thm. 1, Pg. 21], that the integral operator

¢+—>/¢ VH(L,,s)ds, ¢eL*(I)

determines a reproducing kernel Hilbert space structure on its range with reproducing
kernel

7"1,7‘2 /H 1,8 7‘7 7"2, )
From the Definition (7.1)

Htat) =T (0,8) = T (L) — T (tast)
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and the definitions of J and Jg, from Proposition 5.5, it follows that (-,t)€
11?m=1 teI™=1 and therefore it follows from (7.2) that H(-,t) €I[g™ ", t€ I™~!. Con-
sequently, by marginalization to H and scalar normalization, we have

H(,,s) g™t sel. (7.6)

Therefore the range of this integral operator is contained in IT;"™~!. However, it follows
from Corollary 7.2 that the range is identically Hgm_l. Therefore we conclude that
H§m71 is a reproducing kernel Hilbert space with kernel .

Because of Corollary 7.2, one might be tempted to think that this reproducing
kernel Hilbert space structure corresponds to that which Hgm_l inherits as the subspace
;™! € L2(I), but this is not the case. Indeed, let Py, denote the L?(I) orthogonal
projection Py, 1:L*(I) %Hgm_l and consider the kernel

Kgm_l(rl,rg) = /Pgm_ﬂf[(rl,s) 'PQm_lﬁ(T'Q,S)dS (77)
I

where the projections are acting on the kernels in the second component. Then, since
this projection makes no difference in the reproducing identities in Corollary 7.2, one
can show that Ky, 1 is the reproducing kernel associated with Hgmfl C L?(I) and since
the latter can be computed in terms of the Legendre polynomials of order 2 (see e.g. [5,
Sec. 12.5]) using the Christoffel-Darboux formula [11] (see e.g. Simon [39] for a more
current reference), we conclude an identification of Ko, 1 with the Christoffel-Darboux
formula for the kernel of the Legendre polynomials of order 2. That, is

(ri—r$)(ra—r3)  Pon(r1) P 1(ra) = Py 1 (r1) Py (r2)

Ko — 1) = 7.8
2m=1("172) = 55 T ) @m £1) -T2 (78)
for (r1,72) € I, where Py are the Legendre polynomials shifted to the interval
1 d*(r2—r)F
Pk(r):ﬁT, TGI (79)
and
Qr(r):=(r—r)P!(r), rel (7.10)

are the associated Legendre polynomials of order 2 (see e.g. [5, Sec. 12.5]).
Moreover, since

/H(t*’s) ::jocu(ovs) _jocl<t*75> _jocu(t*vs)a
and from Proposition 5.5 we have
J5(0,0)
75(t.,0)=0
JE(t:,0)>0, t,€(0,1),

we find that
H(te,0)=—TE, (t.,0) <0, t.€(0,1).
Consequently, for ¢, € (0,1), it follows that ﬁ(t*7-) ¢TI2™ ! and therefore
K#Kam-1.
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Moreover, from the orthogonal decomposition
K(ry,re)= I?—zl(rl,s)ﬁ(rg,s)ds
:/IPQm_l’f[(rl,s)-P2m_17f[(r2,s)ds—|—/IP2J‘m_17-ii(7‘1,s)-P;‘m_l’)’fl(rg,s)ds
:’C2m—1(7‘1ﬂ”2)+/er$,L_17fl'P2Lm_17§(T2,S)dS

we conclude

THEOREM 7.3. Let Ko,—1 denote the reproducing kernel for the polynomials H(szq
as a subset of L*>(I). Then Kay,—1 can be expressed by both (7.7) and (7.8). Moreover,
Hgm_l is also a reproducing kernel Hilbert space with kernel K, and

K—=Kom-1

s a reproducing kernel.

REMARK 7.4. Besides the fact that the kernel K defining the Hilbert space structure
for the polynomials Hgmfl is not that of the Legendre polynomials, we do not know if
this kernel is known, nor do we have an explicit formula for it. However, what this section
shows is that this kernel and its associated Hilbert space Hgm_l are intimately connected
with the canonical representations of truncated Hausdorff moments, and therefore might
be called the Markov—Krein kernel. Moreover, if instead of the uniform measure on
the moments, a Selberg type density is used, more such reproducing kernels may be
revealed.

8. New Selberg integral formulas

The integral representations of the mean Hausdorff moments of Proposition 6.1
provide new integral identities of Selberg type. In the following theorem, we provide
the first in a sequence corresponding to when n is odd and even. We then show how to
use the reproducing kernel identities of Theorem 7.1 to generate biorthogonal systems
of Selberg integral formulas.

THEOREM 8.1. It holds true that

LT S (5,1,2) — S, (3,3,2)
/mEt 1~J1:[1t?(1—tj)2Afn(t)dt: 5 : (8.1)
and
_ - m
/mzt 1-Ht?-Afn(t)dt:ESm,1(5,3,2). (8.2)

Jj=1

The identities of Theorem 8.1 follow only from the volume equalities, that is, the
1=0 case of Theorem 7.1. The following theorem demonstrates how to use all the
moment equalities of Theorem 7.1 to generate biorthogonal systems of Selberg integral
formulas. Let us recall definition (7.1)

H (b t) = T3, (1) = T (b t) = Tgu (b ).
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THEOREM 8.2. Let n=2m—1 and consider the scaled kernel

. 1 2

= H.

Vol(M?m=1) (2m—1)/(m—1)!

Then,
9y 2m—1 m—

H(-t)ellg™ !, tel™
Moreover, consider a basis {pj,j=1,...,.2m—2} for Hgm_l and the resulting expansion
of H(-,t) in this basis for each t€ ™ 1;

2m—2

Hty,t)= Z hy( ), (te,t)elxIm L,

Then, {Xpj,j=1,....2m—2}, {hj,j=1,...,2m—2} form an L*(I"™") biorthogonal sys-
tem. That is,

/ hjEpk:chk, j,kzl,...,2m72.
Jm—1

As an immediate corollary, we have
COROLLARY 8.3. Let n=2m—1 and consider the scaled marginal kernel

1 2

Vol(MQm ) (2771—1)!(771—2)!;'-z

;Eb

(note the different scaling than Theorem 8.2). Then,
7-7(,5) eIzm™ 1 sel

Moreover, consider a basis {pj,j=1,...,.2m—2} for Hgm_l and the resulting expansion
of H(-,s) in this basis for each s€I;

H(t,,s)= Z ), (t.,s)€IxI.

Then, {p;,j=1,...,2m—2}, {h;,j=1,...,2m—2} form an L?(I) biorthogonal system.
That is,

/ijkzéjk, G k=1,...,2m—2.
I

The choice of basis for H%m_l determines the corresponding component functions
hj,j=1,...,2m—2 and the integrands h;¥p; in Theorem 8.2. Therefore, the task re-
maining is to select a basis for which the component functions h; can be determined and
such that the resulting integrals are of interest. When the chosen basis is orthonormal
with respect to some inner product (-,-), then the coefficients h; in the representation

2m—2
Ht, t)= Zh ), (te,t)eIxI™ L
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of Theorem 8.1 are

hj (t) = <H(vt)vpj>
As an example, we now compute these component functions, and therefore deter-
mine explicit forms for these Selberg integrals, when the basis consists of the associated
Legendre polynomials of order 2. To that end, recall the definitions (7.9) and (7.10) of

the Legendre polynomials and the associated Legendre polynomials of order 2 translated
to the unit interval /. In addition, recall the j-th symmetric function e; defined as

6j(t) = Z til "'tij
i <o <
with eg:=1 and the symmetric functions e;(t,z) restricted to the diagonal t=z2

ej(t,t):= Z ej, (t)ej, (t), j=0,....2m—2. (8.3)
Ji+j2=j

THEOREM 8.4. Consider the basis of Hgmf1 consisting of the associated Legen-
dre polynomials Qj,j=2,...,2m—1 of order 2 translated to the unit interval I. For
k=2,....2m—1 define

(G +k+E)T(G+2)T()

= kE<i1<2m—1
YR TG k2D —k+1) ol=A"

2m—1

()= (=1)7 ajream-1-;(tt).

=k

Then for j=k mod 2, j,k=2,...,2m—1, we have

m—1
| @z [T 6ot wa
[m—1 i)

(k+2)!

=Vol(M*™ 1) (2m—1)(m — VS no o~

9. Proofs

9.1. Proof of Theorem 3.2. We seek to apply the nested reduction Theo-
rem [31, Thm. 4.11]. The assertion is trivially true when £(A)=U(A) so we can assume
L(A) <U(A). Let us first establish that the assumptions of the theorem are well defined.
To that end, note that [31, Lem. 3.10] (which follows from Castaing and Valadier [14,
Lemma II1.39 p. 86], which in turn follows from Sainte-Beuve’s [38] extension of Au-
mann’s Selection Theorem to Suslin spaces) implies that g — inf s ,)cw-1()D(f,1)[B]
is universally measurable and hence the conditions of the theorem are well defined if we
extend the definitions in the usual way when operating on universally measurable sets
and functions. Similarly, since for any A the function (f,u)— (®(f,u) —N)D(f,u)[B] is
measurable, the function 6: Q — R defined by

0(q):==  sup  ((f,u) —A)D(f,1)[Bs]
(fsn)e¥—1(q)
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is universally measurable.
For the proof of the theorem, let Q € Q,D € ® satisfy the assumptions, and define
A:=U(A)—2¢". Consider the events

Qs:= {q:( inf )D(fyﬂ)[Bé] <7}

fn)€¥—1(q
Ue,éz{q: sup O(f,pu)> sup ¢(f,u)—5'}
(f,) €Y —1(q),D(f,p)[Bs]>e (f,n)eA

where the assumptions (3.4) and (3.5) become
Q(Ug)é) >, §>0.
Let us denote 7/ :=7(U(A) — L(A)). It is easy to see that
{9 > —T/} D95
and
{0>0"} DU 5
and therefore
Q({6>-1'})>Q(Qs5)
>1-h(5)
and
Q6> <7)) > Q(Us.s)
>¢l.
Since ®(f,u) > L(A),(f,u) € A, it follows that |§] <U(A)— L(A), and so we obtain

/GdQ:/ 9d@+/ 0dQ
{0>e6'} {60<ed’}

>ed'Q({0>¢6'}) +/ 0dQ

{0<ed’}

266’(@({0>56'})+/ 0dQ

{<0}

26(5’(@({9>€5'})+/{9<_ /}9d@+/{ 0dQ

—7/<0<0}
> 65’(@({0 > 55'}) — (U(.A) —/.Z(A))(@({H < —7"}) — T’(@({—T’ <0< 0})
>ed'e — (U(.A) — E(.A))h(d) -7
Therefore, for any strictly positive solution § >0 to
ed’e

h(5)+7§u7(,4)—£(,4)

we have
Egl0]= [ 6dQ >0,
where we recall that the function 6 depends on §, and therefore trivially

sup EqNQ sup (q)(fa.u)iA)D(fmu‘)[Bé} >0.
Qen,Ded (f.m)ev—1(q)

The assertion then follows from [31, Thm. 4.11].
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9.2. Proof of Theorem 3.6. We will apply the Mass Supremum Equality 4.1,
the Mass Infimum Inequality 4.3, and the Mass of First Moment Inequality 4.4. To that
end, define the events

55)5:{qEM":HME\I/_lq:M(Bg)>E}
L;:{qEM":EuG\Ilflq:u(Bg):O}

FMgs = {qEM":ql e(1—5’71]}
First observe that some endpoint conditions have zero mass. For example,
Q(Se,5) =Q({q:Ine V" q: u(Bs) >e}) =Q({q: Ip€ ¥ "q: u(B;) >¢})
and
Q(FMy):=Q({geM":q1€(1-6"1]})=Q({ge M™:q1 €[1-0",1]}).
Consequently, the Mass Supremum Equality 4.1 asserts that
Q(S-.0)=Q({q:Iue U g pu(By) >2}) > (1—2)"

where the right-hand side is independent of §, the Mass Infimum Inequality 4.3 asserts
that

Q(I5) > 1-6(2¢)*",
and the Mass of First Moment Inequality 4.4 asserts that
Q(FMs)=Q({ge M :q1 €[1-¢",1]}) > (8")".
Define the events

Qs:={q: inf pu[Bs]=0}

ne¥=1(q)
U.5:= {q: sup EM[X]>1—6’}
pEV—1(q), u[Bs]>e
Then since
Qs D1
we have
Q(Qs) > Q(I5) = 1-6(2¢)*"

and since

UE,(;:{q: sup IE#[X]>1—5'}
HEPY~1(q), u[Bs]>e

- {q:cn €(1-0"1],3ue V™ "q: u[By] >E}
=5 sNEFMs
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we have

Q(Ue.,5) =Q(S-,sNF M)
=1- Q((SE’(; ﬂFM(;/)C)
=1-Q(SgsUFM5)
=1-Q(8¢;5) —Q(FM;)
=Q(S:5) +Q(FMy) -1
=(1—e)"—1+(&)"
=(0")" —ne.

Consequently, if we choose ¢:= %, then

so that the assumptions (3.4) and (3.5), expressed as

Q(Qs5)>1-h(8), §>0

Q(Ue,zS) 25/7 6>07

are satisfied with ¢’:= (5/2)n, e:=1" and h(d):=4(2¢)?". We can solve

2n

ed'e

=ed'e’
n\n n\n
@) @)

2n 2
(5/)2n+1

4n

by choosing 6 < ;- ((5’)2n+1 (2¢) 2

9.3. Proof of Lemma 4.1. For MI:={qe M™:3pe VU q: u({t.}) >}, it
follows that ¥p e M if and only if p=edy, + (1 —€) s with p, € M(I). For such a pu it
follows that Up=eWd;, + (1 —€)Pu, and therefore

MI=eUd +(1—e)M™
from which we conclude that
Vol(MI)=(1—¢€)"Vol(M"),

establishing the assertion.

9.4. Proof of Lemma 4.3. First consider the odd case, n=2m—1. We utilize
the bijective principal representation ¢%, (AL T — Int(M?m~1) defined in (5.2)
and

m—1 m—1

|det(dg?) (A6 =50 (1= \) T A

Jj=1 Jj=1
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where
TN () =A%, (t)

from Proposition 5.3 along with the change of variables formula (5.25).
Fix t. €(0,1) and let

T ={(t1,....tm) €T :t; ¢ Bs(ts),j=1,...,m}

denote those sequences which have no point a distance less than § from ¢,. It follows
that

M o g(A™ < Ty
and therefore

Vol(ME" ) = Vol (¢h, (A" < T3")). (9.1)

We bound the right-hand side from below using the change of variables formula (5.25)
as

Vol(on (A <z = [ jdet(aoty)
mflx (sr‘n

m—1 m—1
:/ (1—Z>\j)(HA]—)dA/ T
Am—t j=1 j=1 5"

and then bounding

/ Jhdt= / A2 (t)dt
" "
1 4
=— [ A (t)dt
m! m

where
I = {(t1,...,tm) EI™:t; € Bs(ts),j=1,...,m}.

To bound this from below we bound the integral over (Ig”)c from above. To that end,
let

I5% = {(t1,....tm) €™ :t; € Bs(t.)},  j=1,...,m,
so that

(I3") = U,15%.
Therefore, using a union bound and the symmetry of A we have

/(IW)CA?n(t)dt:/m B Al (t)dt

jl=1"6,5'

SZ/ AL (t)dt
g'=1"15
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=m A;ln( ) i
I’"L

—m/ I -t dty--dtn,
611<]<k:<m

<m/ T =t dty-dtn,
512<g<k<m

=mVol 35/ II -t 'dtz--dty,

2<]<k<m
=mVol(Bjs) AL (t)dt
Jm—1
S 2m55m_1 (1, 1, 2)

and so obtain

Vol (6(A™ = xTf")) [, A (1)d
(

Vol(p(Am—1 me)) [ AL ( t)d
Sm_1(1,1,2)
>1-2mo———— .
Zlamomg )

Using Selberg’s formulas (6.1) we compute

m—2 D(142)°T'(3425)
(1,1,2) IS et

T m—1T(1+25)20(3+25
Sm(1,1.2) e

m—1 T'(1425)20(3+25
2T (4m —4) IT5= ;I‘(Q(Jrzm+j(')—2)j)

~ L(2m—1)2T'(2m+1) th_—ol %

2T (4m — 4) H 2(m+j))

F(2m—1 )2I'(2m+1) F m—l—] 2)
B 2T (4m —4) F(4m—2)
I@2m—-1)2r'(2m+1)T(2m—2)°

To bound F(Qiﬁ“&}‘g%;‘;’z;jlz) from above we use the binomial relation (see e.g. [4,

Eq. 6.1.21]) for the gamma function

AN I(z+1)
(w) CD(w+ DI (z—w+1) (92)
and the inequality (see e.g. [13, Eq. C.5])
Gr<(l)=®" 93
to obtain
T'(4m—4)T'(4m—2) B T'(4m—4) - I'(dm-2)

L(2m—1)2T(2m)L(2m—2) T(2m—1I(2m—2) T'(2m—1)T(2m)
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~ (4m =5\ (4m -3
S \2m-2/\2m-2
~ (4m—5\ (4m—3
S \2m—-2)\2m—1
dm—5 2m-2, 4m—3 2m—1
)7 (e )
2m—1

Recalling (9.1) establishes the assertion for n=2m —1.
Now consider the even case n —2m. We utilize the bijective principal representation
DA™ x T™ — Int(M?™) defined in (5.7) and, proceeding as in the odd case, we obtain

Vol Mgm
( ) 21_2m65m—1(3a172)

Vol (M2m) Sm(3,1,2)
Using Selberg’s formulas (6.1) we compute

m—2 T'(1425)T(3+25)?
Sm-1(3,1,2) _ 750 —ortmin

Ty DO+25)T(3+25)2
Sm(37172) Hj:(] W

m—1 D(1425)'(3425)2
o(m—-2) I “simany

m—

_ 2T(4m-2) H1F(2(m+j)+2)

T(2m—1)2I'(2m+1) s r'(2(m+j))
2T'(4m —2) T'(4m)

I'(2m—1)2T(2m+1)T(2m)

We will now use the beta function

1
B(a,b)::/ 71—ttt a>0,b>0, (9.4)
0
and the identity
_ I(@)T'(b)

see e.g. [4, Pg. 258], where I' is the gamma function.
To bound % from above we use the inequality

Bl(a,a)= > -2 %

from Proposition A.2 to obtain

T'(4m—2)T'(4m) 1
I'(2m—1)2T'(2m)2  B(2m—1,2m—1) B(2m,2m)

—
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< 2m— 124m—22ﬂ24m
- 4 4
< 2m24m 22m24m
4 4
< im228m
— 16 '
Finally, we apply the inequality
2.8 €\4m
m? <8(5)
from Proposition A.1 to conclude that
2I'(4m —2)I'(4m) < }m228m
L(2m—1)2T'(2m)% — 8
€\ dmosm
<(=)*"2
<(9)
= (20)™"

thus establishing the assertion for n=2m.

9.5. Proof of Lemma 4.4. According to Chang, Kemperman, and Studden
[12, Thm. 1.3] one can show, using Skibinsky’s canonical coordinates for the moment
problem [40], that the uniform distribution on M"™ marginalizes to a beta distribution
corresponding to B(n,n) (see (9.4) and (9.5)) on the first moment. Consequently,

Vol(qge M™: 1-46,1 !
o (qe q1 6[ ’ ]) _ 1 / tn_l(l—t)n_ldt
Vol(M™) B(n,n) J1_s
:I5(nan)

where Is5(n,n) is the incomplete beta function (see e.g. [4, Pg. 258]). Using the binomial
relations (9.2) and and (9.3), for the upper bound we obtain

1 ° 1 1
n— 1_ n—
) /0 L1 )y

1 oo
< — " dt
B(n,n)/o
6”
nB(n,n)
F(Zn)

Is(n,n):=

and for the lower bound
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1 6
Is(n,n):= Bin n)/o "L —t)"lat
1 1 ’ 1
> _ n— n—
_B(n,n)(l 5) /Ot dt
_ 1 _s\n—1lgn
_7713(”7”)(1 ) )
o 2n—1 _ s\n—1g¢n
- () a-ars
2n—1\n-1 1en
(20 o

> 271,—1 (1 _6)n—16n
> 0"

where the assumption § < % was used in the last step.

9.6. Proof of Proposition 5.5.  The following identity of Karlin and Shapley
[27, Proof of Thm. 6.2] will be useful in all the Jacobian determinant calculations of
this paper: For t; <s1<--- <t,;;, < Sm, we have

am
08108,
We can develop the upper and lower configurations simultaneously, by introducing
a point ¢y € {0,1} and representations ¢, where when to =0 we have ¢g = ¢S, defined in

(5.15) and when to=1 we have ¢ = ¢S, defined in (5.16). So, let us use this notation
and a change of indices, and consider the two maps

A(tlasla e atmasm)|(sl,...,sm)=(t1,.4.,tm) - Afn(t) (96)

Gry AT X T Int(M?™ 1), t9=0,1

defined by
m—1 m—1
B8 =0 (D N0, + (1= 0 A0, )
7=0 7=0
m—1 ) m—1 2m—1
= (X at+a=Yan) (9.7)
) =0 '

In this notation, Proposition 5.5 becomes

PRrOPOSITION 9.1. For tg=0,1 we have

|det(depr, )| (A1) = T (¢ H

Jj=1
where

— m—1
Tio (1 —’to—t*’H (ti—t)* ] (t5—t0)?- A1 (1)
= =1

The differential of ¢, is determined by

o¢!,
OX;

=t/ —tl, j=0,..,m-1
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and
9¢4, 1
=i\t j=1,...,m—1
ot; J
for i=1,...,2m—1, from which we conclude that
m—1
|det(dr,)| =1Teol TT s
j=1
where
to—ts t1—1ts 1 oo b1 — s
t3—1t2 2 —¢2 2t R
\7t0 = :
Ze(2)m—1 ;timfl t%m—l ;t3m71 (2m_ i)t%m—2 . t?nwi—ll ;tszl (2m _ i)t27rL—2
1 1 1 0 T | 0
[ to tq 1 o Tyt 1

| 8 2t e 2 21

B Tl (= TR e 20 (2m 1

To evaluate J;, for tg=0,1, let s1,...,8,,—1 satisfy t; <s; <tj41,j=1,

define the Vandermonde determinant

t* t() tl S1 tm—l
2 2 2 2 2
T (8150, Sm—1):= t tg t3 s .t

2m—1 2m—1 ,2m—1 2m—1 2m—1
& £ t 51 b

and observe that the multilinearity of the determinant shows that

om— 1

Tio = T 515005l

To evaluate this derivative, observe that

T (81, 38m—1) =A(ts,t0, 81,51, ., tm—1,5m—1)

m—1 m—1

1
2t’m—1

m—1

...,m—1and

= (to—1.) (TT (ts )05 —1)) (T (&5 ~t0) s~ 10))

Jj=1 j=1
A(t1,815 s tm—1,5m—1),

from which we conclude that

amfl
- 881 .- -8sm,1

Jto

m—1 m—1

= (to—ts)- H (tj—t.)? 1 (t; —to)?

J=1 Jj=1

om— 1

T (515 58m—1)|(s1,00s8m—1)=(t1,erestm_1)

sy OSm_1
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A(tl,Sl, s atm—laSm—l)|(517,..757,1,1):@17,,,)tm71)-

Using the identity (9.6) we conclude that

thereby proving Proposition 9.1 and therefore Proposition 5.5.

9.7. Proof of Proposition 5.6. To simplify notation, let ¢;:=¢¢, defined in
(5.18) and ¢, :=¢¢,, defined in (5.19). We begin with the lower representation ¢;. The
differential of ¢; is determined by

g _ i
——— =
8)\] J k9 .] ) ?m7
and
09 )

for i=1,...,2m, from which we conclude that

det(den)| = |7 T\

j=1
where
t1—t, 1 R 1

2 — 2 21 - 212 2,
= . :

2m 2m 2m—1 2m 2m 2m—1
£2m g2m gpg2m=l g2 y2m g0

1 1 0 e 1 0
te 01 1 ety 1

21 2 - 2 2,

£2m g3m amtim t2m 2mt3,§” !

To evaluate Ji, let s1,...,s,, satisfy ¢t; <s; <t;11,7=1,...,m and define

1 1 1 -1 1
[ t1 S1 - tm Sm
t2 13 s - 12 s

T (8153 Sm) =

2m 42m 2m 2m 2m

and observe that the multilinearity of the determinant shows that

am

jl:@sl---@sm

\7(81; .. °7Sm)|(51,...,sm):(t1,»--,tm)'
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To evaluate this differentiation, observe that
j(S]_,---,Sm) :A(t*at17817"'7tm75m)
and, using the recursion relation of the Vandermonde determinant, we obtain

j(slv"'vsm):A(t*atlvslv"'vtmasm)

—

(tj —t*)(Sj —t*)~A(t1,817...,tm,sm)

=1

from which we conclude that
6m
mj(slw--7Sm)|(51,...,sm):(t1,.‘.,tm)
am

2
. D51 05, A(t17317 e 7tmaSm)|(51,...75,,"):(151,...7tm)

—:

(tj—ts)

<.
Il
—

—:

(tj— )% A% (1)

<.
Il
Jan

and therefore

m

Fi=T] -0 Ak

Jj=1

thus establishing the lower identity.

Now, for the upper representation ¢, :=¢¢,,, the differential of ¢,, is determined by

00
a)\o - *9
0Pt ) )
L=t —t! =1,....m—1
a)\j J * 9 .7 ) )m )
0! »
(bu :1_t:<7
aA'IYL
and
Py .\ o1
at] :ZA]tJ ]:1,...,m—1
for i=1,...,2m, from which we conclude that
m—1
det(dpn)|=1Tul [T A
j=1
where
—t,  t1—1s 1 EERI A Rt 1 1—t,
—t2 17— ¢2 21 e 12—t 2, 112
Ju=1 . : : :

—g2moggm g2 omt T 2 —2m o 1 — g2
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te t I oty 101
2t 2 12 2y, 1

£2m g3m 2amei™ t2m ; 2mt2m !

To evaluate J,, let si,...,5,,—1 satisfy t; <s; <t;j11,7=1,...,m—1 and define

t tpy s1 e tmfl Sm—1 1
2t st oty sl
T (515-+8m—1)
and observe that the multilinearity of the determinant shows that
amfl
Ju= WJ(SM---,Sm—l)|(s1,...,sm,l)z(tl,...,tm,l)~
m—

To evaluate this differentiation, observe that

1 1 1 1 1 -1 1 1

m—1 m-l Ly 1 51 12 s2 b1 Sme1 1
\7(517 y Sm— 1 =1y tj Sj

=1 j=1

<.

2m—1 2m—1 2m—1 ;2m—1 _2m—1 2m—1 2m 1
t* tl 51 t2 T tm—l Sm—1 1
That is, we have

m—1 m—1
\7(81’ ) Sm— 1 =t tj Sj'A(t*,tl,Sl,.
j=1  j=1
We use the recursion relations

-7tm—175m—1;1)~

m—1
A(t*vtlaslw“atmflasmflvl):(1_t*) (1_tj)(1_3j)'A(t*;tlvslv"'7tm7178m71)
j=1
and
m—1
A(t*,tl,sl,...,tm_l,sm_1): H (tj—t*)(Sj—t*)'A(tl,Sl,...,tm_l,Sm_1)
j=1
to obtain
J(815-,8m—1)

m—1 m—
=t.(1-t.) [ t;(1—1))s; H (tj—t.)(s; —t) - A(t1,51,..
j=1 j=1

ctm—1,8m—1)-
Consequently, the identity (9.6) implies

8m71
Ju:aij(slv---

51+ OSm_1 7Sm_1)|(51)~'~751n71) (t1,...

tm—1)

125
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m—1 ) m—1 ) 6m_1
=t.(1—t,) t:( —t ti—1.)  ——————
00 T o-r 525

A(t*vtl’sl" tm—1,8m— 1)|(sl, Sm—1)=(t1, st 1)

m—1

=t.(1-t) H (t;—t.) Ht2 A ()

establishing the upper identity and thus completing the proof.

9.8. Proof of Proposition 6.1. For the first assertion, let n=2m—1. As
in the proof of Proposition 5.5 we find it convenient to analyze the upper and lower
configurations simultaneously, by introducing a point ¢ty €{0,1} and the volume filling
representations ¢y, ,to € {0,1} where when to =0 we have ¢ =¢¢, defined in (5.15) and
when tg=1 we have ¢; =¢¢,, defined in (5.16). In this notation, from (9.7) we have

m—1 m—1
(bin()\o,...,Am,l;tl,.. )\ - )\j>t
j=0 j=0
m—1
= )\j( -—tl)-i-tz
j=0
m—1
=Xo(th—th)+ Y N (th — 1)+ (9.8)
j=1

for tg=0,1 and Proposition 9.1 expresses the Jacobian determinants as

|det(d¢to ) | k7to H

Jj=1

where
To () =to —t. ]H (t; —t.) H (t;—to)?- AL _ (). (9.9)

In this notation, the modified change of variables formula (5.28) becomes

/Mgm 1 =2 / S il (9.10)

to=1,2
for ¢ > 0. Therefore, we conclude that

[ a=3 foldo,|
M2m— 1 m oy Tm—1

to=1,2

-y /Ammjto 1=I )T

to=1,2

= /Tm 1 Am% H Aj dA)JtO (9.11)

to=1,2 j=1
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Performing the A™ integration, using the identities [,,, A2, IHanz)\ d\=

(2m)”
fAm Hi:l )"Ld)\— W7 and fA’” 2111 )\zd)\— m) we Obtall’l
m—1 m—1 | me1
bty H /\j:/ (Ao(té—ti)—i— Z At —tL) +ti) H A;dA
A™ =1 = et
m— 1
— o (th )+ P N
(2m)' ' j:1 2m 1)
1 2 m—1 1
@m)1"° " m)! ; i @y
Consequently, for i>1, we have
) m—1
&= / by N;d\) T,
\/M2m71 t0;2 T’"*l( Am to Jl;[l J ) to
m—1
1 2 ) 1 .
- G0 Tt 22 G i)
t(]zl:,Q/l;ml ((Qm)! 0 (Qm)! ; J (Qm)! ) to
:L Ji+ L t’/ (jo+j1) / (m 1t )(j0+j1)
(2m)‘ Tm—1 ( ) Tm—1 Tm—1 =
and, for i =0
1
T 2m—1) 12
/M2m—1q0 (2m—1)! /Tm_l (‘70—'_‘71) (9.12)

which we already knew from (6.7). Combining the two, we obtain for i >0
9o (7) 1 1 /
= A
/Mm,lq (2m)‘ o T @ S I @ (%o+7)

/Tm (mz_: ) (o) (9.13)

and the substitution of the volume equality (9.12) (that is, (6.7)) yields the assertion in
the odd case.

For the even case, let n=2m, and let us simplify notation by denoting the volume
filling representations by ¢1:=¢¢, and ¢9:=¢¢, defined in (5.18) and (5.19) so that, in
this notation,

G1: A™ X T™ — Int(M>™)
is defined by

m 2m

¢1(>\1,. Am, 1s- - (ZA]t; Z)\J)ti)lzl
j=1

and

g : AT T It (MP™)
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by

20, Amiti, . (Z £+ Am+ (1 ZM)ti)Z-

From Proposition 5.6 we have

|det(dp1) (1) = T (t )ﬁ&'

det(d2)00)| = 7a0) T] Ay
j=1
where
ﬁ ti—t.)% AL (t)
j=1
jg(t):t*(l—t*)ﬁ(tj—t htz AL (1),

In this notation, the modified change of variable formula (5.28) becomes

/ - / $ilden | + / gildal. (9.14)
M2m AmxTm™ Amtlxm—1

We evaluate the two integrals in (9.14) by

~/AT"'><Tm ¢Zl‘d¢1| :/Amme d)zl (];[)\j)jl

/m /m¢11:[1)\ d)\

and

m—1
Lldoy| = : A
/Am+1><Tm71¢2| b1 /1\m'+1XTml¢2(j_H1
m—1
= | B2
/Tmil (/Am+1 ¢1 ]1;[1 J )j2

Performmg the Am+1 and A™ mtegratlonb using the identities
m—3 m 2
fAm >\1 ] 1A A\ = (2m+1)l7 fAm m— 2H1 1 >\ d>\7 (2m HH fAm A dA= m’

Jam M TS NidA = s Sy TTLa MidA= iy, and [ T lAdA T We
obtain for :>1

/ qngAjd/\:/ (Doasti+ (1= a0t ) TT A
Ame iy Aty j=1

j=1
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/m (Z::)\ t—th)+th) H)\ A

2 o 1.
- = P 4
(2m+1)!;(f D Gt

2 Uil 1 :
SR S N —
(2m+1)!; i Gmr

and

m—1

m—1 m S
/Am,+1 % E AjdA= /MH (X nits+am+(1 —;}Aj)ti) 1:[ AjdA

<.
—

3

:/AW( A (8 =) A (1= £1) + (1= Aot )H/\d)\

—

<

m—1

1 1

T 2m+1)! JZ (=) + (2m+1)!(1_t*)+((2m)! a (2m+1)!)t*

R

2 % 1 1
D EE—— th te.
= G 2 T @Dt @

<.
—

For =0, (9.14) implies

1

2my __ 1
Vol(M )_(Qm)!/mj1+(2m)! o 2

so that for >1 we have

/ qz:/ ¢ild¢1|+/ G4ldgn
M2m mxTm 1y

/ (2m+1vzf +1v*)‘71

m—
1 )
tl)
+/T7H< 2m+1)! Z Dl emrn J2

m

/m( 2m—+1) lztl>
m—1
+/T'm—1( 2m—+1)! Z + )Jz+

so that for 7>1 we conclude
i (]
e BT 91

:m/@ (2;t§)71+(21/w 1( Z#H)

l

1Vol(M2m)
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Combining with the result (9.15) for i =0 we conclude

ti
i — Vol(M?*™
/Mzmq a1 M)

i ; 1+400(7)
2m+1 / thl / thﬁ 0) To

Tm—1

establishing the assertion in the even case.

9.9. Proof of Theorem 7.1.  Recall the identity 75 (0,¢) =0. Then subtracting
the volume identity (6.7)

1

Vol(M*™ ™) = 2m—1)!(m—1)!

/ (T (tat) + Ty (L)) di (9.15)
I?YL*I

from itself evaluated at t, =0, we conclude that

/ (TGt t) + TE (1) = TE,(0,8) ) dt =0, (9.16)
Jm—1
that is,

H(ts,t)dt =0.

Iwz—l

We now do the same subtraction for all the moments. To that end, recall the convention
0°=1, and observe that, for >0, the identity

R tf" 2m—1
/MQm—1 q; 2m VOl(M )

do(7) . 1 .
:m/lmiljol(t*at)dt“rm‘/jmil Js (t, t)dt

+m /I,H Zti( &(tmt)w;u(t*,t))dt (9.17)

from Proposition 6.1, evaluated at t, =0 becomes

do () om—1
_ M2
/Mzm 1Q2 2m VOZ( )

3o i ) 1 C
:(2Tn)l(z7(n)_1)l/lml jol(ovt)dt+(2771)!(w/lm1 Jou(O,t)dt

+m /IMW'( ﬁ(O,tHJ;u(o,t))dt.

Subtracting from (9.17), using the identity [75(0,¢) =0, we obtain

_Zt* Vo Z(MQm 1) 50( )V l(MQm 1)

50 1 c c
/m . t*at dt—'—m/lm*l (jou(t*at)_jou(o7t))dt

2mm1

(2m).(m—1)./1m 1Et H(Lt)dt
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and applying the volume identity (9.15) we obtain

ti Vo l(Mzm D)

(2m) m— 1 [m—1 OU *5 (2’]’)’1,) (m ]_) Jm—1 ou\Uxs oul0,
2 7

_W/MHEIS H(t,,t)dt

and the subtracted volume identity (9.16) we obtain with a change of sign

tl 2m—1y _ 507(2)/ . ;/ )
2m Vet )= 2m)!(m—1)! Jpm— Toultu:t)dt+ 2m)!(m—1)! Jym—s T (s, t)dt
2 i
+m/pm BEH (b, 1)t (9.18)

Then, if we let ¢(s):= sz Loist be a polynomial of degree n=2m — 1, summing
over each identity in (9.18), we conclude that

(ts)

o Vol(M*™~1)
1 . . 2m—1 L C
:%m/,m,l( (b t) + T (b)) + 2 @m/,mﬂozw)dt
+m/lm_l<z¢)< YH(t.t))dt
¢0<2m_1/m Ta (e t)dt+ Z (blﬁ/lm ljocl (£, ) dt
- m /1 (SO H(t t)t.

Since ¢(0) = ¢ and ¢(1) = sz ! ¢; the assertion follows by multiplication by 2m. The
even case proceeds in the same way, but since it is a little different we have included it
in Section A.2 in Appendix A.

9.10. Proof of Theorem 8.1. For the first assertion, let n=2m—1 and
consider the integral formula (9.15)

(2m— 1)1(m71)!/1m71( G (tant) + Ty (1)) dt

for the volume in terms of the canonical representations. From the definitions

VOl(MQm 1)

m—1

< (tyrt) = wi_[t—t Ht2 Lo

ml m—1

L7ocu(t*7 2 m 1(t)
]:1 ]:1
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of Proposition 5.5, we obtain

0
at * 9 =0 I | t4 m 1
*

m—1

t*=0:_(1+22t71) H t?(l ) Afn 1( )
j=1

9 ¢
ait*jou(t*vt)

Differentiating the volume formula with respect to ¢, at ¢, =0, we obtain

L 0 o B
~ @m-1)i(m- 1)/ 1(8t* it D)le.=0+ 5= Tou(tert) t*—o)dt

and therefore

m—1

/ Ht4 dt—/ (1+2me) [T 50-t)%As  (t)dt

j=1

m—1
_ / ) H@(l—tjmin,l(t)dt
+/ Ht2 _t m 1(t)dt

from which we conclude that
—
2/ st [T 8 —)2A0  (8)dt =Sy 1(5,1,2) = Sm1(3,3,2).
[m—1 -

Changing m+m-1 finishes the proof of the first assertion.
For the second assertion, let n=2m and consider the integral formula (6.8)

2my\ 1 / c 1 / c
Vol(M )_7(2m)!m! ImJel(t*7t)dt+7(2m)!(m_l)! [ Tatttt

From the definitions

m
Gty =] (45—t AL ()
j=1

m—1 m—1
jecu(t*’t _t H t _t Ht2 _t m 1(t)
Jj=1 =

of Proposition 5.6, we obtain

n—o=—25t"" ][ AL 1)

j=1

m—1
o= [[ 501 A% ().
j=1

ecl (t*’t)

Ot

eu(t*’t
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Differentiating the volume formula with respect to ¢, at ¢, =0, we obtain

1 o . |
0= Gmyimt /.. ot el(t*’t”t*:od”(2m)1(m—1)./m ot

jecu (t* I’ t)

t.=0dl

and therefore we conclude

2/ et Ht2 AL (¢ dt—m/ Ht4 AL (t)dt
Jm— 1 7
—mSm_l(S,S,Z),

finishing the proof of the second assertion.

9.11. Proof of Theorem 8.2.  First note that the definition (7.1)
H(t*at) ::j;u(ovt) - ocl(t*vt) 7\-7()cu(t*7t)

and the definitions of J and Jg, from Proposition 5.5 imply that H(-,t)eIP™ 1 te

I=1. Therefore, it follows from (7.2) that #(-,t) €12™~ ! te ™. Now, it follows
from Theorem 7.1 that

ot)= [ oo sem

which expanded becomes

2m—2

Z p] /[m ) Z¢)(t)hj(t)dt7 Qﬁeﬂgm_l’

in particular, by choosing ¢:=pr,k=1,...,2m—2,

2m—2

=2 nte) [ om0, k=t an-2
from which we conclude

/ Ypj-hk =05k, Jk=1,....2m—2

Imfl

establishing the assertion. Furthermore, from this and the symmetry of hg, k=
1,...,2m —2 with respect to the action of the symmetric group, we also conclude

(m—l)/pj'ﬁk=5jk, jk=1,...,2m—2
I

establishing Corollary 8.3.

9.12. Proof of Theorem 8.4. From the orthogonality relation (see e.g. [5,
Eq. 12.110])

1 (k+2)!
/QJQ’“ A1 (k—2)
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and the definition
N 1 2
= Vol(M?™=1) (2m—1)I(m—1)! 7

of the scaling of the kernel (7.1)
H(te,t) =T5, () = Ty (te,t) = Tgu (b ), (9-19)

we can compute the coefficients hj in the expansion

2m—1
Htt)= Y hj()Q;(t.), (tut)elxI™!
j=2
as
B 1 2 (2k+1)(k B -
hk(t)—VOl(MZm,l)(Qm Dim—11 (kr2) /7—[ HQK(), k=2,....2m—1

(9.20)
and then apply Theorem 8.2 to obtain the assertion. To that end, for k=2,...,2m —1,

to compute
#0000

we  use the decomposition of (919) of H and compute the values

;T8 0Qk (), [, TS ), and fljocu ,t)Qr(-) separately. For the first term,
observe that [;Qr= 1+( ) k=2,...,2m—1 from Proposition 9.2, so that

/qu(t)Qk(r)drZqu(t)/Qk(T)dr=(1+(—1)k)«75u(t)~ (9.21)
I I
For the second, fljocl(-,t)Qk('), we expand Jg(-,t), defined in (5.5), as a polynomial

for fixed ¢ and then utilize the values of the integrals [,7/Qy(r)dr for the monomials
rJ,j=1,...,2m—1. To that end, define

Ta(t)=t« [ (-t (9.22)

so that
~ m—1
GG =500 [ - An_1 ().
j=1

Then from the definition of J!, of (5.4) we have J7(t) :Hm 1t2 Al

m—1

(t) so that

ocl<'7t):jocl('7t) (S(t)' (9'23)

The generating function identity for the elementary symmetric functions e; is

m—1 m—1
H (14st;)= Z e;(t)s’
i=1 =0
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and squaring it we obtain

m—1 m—1 2
H (1+st;)°= ( Z e;(t )
i=1 =0
2m—2
= ej(t,t)s’. (9.24)

I
o

J

Therefore, by changing s+ —t; ! we conclude that

m—1 2m—2
(t; —t.) Z Cam_a_j(t,t)(=1)7t (9.25)
j=1
and therefore
m—1 2m—2
tx [ (¢ —t.)? ZeQm“tt(l)jtg;“
j=1

2m—1
Tt ) == > d;(t)(=1)7] (9.26)
j=0
where
dj(t) == eam_1_j(t,t)= S e te(t), j=1,....2m—1 (9.27)

Jitj2=2m—1—j

and do(t):=0. Note that d; is a symmetric polynomial of degree 2m—1—j.
In particular, from the definition (9.22) and its resulting polynomial expansion
(9.26) we have

Tl =— 3 @17 = [[ 1-t:) (0.29

The following proposition computes the values of the integrals of the Legendre poly-
nomials against the monomials, and we observe that f 7 17 Qr(r)dr=1 for 1 <j <k and
J;77Qk(r)dr =1 plus a term when j > k.

ProproOSITION 9.2. For k=2,...,2m—1 we have
/Qk(r)drzl—i—(—l)k
I

/erk(r)dr:L 1<j<k
I

j o UHE+RTGH2TE)
/zr Qulrdr =1 S —hr1) 92

Therefore, since dy=0, we obtain from the polynomial expansion (9.26), Proposi-
tion 9.2, and (9.28) that

2m—1 2m—1

/Ij&(ri)Qk(?“)dTZ > (=Wagd;(t)— > (=1)7d;(1)

i=k =0
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2m—

Z DY ajrd;(t) +T5(L,) (9.29)

where we recall the definition

(J+E+E)0(G+2)T ()
F(j+k+2)L(j—k+1)’

Ak =
and note that the lower limit in the summation is k£ and consequently, the first term

is a symmetric polynomial of degree 2m—1—Fk. Therefore, multiplying by J%(t)=
[175' 42 A, (t), using the definition (9.23), identity

m— m—
H Ht2A;‘nlt
P

Ou(t) (9.30)

I
7

from the definition 7%, (t) =[[;- Lt (1—t5)%- AL (t) from Proposition (5.3), we con-
clude that
2m—1 )
[T5r0@udr=T50) Y (~Diand; )+ 72,00
I ;
j=k
Let us designate the negative of the first term
2m—1
Fi(t) =50 3 (~17 ajd, (8) (9.31)
j=Fk
so that
[Tt 0@utrdr= )+ 72,0). (9.32)
I

For the third term, [, 75, (-,t)Q;(-), we utilize the reflection symmetry
Tou(ts;t) =T5(1 =t 1-1)

of (5.17) and the reflection symmetry (see e.g. [5, Eq. 12.97])

Qr(1—7)=(-1)"Qu(r)

of the associated Legendre polynomials to compute the integral [; 75, (-,t)Q;(-) in terms
of [;TJ5(-,t)Q;(-). That is,

/Ijocu(nt)Qk(r)dr:/j;u(l—r,t)Qk(l_r)dr
/ 7“ 1—t Qk( )d'r

/ (r,1=t)Qk(r)dr
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and therefore

/J;urtczk dr=(~1) / (1= 1)Qu(r)dr

—(-1 —t)+(-1)*Th,(1-1),
so that we conclude
[ FaurtQutrdr =~ (1) hu(1 =0+ (1) Tz (=) (9.33)

Putting all three terms together using (9.19) and the identities (9.21), (9.32), and (9.33),
along with the symmetry

T3u(1=1)=T5.(1),

we conclude that

/I Hr, ) Qu(r)dr = / T2 () Qu(r)dr — / T4 () Qu(r)dr / T2, (r ) Qu(r)dr
= (L4 (1)) T () + i (6) — T2, () + (—1)F (1~ 1) — (~1)F T2, (1—t)
Zﬁk(t) + (—1)kf/Lk(1 —t).

To finish, consider the functions hy(t):=hy(t)+ (=1 he(1—t). It follows from
(9.20) that the basis coefficients hy, satisfy

1 2 (2k+1)(k—2)!

- =2,....2m—1.
R N T )

Moreover, Theorem 8.2 implies that {£Q);,7=2,...,2m—1} and {hy,k=2,...,2m—1}
are an L?(I™~1) biorthogonal system. It therefore follows that

|
(k+2)! Sy Jk=2,...2m—1.

/Im_l h2Q; = Vol (M* 1) (2m —1)!(m — 1)1m ;

Moreover, from the symmetry Qx(1—7)=(—1)*Qx(r) and a change of variables we
obtain

/ Ek(t)ZQj(t)dtz/ ﬁk(t)EQj(t)dt+(—1)k/ hi(1—1)2Q; (t)dt
— [ OSQ@d (-1 [ h0sQ;0-
I7YL71 1771.71
= [ oS0 [ Rz
m—1 m—1
- (1+(—1)j+k)/I"Hﬁk(t)EQj(t)dt

Since (j+k) mod 2= (j —k) mod 2, the assertion then follows from the definition (9.31)
of hy,, the identity b)) = Hm 1752 A% 1 (t), and the definition (9.27) of dy. Moreover,
we see that for (j—k) mod 2— 1 the vanishing of this integral does not depend on the
function Ay, but is instead a consequence only of the relative parity between @); and Toge

with respect to the operation of reflection.
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9.13. Proof of Proposition 9.2. We abuse notation by letting P, and Qy
denote the Legendre polynomials on the standard set [—1,1]. At the end we will change
back to the interval I. We use [22, Eq. 7.127, pg. 771]

1 i .
. 2HIT2(5+1)
1 I P (x)dx = j >
/ (1+2) Pi(a)de Fj+k+2)I(j—k+1)’ j=20

-1

and the definition Q(z):= (1 —2?)P/(z) and integration by parts. Because of the poles
of the gamma function at 0 and the negative integers, we conclude that

1
/(1+z)ij(x)d:1::0, j<k.
-1

Consider the function ¢(z):=(1+z)/(1—2%)=2(1+2)'"1 —(1+2)/"2 which
has the derivatives ¢'(z)=2(j+1)(1+2)7 — (j+2)(1+2)/ T and ¢"(2x)=2(j+1)j(1+
)77 —(j+2)(j+1)(1+x). Since, for j>1, we have ¢'(—1)=0, ¢'(1)=—-27"1 and
Pi(1) =1, we obtain

/_1(1+x)ij(x)d:E:/—1 (1+2) (1 —2?) P} (x)dx

_ /_ 11¢(x)Pg(x>dx

=¢P;,

[ s
-/ 11 ¢ (@) Pl (a)dx

= + [ 11 ¢ (2) Pu()de
—oie [ 11 ¢ (2) Pu(w)da

=2/t +2(j+1)j/ (1+2)? ' Py(x)dx
—1
1

—(j+2)(j+1)/ (1+2) Py(z)dx

1
from which we conclude that

1
/ (1+2) Qp(x)dz =271 1<j<k.
—1

For the case j=0, defining ¢(z):=1—22, we instead have ¢'(—1)=2, ¢'(1)=-2,
Py(1)=1, and Py(—1)=(-1)*. Using filPk:O,kZ 1, we obtain

1
—1

/11Qk(x)da::/ (1—22) P! (z)dx

_ [ 11¢(x)p,g(x)dz
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= _¢/Pk‘
1

~(-2p.()—2Pu(-1))
=2(1+(-1)").

On the other hand, for j >k we have

/ 1 (1+2) Qx(x)dz — 27+
-1
1

—2(j+1);j / (1a) " Pe)da— (4 2)(+1) / (1+2) Py(x)da

ity () L 42)(5 P +1)

RS rvwrayiy ey R I I v T prerrmy)
1 5. 1 " 1

S A Ol (v s (R T o v pormy))

o 3G +Dr%()
B vy CALAICRURFICARY)
_ 1 JU+D0 +k+EHT2(5)
F@G+k+2)0(G —k+1)
_2j+1<j+k+k2) (+2)C()

FGj+k+2)T(G—k+1)

and therefore

/1 O (21 41 (1_(j+k+k2)F(j+2)F(j)>.

| 2 Qule) TG+kt2)0(G—k+1)

Translating to the unit interval with the map I — [—1,1] defined by =21 —1 we obtain
the assertion.

Appendix A.

A.1. Proof of even case of Lemma 4.3. We utilize the bijective principal
representation ¢, : A" x T™ — Int(M?>™) defined in (5.7) and

|det(de?,)|(At) = T8, &) [ [
j=1

where

S I GS10
j=1

from Proposition 5.4.
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Fix t, €(0,1) and let
T :={(t1,....tm) €T :t; ¢ Bs(t.),j=1,...,m}.
It follows that
MZ™ > ¢b (A™ X T3")
and therefore
Vol (Mfm) > Vol (¢§l (A™ x Tgn)) . (A.1)

Using the identity [,,, [T, Nidr= (271@!, we compute the right-hand side using the
change of variables formula as

Vol (¢Z (A™ x Tg")) = /A o |det(ddy,)|

[ o[z
m j:1 5]71

_ 1 P
= e /T Je

1

where
Ig"::{(tl,...,tm)elm:tj §§Bg,j:1,...,m}.

To bound this from below we bound the integral over (Ig”)C from above. To that end,
let

Iglj::{(tl,...,tm)élm:tj€B5}, ji=1,...,m,
so that
(I3") = U, 157

Therefore, using a union bound, we have

A | CRSEL
ey 5 Jey 18
:/ [16-2anat
U7YL I‘V

i'=1"65" j=1

gi/ ﬁt?-AiL(t)dt
g'=1

m

= 5,5 =1

:m/ 115 Antat
I’VYL

5,1 5=1
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—m/ Ht2 (tr —t;) dty - dt,,

61] 1 1<]<k<m

gm/ ﬁtf I =t dt--dtm

o1 j=2 2<j<k<m

=mVol(Bjs) /Im 1Ht2 S
:mVol(B[;)Sm,l(?;,l,Q)
<2mSm_1(3,1,2)
and so obtain
Vol (0 (A" X T3)) [y [T 2 Al (6t
Vol(d)’;l(Am ><Tm)> ! joats AL ()dt

Sp-1(3,1,2)
Sm(3,1,2)

>1-2md

Using Selberg’s formulas (6.1) we compute
m—2 T'(1425)T(3+25)?
Sm-1(3,1,2) _ TlZ0 ~Sremey
Sm(3,1,2)  mt HLE2)TG+2)?
j=0 "2T(2(m+j)+2)
m—1 T'(142§)1(3+25)2
o(m—-2) I " sitmany

T T@m—1)2T(2m+1) Hm=01 %

B 2I'(4m —2) H m+j )+2)
T(@2m—1)2r'(2m+1) 2(m+j))

B 2I'(4m —2) Ij; m)
- T(2m—1)2I'(2m+1)T(2m)’

A.2. Even case of Proof of Theorem 7.1. For the even case, n=2m, recall
the identity 75,(0,t) =0, and the volume identity (6.8)

Vol(Mr"m):i@ml)!m! / je‘j(t*,t)dt+7(2m)!(lm_l)!/pniljecu(t*,t)dt. (A.2)

Now observe that, for i >0, the identity

ti
i — Vol(M*™
/qu 2 +1 (M)

= ¢ (L, t)d

(2m—|—1 /[m ljeu

+# St TG (e, ) dt + 2 SHTE, (e t)dt
2m+1)!m! Jm el Cm4+1)(m—1)! Jmo cultn

from Proposition 6.1, evaluated at t, =0, becomes

/ LU Vol (M)
M?2m 2m
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50 /
. (0,t)d
(Qm—l—l m— 1j€u
2 2 )
2 | SHg50,0)dt St TC (0,t)dt
+(2m+1)!m! /Im a(0:¢) +(2m—|—1)!(m—1)!/lm_1 Jeu(0:1)

_1t; in the integral over I and Eti:Z;’:ll t; in the

where we note that Yt' ="

integral over I™~ 1
Subtracting the two, using the identity 75,(0,t) =0, we obtain

)

5 +1v l(MZm)+26 old) 1/, (M)

(2m+1 /m 1‘7‘” b t)d
+#/ St (TG (e, t) — T5(0,) ) dt + 2 / St TE, (b, t)dt
2m+1)!m! Jim el e 2m+D)(m—1)! Sy v

and applying the volume identity (A.2) we obtain

ti
2m +1

1
Gt t)dt C (ty,t)dt
2m—|—1 'm'/ + (2m+1)!(m—1)! /m 1Je"( )

? 2 C
+m/ St (TG (1) — TS50, t))dt+(2m+1)!(m_1)!/lm 1Etj (t.,t)dt.

Then, if we let ¢(s):= Z?Zlo ¢;s" be a polynomial of degree n=2m, summing over
each identity in (A.3), we conclude that

Vol(M>™)

¢(ts) m
“mt1”” oUME™)
1

C 1 (6]
:¢0<(2m+1)!(m_1)! /Im_lje“(t*’t)dtQwi—lﬂnﬂ/lmjel(t*’t)dt)

2m
1 C
+;¢j (2m+1)!(m—1)!/lmljeu(t*ﬂf)dt

2

i [, B0 Tt - T50.0)de
T fon s GOt
%M/LJECI tast) dt+22"f¢] o +1) — /I e
e [, (SO (40— T0.0) e
G ETIT=T Lo COOTat0

Since ¢(0) = ¢ and ¢(1) = ngo ¢; the assertion follows by multiplication by 2m + 1.
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A.3. Assorted technical results.
PrROPOSITION A.1. We have

Proof. We proceed by induction. The inequality is clearly true for m=1,2.
Therefore, suppose that it is true for some m >2. Then, since
e

<(3)° m=>2

m+1<§
m 2

follows from 6 < e?, we conclude that
o (m+1)? ,
=z "
(m+1)*_ €\ am
—8(5)"
m

€\4 € 4m
<(Z e

8

€ am+4
)

(m+1)

IN

IN

thus establishing the inequality for m+1 and finishing the proof. ]

PRrROPOSITION A.2. We have

4
B(a,a)>-272%% a>1.
a

Proof. We have from the integral formula

B(a,b):/ltal(l—t)aldt

0

-

= 2/2 "t —)*tat
0

1
22(%)“_1/02 o1t

1 afll 1 a
=2(3)" -(3)
=é2—2a.

a
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