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Deep Learning

. https://deepart.io/
Im pressive resu Its https://deepdreamgenerator.com/

A Neural Algorithm of Artistic Style, Gatys et al, 2015



BUT It is “alchemy”

« We don’t know why algorithms work or why they don’t (no theory)
« Algorithms are developed through trial and error
« Some results are hard to replicate (many hyperparameters)
* Finding good architectures relies on guesswork
» Very deep networks (more 40 layers) are difficult to train
with backpropagation
« Algorithms are not robust to adversarial examples

Al researchers allege that machine learning is
alchemy

By Matthew Hutson | May. 3,2018,11:15 AM

Ali Rahimi, a researcher in artificial intelligence (Al) at Google in San Francisco, California, took
a swipe at his field last December—and received a 40-second ovation for it. Speaking at an Al
conference, Rahimi charged that machine learning algorithms, in which computers learn
through trial and error, have become a form of "alchemy' Researchers, he said, do not know
why some algorithms work and others don't, nor do they have rigorous criteria for choosing " H H

one Al architecture over another. Now, in a paper presented on 30 April at the International MaCh Iné Iearn I ng has become
Conference on Learning Representations in Vancouver, Canada, Rahimi and his collaborators a|Chemy”
document examples of what they see as the alchemy problem and offer prescriptions for All Rah | ml

bolstering Al's rigor.
o NIPS 2017 Test of Time Award

“There's an anguish in the field," Rahimi says. "Many of us feel like we're operating on an alien
technology."

Science Mag, May 2018



Questions

Can the interface between NA and Game theory offer some insights?

Is there an approach that

* Is amenable to some degree of analysis?
* Produces a network without guesswork?
(plug and play, no tweaking of hyperparameters, no guessing of
the architecture)
« Enables the training of very deep networks?
(50,000 layers or more) and the exploration of their properties
* Provides some insight on developing a rigorous theory for
deep learning?

Interface

Deep
Initial results between ) Learning
Game Theory

and NA

e Kernel Flows: from learning kernels from data into the abyss.
H. Owhadi and G. R. Yoo, arXiv:1808.04475, 2018.

Gene Ryan Yoo



Learning is solving an interpolation problem

X v Y
u : Unknown

Given y; = u(x;) for i = 1,..., N, approximate u

y yi = u(x;)

Yi T ® o




Solution: Kriging/GPR/SVM

Given kernel K approximate u(x) with

o(@) = ¥, ik (x, )

T

c such that v(z;) = y; for all ¢

Yi /*\‘//'U/




BUT

 What if N is large?
* Which kernel do we pick?




Premise kernel K is good if the number of interpolation points
an be halved without significant loss in accuracy

y

and N points

v: Interpolate with K "] }\/
*
Y
w: Interpolate with K . a
and N/2 points /\KL/
f!'l X
[ = Il
[v]]”
2 ([ $(a)v(x) do)?

[0]|¥ = supg [6@)K (z,2")p(z) dz da’

Good kernel {mmmmm) Small p



Kernel Flow

Learns kernels of the form

K,(z,z") = Ki(F,(x), F,(x))

Ki: kernel (e.g. Kqi(z,2') =e 2 )

F,, : Flow in input space
F, X -
Fy =1,




Stepn —n + 1

Assume F,, known

Images of the N training points under Fj,
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Select Ny at random out of NV



Select Nf/2 at random out of Ny
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Player 1 Player 11

Selects the values/labels Sees values/labels y; of the
of the blue points F},(x;) N. = Ny /2 green points
to be y; (training labels) must predict the values

of the blue points

® ®

® o
® ®
o o ®

p: Relative error in || - || norm
| - ||: RKHS norm associated with K3



Move the N points in the
gradient descent direction of p
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Rig the game in favor of Player Il

Move the N points in the
gradient descent direction of p



Move the remaining N — N, points
via interpolation with kernel K;

.2
0‘\‘0 Q‘\'

SN

Move any point x

via interpolation with kernel K3 ) [t



Repeat

.11 known

Images of the N training points under F), 1



Kernel Flow

Produces a deep hierarchical kernel of the form

N N
K (z,20') = Ky (2 +€) ;0 iy 1(25,0), %), 2 + €, ¢iKp_1(26,3),2"))
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Randomized bottomless network

and a flow of the form

Fn—l—l — (Id + eGn—l—l) o I,

N
|Gn+1($) — Zngl ciKl (Fn (xc:rf(i))a ':E)

Identified as the steepest gradient
descent direction of p.



Application: Swiss Roll Cheesecake
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N = 100 data points z; € R?
y; = —1 if point at x; is red

O O
oOO %0
O
©) O OOOOO n
[®) O O
@ OO < OQ O
O @
o o o OOOO o &
% O o) o % )
O O
O o Oooo O 0 o
o O O 0O O‘\ _
O O O xz
OO CO O O
O & 09 0O O
O ®) @,
OO 0O
00000 ©
-10 5 0 5 10

Objective:
Visualize n — F},(x;)

y; = +1 if point at x; is blue



F,(x; Gaussian Kernel, Ny = N
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Application to Fashion-MNIST
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12000 layers, large steps




50000 layers, small steps
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Application to MNIST

Q~NMH>v-> Nog ™
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MNIST

Average distance, inter-class
Yi F Yj

Fu(@:) = Fu(x,)||

J
..-_'I_.
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WNIST Average distance, in-class

Y1 = Yj
[

Fu(@:) = Fu(x,)||
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MNIST

Ratio average distances inter/in
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_Average distance vs n

Fashion- MNIST
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Classify 10000 test points

Use kernel K,
and /N; interpolation points
selected at random

Ny = 6000, 600, 60, 10

N; = 10 e Interpolate with only 1 point per class

0/1‘3}/5@‘1?/9




Fashion-MNIST Test Error vs layer

Error vs Layer 10 interpolation points
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Fashion-MNIST Test Error vs layer

08 —Irror vs Layer 60 interpolation points
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Fashion-MNIST Test Error vs layer
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Fashion-MNIST Test Error vs layer

Error vs Layer 6000 interpolation points
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Fashion MNIST

For 15000 < n < 25000

9.7% average error with K,, and 600 interpolation points

Np Average error | Min error | Max error | Standard Deviation
6000 | 0.096809 0.094 0.1001 6.997 x 1074

600 | 0.097026 0.0945 0.1003 6.7479 x 10~

60 0.44911 0.175 0.7337 0.09377

10 0.44959 0.1457 0.726 0.093017

For 49900 < n < 50000

10% average error with K,, and 10 interpolation points

Ny Average error | Min error | Max error | Standard Deviation
6000 | 0.10207 0.1016 0.1024 1.7049 x 104
600 | 0.10217 0.1017 0.1023 9.1034 x 10~
60 0.10222 0.1018 0.1026 1.8225 x 104
10 0.10223 0.1018 0.1028 1.9253 x 104




MNIST Test Error vs layer

08 — Error vs Layer 10 interpolation points
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MNIST Test Error vs layer

~_FError vs Layer 60 interpolation points
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MNIST Test Error vs layer

Error vs Layer 600 interpolation points
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N = 60000
10000 test points

Ny = 600
n = 12000

1.5% average error with K,, and 10 interpolation points

Ny Average error | Min error | Max error | Standard Deviation

6000 | 0.014061 0.0137 0.0144 1.3036 x 1074
600 | 0.014127 0.0139 0.0144 1.0945 x 10~*
60 | 0.014916 0.0137 0.0169 6.2669 x 10~*

10 0.014839 0.0132 0.0163 6.473 x 10~*




Premise kernel K is good if the number of interpolation points
an be halved without significant loss in accuracy

y

and N points

v: Interpolate with K "] }\/
*
Y
w: Interpolate with K . a
and N/2 points /\KL/
f!'l X
[ = Il
[v]]”
2 ([ $(a)v(x) do)?

[0]|¥ = supg [6@)K (z,2")p(z) dz da’

Good kernel {mmmmm) Small p



Parametric version

Step n — n - 1 K («): parametrized family of kernels

Select N; points out of the N data points (at random uniformly)

V7

Select N. = N /2 points out of the Ny data points (at random uniformly)

@) @) @) @) @) @)

v: Kriging with Ny points w: Kriging with N, points

P= "o

a— a— eVypla)

Vap(a): Computable using the gamblet machinery



Application: Recovery of the coefficients of a PDE

—div(aVu) = f, x € (),
o { T

a,u, f: unknown

You see (y; = u(z;))1<i<n

You want to recover a

Gp: Green’s function of (1) with a = b

||

35 J\ ‘ L // \
, \“ a} \ ‘ ‘ 07 - ; /’ / f \
” | L / | oep § \
‘ b
\'
|

0
0; A U U lly /M{\ |

|
\

0 L L L L O C L L L 1 L
0 01 062 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

0.18

0.16 -

0.14

0.12

Ot

0.08 -

0.06

0.04 -

f e L*(Q)

0.02r /

0 £ L L L L
0 01 02 03 04 05 06 07 08 09 1



Implementation of the algorithm e(b) = ||u — vy 12 (q) recovery error

. : r r T T T T T 4.5 T T T T T

S




Kernels parametrized by weights of a CNN

MNSIT

Input: 28 X 28 X 1image, x Lf:;? ~——— 12 conv. filters of size 6 X 6 x 1, stride 1
Bias and RelLU

2% % 12 20 conwv. filters of size 5 X 5 X 12, stride 2
ZA @ Bias and RelLU
14x14x20 2 36 conv. filters of size 4 X 4 X 20, stride 2
- Bias and ReLU
7X7X36 5=
s Fully connected layer R7*7%36 to R300
Output: R3%° vector, F(x) # Bias

K(z,2") = K1 (F(z), F(2'))




Training
Step n - n+m
0 00 00 006 00 00 0 0 00 00 0 0 0 00

Select Ny = 500 points out of the N data points (at random uniformly)
ee o o e o ) e o oo
N

Select N. = 250 points out of the N; data points (at random uniformly)

<&

o o o o o
v: Kriging with Ny points w: Kriging with N, points
v—w||? _ 2
p: w 62 — ||”U—U)||L2

Minimize p or eo with respect to weights of the network

Interpolate training data with
N = 6000, 600, 60, 10 points selected at random



Observations

Works better than minimizing Relative Entropy + Dropout

Gives state of the art test accuracies
(compared to CNNs not using data augmentation)

Interpolation with 10 points is more sensitive to bad samples

Bad
-
(o

o e 39
Z 5029

A9
3K
Good

O |
o /

Minimizing ey gives slightly better results than p
Results with p are slightly more stable/robust



MNIST

Training by minizing p

Ny Average error | Min error | Max error | Standard Deviation
6000 | 0.575% 0.42% 0.72% 0.052%
600 | 0.628% 0.48% 0.83% 0.062%
60 0.728% 0.51% 1.23% 0.103%
10 1.05% 0.58% 4.81% 0.375%
Training by minizing eo
Np Average error | Min error | Max error | Standard Deviation
6000 | 0.646% 0.51% 0.78% 0.046%
600 | 0.676% 0.56% 0.82% 0.047%
60 0.850% 0.58% 3.98% 0.357%
10 4.434% 0.97% 18.91% 2.320%




Fashion MNIST

Training by minizing p

Ny Average error | Min error | Max error | Standard Deviation
6000 | 8.526% 8.17% 8.96% 0.120%
600 | 8.810% 8.36% 9.29% 0.140%
60 11.677% 9.32% 18.03% 1.437%
10 36.642% 23.44% 53.56% 4.900%
Training by minizing eo
Ni Average error | Min error | Max error | Standard Deviation
6000 | 8.561% 8.23% 8.97% 0.135%
600 | 8.724% 8.31% 9.26% 0.161%
60 9.677% 8.77% 11.48% 0.486%
10 15.261% 10.00% 32.69% 3.196%
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